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2 Diamonds in mathematical inequalities

|. GENERAL DESCRIPTION

I.1 Title

Diamonds in mathematical inequalities.

I.2. Purpose of the book

The book aims, first, to provide students with a comprehensive and minute system of
typical inequality demonstration methods and techniques, ranging from classical to modern
ones, which, due to the fact that their importance remains unchanged throughout the flow of
time, can be considered as “diamonds in mathematical inequalities”. This main purpose is
accomplished by a number of valuable mathematic samples with interesting “lead-ins” and,
most importantly, a dialectic viewpoint on each solving method.

The major goal of the authors is, therefore, to helping students to acquire multitude of
mathematical tools and methods in solving inequalities, then, be able to achieve excellence in
this field. Besides, on utilizing a new approach in presenting familiar mathematical facts, the
authors also hope to highlight in readers’ mind the importance of a good mathematical
inequality-based thinking in developing their creativeness as well as their ability to critically
evaluate changes in life.

The success of this book will also mean the publication of the authors’ other books on

other fields of secondary mathematics.

I.3. Why is this book different from others?

e The uniqueness of the book can be sensed in the very first lines of its foreword:

“ Money ?

Eventually spent
Beauty ?

Eventually faded...
Only

Intellect rooted in mind

And feelings rooted in heart

Will last

forever with time

(Tran Phuong, 1990)
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Comparisons in life

The material and spiritual world in the universe is always on the move, ever changing to
create different things and phenomena. This diversity can be seen through opposite images:
big — small ; wide — narrow ; long — short ; high — low ; plentiful — scarce ; rich — poor ;
beautiful — ugly and so on. Extensively, it is that the divergence between Buddhism,
Mohammedanism and Catholicism; the differences between the Oriental — Occidental

cultures and between the major philosophic thoughts all over the world.

Everybody s life is an ongoing search to set his/her own values. Every thing gets its
standing in the ever changing world by its own values; however, one does not often realize
that everything can only obtain its value in comparison with some other thing. It is this

relationship that creates inequalities.

In fact, though "all comparisons are odious"” as the saying goes, men cannot help
resorting to comparison to evaluate things. A kilogram of Korean ginseng is 1000 times
smaller than a ton of rice in term of mass, but costs 10 times more. Take the example of a
president or a car driver, who is more important? You may say that the head of state is
certainly more important than a racer, but only in state affairs. In respect of annual income,
former President Clinton's US $200,000 annual salary in office is derisory in comparison
with world famous formula 1 car racer Michael Schumacher's US $60,000,000 annual
income. Thus, factors in a comparison should be identified, quantified and converted to a

same kind of unit - whether you want to or not.

In order to develop comparison thinking and evaluation in life, notions of mathematical
inequalities are given us as early as school age. Children at kindergarten learn to compare 1
with 2 to have a 1 < 2 inequality. Fourth formers begin to achieve more difficult comparisons,
for instance % with % etc. Some of them proceed by reduction to a common

denominator, which is rather complicated, i.e.

135 _135x197 _ 26595.189 _ 189x143 _ 27027 , . 26595 _27027 _ 135 189
1437 143x197 ~ 281717197 197x143 ~ 28171 28171 28171 7 143 197

Others intelligently operate by fractions complementation as follows:

135 8 8 189 8 8 135 189
— 4+ —=l=—+-+—; now >— hen —<—
143 143 197 197

— ce
143 197 143 197

Comparison problems grow more and more difficult with more extensive operations. All
mathematicians share the common concept "Basic results of mathematics often are
expressed by inequalities in stead of equalities”". The same is true in real life, where one
always encounters differences between things and phenomena, and even changes in a single
phenomenon by the minute. Indeed, if we are subject to no change after every second, then,

according to the induction principle, 50 years later, we would not get any older. On the other
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hand, in social life, inequality-based thinking is always needed to assess business activities,
export-import industry, stock exchange market, finances, banking... Therefore, in order to
develop thinking and properly assess the changes in life, a good mathematical inequality-
based thinking is most necessary. With these introductory words, the author wishes that the

readers consider the subject treated in this book as a close and intimate one.”

With such profound philosophical understandings, the writer has always been aware of
the necessity to ensure an inspiration and intellectual delight in each technique and method
presented. The book, there fore, will encourage students to acquire a multitudes of inequality
demonstration methods as effective tools not only in solving mathematics problems but also
in critically evaluate changes in life.

e In respect of penmanship, the major content is presented in two typical ways:

1. The classical “diamonds” were introduced in new angles of view with typical
techniques and methods followed by a variety of interesting examples ranging from simple to

complex.

To be more specific, the authors insufflate in each inequality demonstration technique a
new notion imbued with a forceful philosophic connotation, the notion of “point of
incidence”. The utility of such creative penmanship is rooted from the ideas relating to the
point of incidence in the film “Teheran 43”. The film, which was produced by the cooperation
of Russia, France and Italia, has the setting of the summer 1943, when the World War II was
growing fiercer and fiercer. In the context, the U.S., Great Britain and the Soviet Union
envisaged opening a Front of Alliance and the Germans plotted to assassinate the three leaders
of the Alliances, Roosevelt, Churchill and Stalin. The German spy Schiller trusted professional
hit-man Max with the assassination, but bade him to work out the venue and the time of the
meeting. From the military developments, Max estimated that the meeting would take place at
the end of 1943. Added with diplomatic pretext for the meeting, Max came to the final
conclusion that it must take place no sooner or later than Churchill’s birthday, which was 30",
November and the venue must be in a British colony far away from the front in Europe. The
venue, accordingly, must be no other than the British Embassy in Teheran, the Iranian
Capital. From such estimation Max flew to Teheran three months before the meeting and

hired locals to dig a tunnel ending up in the British Embassy.

Thus, the idea of choosing points of incidence in life springs from considering the
evolution and development of things to estimate where they would lead to, with a view to
orienting the direction of approach from the outset. As to the techniques of choosing the point
of incident in equalities, it is based on the state of variables when the two terms of the
inequalities happen to equal. Typical examples illustrating this technique are found precisely
presented in the very first introduction on AM-GM, Cauchy-Schwarz, Bernoulli inequalities

and throughout this book.
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2. The modern “diamonds”, of which the typical ones are ABC, GTA, GLA, DAC
methods, are discussed in details so that readers can easily grasp the spirit of each technique

and method and apply them.

After all, this is a profound book on the methods and techniques of mathematical
inequality demonstration. The problems given are arranged didactically upwards, i.e.
gradually from lower to higher levels. A variety of typical examples are given to illustrate
each problem; exercises for readers also range from simple to complex ones with large

amplitude. All of them are presented in an interesting way but easy to understand and apply.

Hopefully, readers would feel easy to understand and to perceive this book, and to
evaluate the authors’ “mathematical creations”. It convey new perspectives and view points
to many familiar problems and challenges its audience with a number of new ones. In one
word, with this book, readers may have chances to develop and to make themselves

recognized.

3. Mathematics is a language itself and also Inequality should be a public language that
can connect everybody throughout the world easily. Therefore the authors used many
Mathematics notations to reduce the English language so that even those who don’t know

English well can also enjoy this book.

1.4. Table of contents

The book consists of 5 chapters, for a total of about 480 pages. The major content of the book
can be summarized as follows:

Chapter I: Diamonds in classical mathematical inequalities
§1. AM-GM inequalities

§2. Cauchy-Schwarz inequalities

§3. Holder inequalities

§4. Minkowski inequalities

§5. Chebyshev inequalities

Chapter II: Diamonds in modern mathematical inequalities
§6. Schur inequalities

§7. Muirhead inequalities

§8. Permutation inequalities

Chapter III: Diamonds of analytic method

§9. Fermat theorem (Derivative method)

§10. Lagrange theorem

§11. Bernoulli inequalities
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§12. Jensen inequalities

§13. Karamata inequalities

§14. Vasile Cirtoaje inequalities (RCF, LCF and LCRCF theorem)
§15. Popoviciu inequalities

§16. Riman theorem (Integral method)

Chapter IV: Diamonds in contemporary inequalities
§17. UCT method

§18. SOS method

§19. GMYV method

§20. ABC method

§21. Equal variable method

§22. Geometricalize Algebra method

§23. Divide and conquer method

Chapter V: Some creations on mathematical inequalities
§24. Selective papers on inequalities

§25. Nice solutions to selective inequalities

§26. Challenging problems

1.5. Who is the audience?

The book is intended for a wide range of audience. It is first and particularly meant for
capable basic secondary students, candidates to national and international mathematics
contests, mathematics teachers at all levels and researchers. On completing this book, the
authors, however, did not target the public from only one country. Believing that
mathematics language does not change across national boundaries, they hope that the book
will be able to reach an international readership and prove to be helpful for everyone who is

seeking ways to broaden their mathematical horizons.

1.6. Final comment

This book is the authors’ soul-felt work achieved through years of hard work, based on
their vast experience in mathematics and mathematical education. It is a comprehensive work
in a field favorable to observation, intuition and creativeness, all of which are outstanding
talents of the Vietnamese people. Having devoted themselves entirely to completing this book,
the authors are convinced that it will last as long as a close friend of the world’s

mathematics lovers.
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II. SAMPLE WORK

The initial section of Sample Work is a part of chapter one of the book, which was
written with a brand new style for a well — known method: “Point of incidence” In this
chapter, we will introduce the technique of choosing the “point of incidence” in AM — GM,
Cauchy-Schwarz and Bernoulli inequalities. However, it is noted that selecting “point of
incidence” is only the typical technique among a total of 30 techniques of using AM — GM
inequalities presented in the manuscript of the book “Collections of Topics, Methods and
Techniques in Algebraic Inequality Demonstration”, which is 2222-pages thick and was
completed by Tran Phuong due to the impetus raised in his mind on the occasion of President
W.J. Clinton visited Vietnam on November, 16th, 2000. In this part, the ideas relating to the

point of incidence in the film “Teheran 43 will be mentioned again.

In the remaining section, we will consider the best estimation of Nesbit — Shapiro

Inequality in primary mathematics.

In respect of format, we would like to note here that in the hope of presenting the content
of the book in the most convenient way, we choose the paper size of 17x24°™ and the page

1cm

layout of 14x21°", which is very common in Vietnam.

INTRODUCTION: FROM THE STORY ABOUT “POINTS OF INCIDENCE”
TO POINT OF INCIDENCE IN MATHEMATICAL INEQUALITY

IDEAS RELATING TO “POINTS OF INCIDENCE” IN TEHERAN 43

The film, which was produced by the cooperation of Russia, France and Italia, has the setting
of the summer 1943, when the World War II was growing fiercer and fiercer. In the context, the
U.S., Great Britain and the Soviet Union envisaged opening a Front of Alliance and the Germans
plotted to assassinate the three leaders of the Alliances, Roosevelt, Churchill and Stalin. The
German spy Schiller trusted professional hit-man Max with the assassination, but bade him to
work out the venue and the time of the meeting. From the military developments, Max
estimated that the meeting would take place at the end of 1943. Added with diplomatic
pretext for the meeting, Max came to the final conclusion that it must take place no sooner or
later than Churchill’s birthday, which was 30" November and the venue must be in a British
colony far away from the front in Europe. The venue, accordingly, must be no other than the
British Embassy in Teheran, the Iranian Capital. From such estimation Max flew to Teheran

three months before the meeting and hired locals to dig a tunnel ending up in the British Embassy.
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Thus, the idea of choosing points of incidence in life springs from considering the
evolution and development of things to estimate where they would lead to, with a view to
orienting the direction of approach from the outset. As to the techniques of choosing the point
of incident in equalities, it is based on the state of variables when the two terms of the
inequalities happen to equal. Typical examples illustrating this technique will be precisely
presented in the very first introduction on AM-GM, Cauchy-Schwarz, Bernoulli inequalities

and throughout this book.
POINT OF INCIDENCE IN EQUALITIES

Setting the manner:

In proving the inequality A = B we often follow either the two following patterns:
Pattern 1: Create a sequence of intermediary inequalities
A2A 1 2A,2..2A,_12A, 2B

Pattern 2: Create a sequence of component inequalities

A 2 B, A >2B >0

A, > B, A, >2B,20
+ X

........ or

A, =B, A, 2B, 20
= A>B = A2=2B

To create intermediary or component inequalities we need to note that if the 'Central
inequality A > B' becomes 'A = B' at a standard P , all the intermediary inequalities in
Pattern 1 or all the component inequalities (local inequality) in Pattern 2 also become
equalities. To find standard P we need to pay attention to the symmetry of variables and the
conditions for equality to occur in AM — GM Inequality where all joining variables are
equal. For estimating at what standard 'A = B' occurs is to guide algebraic transformations and
estimations of intermediary or component inequalities, the work can be called 'Inspecting the

condition of equality occurring and point of incidence in the inequality’'.

We will be more familiar with this idea in a variety of examples ranging from single to

complex in the detailed discussion of sample exercises later.
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ITI. ABOUT THE AUTHORS

II1.1. Tran Phuong, the chief author of the book, is the Director of Center for Research and

Development Support of Intellectual Products in Vietnam.

Like most authors of mathematics books, Tran Phuong received systematic and
professional education and training specializing in this field. Before entering university, he
studied in Mathematics Specialized School at the University of Natural Sciences, Hanoi, the
cradle in which up to 60% of Vietnamese IMO medalists were trained and nourished so far.
After his school years, he continued pursuing his interest in mathematics in Teacher Training

University, Hanoi, the leading center for training mathematics professors in Vietnam.

After graduation, the author, however, pursued his career in his own way which is
teaching on the invitations of high schools, universities and mathematics centers in Vietnam.
During the years from 1990 to 2000, up to approximately 10 thousands of students attended
his classes on mathematics. The majority of them were excellent pupils, including many
candidates to both national and international Mathematics contests. Vietnamese IMO 43 gold
medalist Pham Gia Vinh Anh is among his best pupils. Since his ultimate goal in teaching
mathematics is student’s full development in mathematics-based thinking, not merely the
mathematics knowledge itself, many of his students, on their outcome of what they acquired

in his classes, contribute actively in various fields of the Vietnamese society.

On realizing his dream of devoting entirely to mathematics science teaching and learning,
Tran Phuong has had a great passion for writing books on mathematics, especially on
inequalities. His first book, which was published in 1993, was a comprehensive work on
mathematical inequalities. From then on, he has completed a total of 10 books, all of which
were introduced by five first-ranked publishers in Vietnam (Education Publisher, Youth
Publisher, Knowledge Publisher, Ho Chi Minh Publisher and Da Nang Publisher) and soon
became the best-sellers among referenced books for secondary pupils in Vietnam. He is also

the author of an intellectual game show “Vietnamese Infant Prodigy” on television.

For his great contribution to mathematics teaching and learning in Vietnam, he was

awarded the noble “Vietnam’s Genius 2006” by Vietnamese government.
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2. Pham Gia Vinh Anh

Bachelor of Information Technology, University of Sydney, Australia,

Gold Medal in IMO 43

3. Nguyen Anh Cuong

Student of School of Computing, Singapore National University, course 2006-2010
4. Bui Viet Anh

Student of Department of Electronics and Telecommunications , University of
Technoly, Ha Noi,course 2005-2009, Vietnam

5. Le Trung Kien

Mathematics majored students, school period of 2004 - 2007, the Gifted High
School of Bac Giang, Vietnam

6. Phan Thanh Viet

Mathematics majored students, school period of 2004 - 2007, the Gifted High
Shool of Luong Van Chanh, Phu yen, Vietnam

7. Vo Quoc Ba Can

Mathematics majored students, school period of 2003 - 2006, the Gifted High
School of Ly Tu Trong, Can Tho, Vietnam

8. Hoang Trong Hien

Mathematics majored students, school period of 2005 - 2008, the Gifted High
School of Le Hong Phong, Nam Dinh, Vietnam

9. Nguyen Thuc Vu Hoang

Mathematics majored students, school period of 2005 - 2008, the Gifted High
School of Le Quy Pon, Quang Tri,Vietnam

10. Nguyen Quoc Hung

Academic Period of 2005 -2009, Faculty of Mathematics & Informatics,

University of Natural Sciences, Ho Chi Minh City, Vietnam
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CHAPTER ONE: DIAMONDS IN
CLASSICAL MATHEMATICAL INEQUALITIES

§1.1. DIFFERENT COLORS IN CATCHING POINT OF INCIDENT

TECHNIQUE IN AM - GM INEQUALITY

Main points:
I. AM — GM inequality

1.
2.
3.

General form
Special cases

Proof

I1. Different colors in catching point of incident technique in AM - GM inequality

1.

Point of incidence in evaluating from AM to GM

. Point of incidence in evaluating from GM to AM

. Point of free incidence or homogeneous principle in AM — GM inequality

. Specialization in inequality of same degree 4. Specialize in homogeneous inequality
. Non-symmetric point of incidence in AM — GM inequality

2
3
4
5
6.
7
8
9

Balancing Coefficient Technique (Method of equalizing coefficient )

. Using AM — GM in homogeneous inequality Applying AM — GM to inequality of different degree
. Specialize in un-homogeneous inequality Specialization in inequality of different degree

. The most beautiful solutions for four trigonometry inequalities

10. Selective problems in using point of incidence for AM — GM

I. AM — GM INEQUALITY

1. General Form: Suppose q,,4,,...a, are n non-negative real numbers, then:

a t+a,+..+ta
1.1. Form1: -2 " >1laa,..a,

n

1.2. Form 2: a, +a,+..+a, 2n.%aa,..a,

n
a+ta,+..+a
1.3. Form 3: ( L~ ") >aa,...q,
n
1.4. Equality occurs < a,=a, =...=a, 20

1.5. Corollary

e If a,,a,,...,a,20 and g, +a, +...+a, =S is constant, then

n
S
Max (a,a,...a, ) z[—) occurs & a =a, =...=a, =—
n n
e If a,,a,,...,a, 20 and qa,...a, = P is constant, then
Min (a, + a, +..a,)=ndP occurs ©a, =a, =..=a, =4/P

n

11
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2. Special Cases:

" n=2 n=3 n=4
Form

Condition Ya, b=>0 Ya,b,c=20 Ya,b,c,d=20

Form 1 a ; b > \/E %IH_C >3labc W >3 abcd

Form 2 a+b>2+/ab a+b+c>33abc a+b+c+d =43 abed

2 3
Form 3 [a+bj >ab (Lb-l—cj > abc (a+b+c+d)

2 3
Equality a=b>b a=b=c =c=
+ +..+
3. Proof: 12 T s ufaa a4 . Vay.a,..a, 20 (1)
n

There are 36 solutions for this inequality; following is the proof by mathematic induction

eForn=2 ‘—a1+a2_\/]f (\/7 \/Z) —al—;azZm

Equality occurs < a; = a,. Suppose the inequality is true for n > 2.

* We will prove the inequality is true for (n + 1) numbers q,,a,,...q,,a,,, 20

n’ “n+l

Using the inductive hypothesis for n numbers q,,a,,...a, 20 we have

_ n(n+l)
_ (al +(12 +...+an)+an+1 S n.,”lalaz...an +an+1 Let { aa,..a, =p
a
n

Sn+l = n+l
n+1 n+1 = for p,g=0
np™ + ¢! np"* + an
= S, 2———2— (1). We will prove -——1—> p"g="[aa,..a,a,, (2
n+l n+1

n+l n+l

p +q n 1 n n n
We have: ——————p"g= [np (p—q)—q(p -q )]
n+1 n+1

_(p-9’ [p,H

— +p”’2(p+q)+...+p(p”’2+p”’3.q+...+q”’2)+(p +p" g +.. q”‘)]zo

a, +a, +...+a, +a
From (1) and (2) = —1—2 n_ > nillaa,.a,a,,,

n+l1

) a,=a,=..=a
Equality occurs < Sa =a,=..=a,=a,,
rP=9q

According to the induction principle, the inequality is true for Vn =22, n € N
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Il. CATCH POINT OF INCIDENCE TECHNIQUE IN AM — GM INEQUALITY

1. POINT OF INCIDENCE IN EVALUATING FROM AM TO GM
Leading in:

From a simple problem: Find the minimum value of S = a +2 fora, b >0
a

We can find out the solution: S=%+222 %~2=2. When a = b > 0, Min S = 2 but when we
a \'b a

consider the problem in a different domain we will have an interesting problem connecting

with fix point of incidence in AM — GM inequality.

Problem 1. Given a = 3. Find the minimum value of S = a+ 1
a

Solution

e Common mistake: S=a+l22 /a~l=2:>MinS=2
a

a

e Cause: Min S =2 a=1=1 contradicts the assumption a = 3
a
® Analyzing and finding the solution:

Consider the variation table of a,l and S to estimate Min S

a

a| 3 4 5 6 7 8 9 10 11 12 | e 30

8 e G 0 0 0 s €1

a| 3 4 5 6 7 8 9 10 11 12 30
1 1 1 1 1 1 1 1 1 1 1
diglistigl 7L igLl ol jo 11|12 -ennne 4

S 33 4 55 66 77 88 99 010 11 12 3030

As we can see from the Variation Table, if a increases, S increases and then it can be

estimated that S receives the least value at a = 3. We say Min § :% occurs at the point of

incidence a = 3.

Since in AM — GM Inequality the equality occurs on the condition that all joining numbers

are equal, at the point of incidence a = 3 we cannot use AM —GM Inequality directly for two

numbers a and 1 because 3# % We assume that AM — GM Inequality is used for the
a

couple (i,l) such that at the point of incidence a = 3 occur % = 1

that means the following
o a a

‘Point of incidence’ Pattern holds:

a
o
Pattern:| a =3 |=

1
3 = —=| o =9 |: point of incidence coefficient
o

We transform S according to the 'Point of incidence' Pattern as above.
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® Right solution: S=a+ 1 =(%+l)+8a22. /%~l +£=§.Fora: 3 then MinSz%
a

a al 9

a,b>0 1
Problem 2. Given Find the minimum value of the expression S =ab +—

a+b<l ab

Solution
e Common mistake : S=ab+-L>2. /ab-L =2=>MinS =2
ab ab
e Cause: MinS:2<:>ab:Lb:1:>1:\/ab < “;b S%:IS%: illogical
a

® Analyzing and finding the solution:
The expression S contains two variables a, b but if we take t=ab or tsz’ the expression
a

S:t+% will contain only one variable. When changing the variables we must find the

defined area of the new variables as follows:

tZL:>ab=l and t=i2

1
ab t ab (a+b)2

Problem will be: Given t 2> 4. Find the minimum value of the expression S =t¢ +%

* 'Point of incidence' Pattern:

r_4
t=4 | = © oc:>
1

1
t 4

= i =| a=16 |: Point of incidence coefficient
o

® General solution:
S=t+1= L+l +222 Ll+ﬁ :24_2224_@:2
t 16 ¢ 16 Ni6 ¢t 16 4 16 4 16 4
Fort=4 or a=b:% then MinS:%

1
® Reduced solution: Sincet=4 < a=>b =E we transform S directly as follows

S=ab+=(ab+ L |+ 2 5o fp. L ST
ab 16ab ) 16ab 16ab a+b )2 4

o
2

1 . 17
F =b=-= then Min § =-—
or a 2 en mn 4
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a,b,c>0
Problem 3. Given Find the minimum value of S=a+b+c+l+l+l

a+b+c<— a c

2
Solution
. 1 1 1 111 .
o Common mistake: S=a+b+c+—+—+—26.%abc-—--—- ~=6=>MinS=6
a c a b c

e Cause:
MinS=6<:>a=b=c=%=%=%=1 = a+b+c=3>% contradicts the assumption.

® Analyzing and finding the solution:

Since S is the symmetrical expression of a, b, ¢ we estimate Min S occurs at a=b=c=

N I—

e 'Point of incidence':

a=b=c=l
1 2 1 2 . . . . .
a=b=c=—| = =—=— = | o=4 |: Point of incidence coefficient
2 11 _1_2 2¢
aa ob oc o
* Method 1: S:a+b+c+l+l+l: a+b+c+i+i+i +E l+l+l
a b ¢ da 4b 4c) 4\a b ¢
>6‘§/abc.L.L.L+§ s L. 11| 5,2 1
da 4b 4c¢ 4 a b c 4 3labe
s340. L 3,2 b s T e ih—c=L then Mins=12
4 a+b+c 4 a+b+c 4 3
3 2
a,b,c>0

Problem 4. Given

a+b+c c

3 Find Min of S=\/a2 +i+\/b2 FLI
<=2 b2 2
2

1

2

\/C + —2
a

Solution

o Common mistake: S 23.3\/\/a2 +bi2 -\/b2 +i2 '\/62 +L2 =3.6\/[a2 +bi2j(b2 +i2j(c2 +L2
c a c a
23.6\/[2 a’ -bizj[szz -iz](z.\/cz %J =3.8=3V2=>Mins =32
c a

1:>a+b+c=3>%

1_1

MinS=3J2 < a=b=c=1
a

c

® Cause: contradicts the assumption

b
® Analyzing and finding the solution:

Since S is the symmetrical expression of a, b, ¢ we estimate Min S occurs at a=b=c %
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+ 'Point of incidence' Pattern:

a’=b*=¢? =% |4
1
a=b=c=—| = = == : Point of incidence coefficient
2 1 1 1 4 4 o
) - ob? - oc? _a
1 1 1
+ b’ +oot + [c* + +oot
\/ 16b2 16b* 16¢* 16¢* 164* 164*
16 terms 16 terms 16 terms
717 17|17 a_ L b L7 €
]6 b32 16 32 16 32 - 168 b16 168 616 168 al6

b
f{ \/ izt 6\/6 } T s
317 N 317 317 1 . 317

= > .For a=b=c=— then MinS§ =———
2-(2a.2b.2¢)° 2_17\/( 2a+2b+2c)15 2 2
3
a,b,c>20 |
Problem 6. Let . Find the minimum value of T=a+b+c+—
a’+b’>+c’ =1 abe

(Macedonia 1999)

Solution

o Common mistake: a+b+c+L24-4/a-b-c~L:4 =MinT=4
abc abc

® Cause: MinT=4¢& a=b= c—%(:)a b=c=1 contradicts the assumption.
c

® Analyzing and finding the solution:

Estimate that the point of incidence of Min Tis a=b=c=—=, then ——= 3\/5

e 'Point of incidence' Pattern:

1
1 V333
a=b=c=—|> = —-=

1
3 1 ﬂ o ﬁ

= : Point of incidence coefficient

oabc o

1 8 1 8
Right soluti +h+c+——+——>4-4a-b- + -
® Right solution: a T 9ube " Yabe @ Sube o2 )
9( a+b3+c]

=43

8
+_
J3

ol
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2. POINT OF INCIDENCE IN EVALUATING FROM GM TO AM

_ _ . a,+a,+.+a,
Remark: Consider AM — GM inequality: 2 laa,..a, , Va,a,,..a,20
n
n terms

n

Notices that in RHS expression GM we can see that the root index and the numbers of factors
inside the root are equal (both equal to n). Therefore, if these two quantities are different from
each other, they need adjusting towards being equal. In general, we usually deal with the problems
that we need to multiply the expressions with suitable constant so that the numbers of factors

inside the root are equal to the root index and suitable with the speculated point of incidence.

a,b,c>0
Problem 1. Given Find the minimum value of S = Q/a +b + Q/b +c+ %/C +a
a+b+c=1
Solution
e Common mistake: %/a+b:i/(a+b)11<“+b+1+l
d1.1< 3

+33b+c=3Y(b+c).1.1 S%

Je+a :Q/(c+a).1.1 Sﬁaf—”“

=S=Ya+b+3ypb+c+Yc+a SWzg :>MaxS=§

® Causes of the mistake:
o a+b=1
MaxS=§®+ b+c=1 =2(a+b+c)=3<2=3 = illogical
cta=1

e Estimation of the Point of incidence of Max S:

Since S is the symmetrical expression for a, b, c Max S often occurs when

a=b=c 1 >
= a=b=c=—<:>a+b=b+c=c+a=§

a+b+c=1
9 > 5 9 (a+b)+§+§
,3la+b:i/:.3 a+b ._._Si/:.—
4 \/( ) 33 4 3
+ > 5 (b+c)+§+§
fore=i2 o2 _@—
(c+a)+ +—
\3/c+a=3— 3‘/(c+a) - —<i/:

= 8= \/a+b+\/b+c+\/c+a<3/4 W 3%2:%

For a+b=b+c=c+a=%<:>a=b=c=%, MaxS=3/ﬁ

® Right solution:
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Problem 2. Given {

a,b,c>0

Find the greatest value of the expression:

a+b+c=3

S=%/a(b+2c) +3/b(c+2a) +%/c(a+2b)

a=b=c

a+b+c=3
® Right solution:
Ja(b+2¢)
Ib(c+2a)

Jc(a+2b)

Sa=b=c=1 = {

Solution
e Estimation of the Point of incidence of Max S:
Since S is the symmetrical expression for a, b, c Max S often occurs when

33ab+2¢)3<
33b(c+2a)3<
33c(a+2b)3<

5 >

3/§

3a=3b=3c=3

b+2c=c+2a=a+2b=3

1 3a+(b+2c)+3
TR

1 3b+(c+2a)+3
TR

3c+(a+2b)+3
3

o

= S=3Yab+2c) +3b(c+2a) +Yc(a+2b) <

For a=b=c=1, MaxS =333

1 6a+b+c)+9
39 3

L .9-3.33

%/5

a,b,c
Problem 3. Given

>0

Find the greatest value of the expression:

a+b*+c* =12

S=a~3/192+c2 +b-%/c2+(12 +c-3a® +b°

a=b=c>0
a’+b*>+c*=12

® Right solution:

Solution
e Estimation of the Point of incidence of Max S:
Since S is the symmetrical expression for a, b, c Max S often occurs when

Sa=b=c=2 =

2a* =2b* =2¢% =8

b +ct=c*+a*=a*>+b*=8

a3+ :6/a6(b2+62)2 :l-g/(2a2)3(b2+c2)2 8<l'6a2+2(b2+02)+8
2 ) 6

b2 +d® = (P +a?) =l-‘3/(2bz)3(cz+az)2 8<l-6b2+2("2+“2)+8
2 T2 6

e 2 12 =6lcﬁ(a2+bz)2 =l~g/(2c2)3(a2+b2)2 8<l.6cz+2(a2+b2)+8
2 T2 6

2,42, 2
= S=a-Ib* +c* +b-3/c2+a2+c-3/a2+b2s%-10(” +b6+c )+24:12

For a=b=c=2, Max S =12
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Problem 4. Let be given a = 2; b = 6; ¢ 2 12. Find the greatest value of

bea—2+ca-Jb—6+ab-Yc—12

abc

S =

Solution

bc (a 2)+2 abc
bea—-2 = \/(a 2).2 =
2 22
N Q/b_— ca b-6)33 ca (b 6)+3+3  abc
2 2.3
abc

ab- 4o 10 = ab 4(C 120444 < ab (- 12)+4+4+4
v v 4 842

:>S<1_abc+abc+abc _5+ 1
Cabe (242 82 3.39) 82 239
a—2:2 a:4

For {b—-6=3 < {b=9 MaxS—i+L

’ 82 339

c—12=4 c=16

Problem 5. Prove that: S=1+ ]2+ +3/3+ +..+7n ,n+ <n+l1

Solution
k+1
+(k-1)
We have k,/k+1=,§/k;1~ u <k—=l+%.ltfollows
k k—1factors k k
1 1 1 1 1 1 1 1 1
S<l+|l+— |+| I+ s |+ H|l+— |=nt+ S+ +. . +—F<n+t—+_—+. .+ ——
2? 32 n’ 22 32 n? I1x2 2x3 (n—-xn
_ 1 1) (1 1) (1 1)_ ( 1)
=n+|z—=|+[=—-=]+...+ —=|l=n+|l-=|<n+1
" (1 2/"\273 n-1_n) " n) "
Problem 6. Provethat:’\'/ \/; '\l/l—\/;<2
n n
Solution
£1+\/;J+(n—l) \/_
n n n n
1n/1+—”=,,(1+ ”j. L.l < =1+
n ) w1 factors n n
+
(1—%]+(n—1) \/,
n n n n
1 _ [1—\/;) L. < =17
n ") n-1tactors n n
:"1+£+"1—%<(1+£J+(1—%]:2
n n n2 I’l2
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3. POINT OF FREE INCIDENCE OR HOMOGENEOUS PRINCIPLE IN AM - GM INEQUALITY

Inequalities mentioned in this section are illustrated by polynomial functions for three
variables a, b, ¢ > 0, which does not lose either the essence or the generality of the issue. We
will approach this technique from the simplest problems.

* Degree of the monomial: The monomial a®bPc has its degree as (0+B+Y)
at bt d P

aS bS C5 aﬁ aﬁ a7 Cl7 a7 a8 a8 a8 a9

YT T3 ) 4 3000 2°,5°,3 20, 40,4 2
bc ca ab b’ b°c b* bc’ bc b b’¢c bc” b'c

Thus there are countless 3-degree monomials written by variables a, b, ¢ and generally we
have countless given k-degree monomials written by three variables a, b, c.

* Setting the matter: First of all, we will compare F(a, b, ¢) with G(a, b, ¢) as polynomials
of different degrees, in the following representative problem:

Problem: Prove that: Va, b, ¢ >0 we have a™® +b™° +c™® >aq+b+c (%)
Analysis: Suppose (¥) is true, then let a = b = ¢ > 0 we have
*) 30" > 30 & a*>a

Since a**® > a is true for a = 1 and a**® > a is false for a € (0, 1), it follows

sIfa,b,c>0, a® +p™0 4+ 20 >04+b+c is false

+ If reducing the definite area a, b, ¢ 2 1 then a2 > a, b20%0 > b, ¢?°% > ¢ and we will have a
mediocre inequality @ 4 p0 L 20 > a4 b+e, Ya, b, c>1

2000 2000 2000
<a,b

+ If reducing the definite area a, b, c €(0,1) then a <b, c < ¢ and we will

also have a mediocre inequality a®® 4+ p200 L 00 i bt Va, b, c e 0, 1)

* Conclusion: We should not compare polynomials of different degrees on the definite area

R™. Since there are infinite ways of writing given k-degree monomials, the following
problems set the matter that compares polynomial functions of same degree with degrees of
monomials written in different forms.

* General principle: When applying this technique we need to note that the monomials added
to use AM — GM Inequality must have the same degrees with the monomials taken from the
polynomials in the inequality to be proved. This technique will be illustrated more clearly in
the following problems.

All inequalities following are generally in the form of fraction. Therefore, the most common
technique to solve them is eliminating denominators to turn them into the form of
polynomials. If we choose to eliminate denominators by equivalent transformation, i.e. equalizing
denominators, the solution will be very lengthy. Here, we will eliminate denominators by
adding reasonable expressions to use AM — GM inequality. All inequalities in the following
sections can be generated by the same ideas. However the generating idea is not so special so
it will be remained for the readers.
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2 2 2
a c

Problem 1. Prove that —+—+—2>a+b+c Va,b,c>0
c a

Proof

Remark: Both sides are polynomials containing 1-degree monomials

Using AM — GM Inequality we have

2 2
L b2 b =2Va’ =2a
b b
2 2
+ b—+czz,/b—-c=2 b* =2b
C C
C2 C2
—+a=2 —-a:2\/c_2=26
a a

2

2 2
:[%+b—+C—J+(a+b+c)22(a+b+c) = (q.e.d.)

Cc a

Equality occurs & a=b=c>0

3 3 3
Problem 2. Prove that Z—2+b—2+c—22a+b+c, Ya,b,c>0
c a

Proof

Remark: Both sides are polynomials containing 1-degree monomials

Using AM —GM Inequality we have

3 3
Z—2+b+b23.3,/Z—2-b-b =3a
3 3
+ b—2+c+623.3‘/b—2-c~c =3b
c c
3 3
C—2+a+a23.3‘/c—2-a-a =3c
a a

3 3 3
3[Z—2+b—2+c—2J+2(a+b+c)23(a+b+c) = (qe.d)
C a

Equality occurs @ a=b=c>0
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3 b3 6‘3 (12 2 C2
Problem 3. Prove that St t+t52—+—+— Ya,b,c>0
b- ¢ a c a
Proof
st . at b ¢’
* 1" solution: ‘Lemma:7+—+—2a+b+c Ya,b,c>0
c a
3 3 2
4 yax2]% a=2%
b b b
3 3 2
Application: + b—2+b22‘fb—2~b=2b—
c c c
3 3 2
C—2+c22‘fc—2-c=26—
a a a
3 3 3 2 2 2 2 2 2
S A +(a+b+c)22(“—+b—+c—)2(“—+b—+c—)+(a+b+c)
L b ¢ a b ¢ a
3 3 3 2 2 2
:>Z—2+b—2+c—22a7+b—+c—.Equalityoccurs¢a=b=c>0
c a ¢ a

e 2" solution: + Lemma: x° +y’ 2xy(x+y) Vx,y>0

X +x 4y 23.3\/x3x3y3 =3x%y

Proof: +
v 4+y X 23.\3/y3y3x3 =3y’x
= 3 +y)23xy(x+ )= + ¥y Sap(x+ y)
Or proof : x*+y* =(x+y)(x* +y* = xy) 2 (x + y)(2xy — xy) = xy(x + y)
Application: @ ,_a+b’ abla+h) _d
20T ST
b’ b +c* _be(b+c) b*
ti—+ce= 2C > o > C):—+b
Cc C c C
c_z+a=c3 +2a32ca(cz+a):i+c
a a a a
3 3 3 2 2 2
:{a—2+b—2+c—2j+(a+b+c)2(a—+b—+c—j+(a+b+c)
b= ¢ a b ¢ a
3 3 3 2 2 2
:>a—2+b—2+c—22"7+b—+c—
b c a c a

Equality occurs & a=b=c>0
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3 3 3
Problem 4. Prove that ——+ -+ —~2atbtc, Vabe>0  (Canada MO 2002)
C ca a

Proof

Remark: Both sides are polynomials containing 1-degree monomials

Using AM — GM Inequality we have

3 3
a—+b+c23~,3]a—~b-c=3a
be bc

3 3
+ b—+c+a23-,3/b—-c-a =3b
ca c
c? ¢’
—+a+b23-J—-a-b=3c
a a

3 3 3
=3 a—+b—+c—+2(a+b+c)23(a+b+c) = (q.e.d)
bc ca ab

Equality occurs & a=b=c>0

3 3 3
Problem 5. Prove that L+L+L >ab+bc+ca, Va,b,c>0
c a

Proof

Remark: Both sides are polynomials containing 2-degree monomials

Using AM — GM Inequality we have

3 3 T
a—+b—+bc > 3.13fa—-b—-bc = 3ab
b c b c
3 3 3 3
+ b_+c_+ ca > 3.3\/E= 3bc
c a ¢ a
c? a’  a
—+-—+ab>33—-—-ab =3ca
a b a b

a> b
= 2(7+—+—J+(ab+bc+ca) >3(ab+ bc + ca)

C a

3 3 3
a b c
= —+—+—2ab+bc+ca.
c a

Equality occurs & a=b=c>0
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5 bS 5

a C
Problem 6. Prove that b_3 +t—+— >a> +b> +c¢* Va,b,c>0
C a

Proof

Remark: Both sides are polynomials containing 2-degree monomials

Using AM —GM Inequality we have

55 5 5
a a a a
—+ S+ +b + b 25.5\/—3-—3~b2 -b* - b* =5a°
b> b b
BB JEaE
+ —3+—3+c2 N N —3'—3'62 ¢ ¢* =5b
¢ ¢ ¢ ¢
55 5 5
¢ ¢ c ¢
—3+—3+a2 +a’ +a’ 25.5\/—3-—3-a2 -a®-a* =5¢7
a a a a

5 5 5
= Z{Z—3+b—3+c—3j+3(a2 +b> +c*)25(a® +b* + %)

c a
5 5 5
a b 2 2 2 .
= —+—+—2a +b"+c". Equality occurs & a=b=c>0
¥ 34
5 5 5 4 4 4
b c a b c
Problem 7. Prove that —+—+—2—2+—2+—2, Ya,b,c>0

Proof

Remark: Both sides are polynomials containing 2-degree monomials

Using AM — GM Inequality we have
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On the other hand

4 4
Z—2+b2 22‘/;’—2-1;2 = 2Ja* =24
4 4
+ b—2+02 22,/”—2~c2 =2Vb* =2b°
C c
4 [ 4
c—2+a2 >2 c—z’(lz =2\/C4 :26'2
a a

4 4 4
= (a—+b—2+c—2j+(a2+b2+c2)22(a2+b2+c2)
c a

Equality occurs & a=b=c>0

25

a b oAF_adt b
Problem 8. Prove that b_3+_3+_>_+_2+_2 Ya,b,c>0

c a v ¢ a

Proof
Remark: Both sides are polynomials containing 0-degree monomials

Using AM — GM Inequality we have

3 3 3 3 2
a_3+a_3+123‘3 a_a_]:3a_2
b b b b b
b3 3 b3 b3 b2
+ 7+CT+123.3 C—3C—31:3C—2
3 3 3 3 2
B
a a a’ a a
3 3 3 2 2 2 2 2 2
=2 “—3+b—3+c—3 +322| & b—2 l+ “—2+b—2 <
a b c a b c a
2 2 2 2 12 2 2 2 2
22(“—2+b—2+—2] 33a—2-b—2-c—2 —2[a—2+b—2+c—2)+3
c a b° ¢ a c a

3 43 3 2 g2 2
a b a b° ¢ .

3 3 — +—+— Equality occurs & a=b=c>0
b> ¢ a b ¢ a
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2
Problem 9. Prove that a_ +—+ C—S > Ya,b,c >0

Proof

Problem 10. Prove that 3 i +— i +— % < 1 ,Va,b,c>0
a’>+b>+abc bP+cP+abe P +a’+abe abc

(USAMO 1998)

Proof

Remark: x° +y’ =(x+ y)(x2 +y? —xy)Z(x+y)(2xy—xy)=(x+ y)xy, Vx,y>0

1 < 1 _ 1 _ c
a>+b>+abec la+b)ab+abc ab(la+b+c¢) abcla+b+c)
n 1 < 1 _ 1 _ a
b e +abe (b+c)bc+abec bela+b+c) abcla+b+c)
1 < 1 _ 1 _ b
A +a’+abe (c+a)ca+abc cala+b+c¢) abcla+b+c)
- 1 n 1 + 1 <_atb+c _ 1

a’>+b>+abc b*+c+abec ¢ +a’+abe abcla+b+c) abc

Problem 11. Prove that —%— + b +C£ >_4a 4 b +—C Ya,b,c>0
b+c¢c c¢c+a a+b a+b b+c c+a

Proof

Remark: Both sides are polynomials containing 0-degree monomials

( a b c ) ( b L_C a )
b+c c+a a+b a+b b+c cH+a

_b+c ct+a a+b, 4/btc ct+ta a+b _ 1
a+b+b+c+c+a_3 \/a+b b+c c+a 3 M
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a_, b 4_C )+( b 4_C L _a :a+b+b+c+c+a:3 >
a+b b+c c+a a+b b+c c+a a+b b+c c+a (2)

From (1 2)itfollows: —4—+-b 4 ¢ >_a , b 4 ¢ (geq.
rom (1) and (2) it follows b+c c¢c+a a+b a+b b+c c+a (G.e.d)

Equality occurs & a=b=c>0

27

Problem 12. Prove that —%— + b + € 22, Ya,b,c >0
b+c c+a a+b 2

Proof
__a b _,_ ¢ .4__b , ¢ a_.p__¢c a ,_b
b+c c+a a+b’ b+c c+a a+b’ b+c c+a a+b

A+S:a+b+b+c+c+a>3.3\/a+b.b+c.c+a:
b+c c¢c+a a+b b+c c+a a+b

B+S=c+a+a+b+b+c>3,i/c+a.a+b,b+c:
b+c c¢c+a a+b b+c c+a a+b

A+B:b+c+c+a+a+b:3
b+c c+a a+b

N 6£(A+S)+(B+S)=(A+B)+2S:3+ZS:>3SZS:>SZ%
Problem 13. Prove that (1+£)(1+ﬁ)(1+£)22+M (1 (APMO 1998)
b c a dabe

Proof

e 2+4d4bicibiciasyy
M b ¢ a a b c abc b ¢ al \a b c dabe

Using AM —GM Inequality we have:

a,a bssysla.a b__3a b b, cs33b b c__3b

b b c b b c 3abe a a b a a b 3abe

b b, c b b c 3b c,c,a 3lc. c.a__3c
+{E=+Z+ =233 2. = = -4+ —+=23. 3= =.= =

c ¢ a c ¢ a 3abe b b c b b ¢ 3Jabe

c,c,a533c c a__3c a,a,bszsla a b__3a

a a b a a b 3abe ¢ ¢ a c ¢ a 3abe
—~a,b, csatbtc (3 b c asatbtc (y)

b ¢ a dabe a b ¢ 3abe

From (3) and (4) it follows q.e.d.

2(a+b+c)@(£+Q+£)+(Q+£+2)Z2(a+b+c)

(2)
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Problem 14. Prove that a’ +b” +¢’ >a’b* +bc® +c’a’*, Va,b,c >0

Proof
Using AM —GM Inequality we have:

7
a +a’ +a +a’ +a’ +b" +b’ 27-\/617 a’-a’-a’-a’ b b =7a°h?

3 b b b b 4+ 2T YD b b b b e T =Tb5C?

7 7 7 7 7 7 7 i 7 7 7 7 7 7 5 2
c'+c' +c¢' +c¢'+c¢' +a’ +a Z7'\/C ¢’ ¢’ ¢’ -c’ra’ ra =7c’a

= 7(a” +b7 +7)27(a°p? +b°c? +%a?) = (g.e.d)

Problem 15. Prove that a’ +b3n t+c” 2(a+l§+c) , Va,b,c>0;ne N

Proof
Using AM —GM Inequality we have:

a" +(n—1)(%b+c)n 2n~"\/a” (Lb"'c)n(n_l) Zn(_a+b+c)"_1 a

3 3

n n(n-1) n—1
#1b  (n-)4Ebe Zn.n\/bn(LI;w) afebee)

o +(n_1)(%b+6)" 2n.n\/cn (%IHC)"(H) zn(a+l3y+c)"“c

n—1 n n
=0 4b" +c)2n(TEEEC) T (i pr o) - 3(n-p(LELEC) _5(atbie) o (g o)

Problem 16. Prove that a”+b”+c"2(a-22b) +(b226) +(c+32a) ,Va,b,c>0;ne N

Proof

e Lemma:

x"+y"+z" >(x+y+z

3 3 ) , Vx,y,z2>0;ne N

* Application: Using lemma we have:

a"+b" +b" >(a+b+b)" :(a+2b)"
3 a 3 3

4 db" +c" +c" 2(b+c+c)" :(b+2c)"
3 3 3

c"+a"+a" >(c+a+a)" :(c+2a)n
3 B 3 3

:>a”+b"+c”2(a+32b) +(b+32‘:) +(%) (q.e.d)
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Problem 17. Let be given a, b, ¢, d > 0. Find the minimum value of the expression:
a b c d
= + + + +
b+c+d c+d+a a+b+b a+b+c
b+c+d c+a+d d+a+b a+b+c
+ + + +
a b c d
Solution
e Common mistake:
Using AM — GM Inequality directly for eight factors
528'§/ a . b ‘ c ' d 'b+c+d.c+d+a‘d+a+b.a+b+c:8 — Min S = 8
b+c+d c+d+a d+a+b a+b+c a b c d
e Causes of the mistakes:
a =b+c+d
b=c+d+a
Min S =8 & = a+b+c+d=3(a+b+c+d) = 1=23:illogical
c=d+a+b
d =a+b+c

® Analysis and solutions:
To find Min S we need to note that S is a symmetric expression for a, b, ¢, d; thus, Min S

(or Max S) will occur at the "free point of incidence": a=b=c=d >0.

Thus let be given a = b = ¢ =d > 0 and estimate Min S = i+12=13l

It follows that the estimated condition for equality to occur in all the component inequalities

is the sub-set of the estimated condition a=b=c=d >0

® Point of incidence Pattern: Letbe givena=b=c=d>0 we have

a _ b _ c _ d _l
b+c+d c+d+a d+a+b a+b+c 3 1 3
= == 0=9
b+c+d c+d+a_d+a+b_a+b+c_3 3«
oa ob oc od o

® Right solution: Transforming and using AM — GM Inequality we have

S:Z( a +b+c+d)+ §.b+c+d2
cyc

Si\b+c+d 9a 9 9a
> 8.5 a b c d b+c+d c+d+a d+a+b a+b+c
B b+c+d c+d+a d+a+b a+b+c 9a ~ 95  9¢ = 9d

a a a b b c ¢ ¢ d d d
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5 §+§.12.1</2.£.i.ﬁ.i.ﬁ.i.ﬁ.ﬁ.ﬁ.ﬁ.i _ 8,
3 9 3

aaabbbcccddd

Fora:b:c:d>0,MinS=13%

Problem 18. Let be given a, b, ¢, d > 0. Find the minimum value of the expression:

S = (1+2—aj(1+%j(1+£j(l+ﬁj
3b 3c 3d 3a

Solution

e Common mistake:

s=(1422) 14221121424 22/2—"-2/2—b~2/£-2/ﬁ=6—4:>MinS=ﬁ
3b 3¢ 3d 3a 3 N3c N3d N3a 9 9

® Causes of the mistake:

Mins =3 o (220_.2b_2¢_2d _2avbtetd) 2 yosical
9 3 3¢ 3d 3a  3a+btc+d) 3

® Analysis and solutions:

Since S is a symmetric expression for a, b, ¢, d we estimate Min S occurs at Free point of

4
incidence: a=b=c=d>0,then S = [1+§) z%

* Right solution: Using AM — GM Inequality we have
2
3 2 =z
+E=l+l+l+£+i25.5(l) (i) =§(£)5
3b 3 3 3 3 3b 3 3b 3\b

2

3 2 =

1+%:1+l+l+£+£25.5(l) (A) 22(2)5
3c 3 3 3 3 3¢ Vi3 3c 3\c

+
2c 1 1 1 ¢ ¢ 1V (e 5 c%
bttt i (T 300
3d 3 3 3 3d 3d 3 3d 3\d
3 2
1+%=l+l+l+i+i25.5(l) (i) zé(i)s
3a 3 3 3 3a 3a 3 3a 3\a

2
= S = 1+2_d 1+% 1+£ 1+ﬁ 2@ géii 5:@
3b 3¢ 3d 3a 81 \b ¢ d a 81

Fora=b=c=d>0,MinS=%




Diamonds in mathematical inequalities 31

4. METHOD OF SPECIALIZING INEQUALITY OF THE SAME DEGREE:

a,b,c>0 3 b’ 3 3
Problem 1. Given . Prove that a + ¢ >=
a+b+c=3 (a+b)a+c) (b+c)(b+a) (c+a)lc+b) 4

Solution

We can transform the above inequality to the 1-degree homogeneous inequality as follows:

a’ b? c? satb+c
(a+b)(a+c) (b+c)(b+a) (c+a)c+b) 4

Using AM — GM inequality, we have:

a’ +a+b+a+c \/ atb atc _3a
(a+b)(a+c) 8 (a+b)(a+c) 8 8 4
+ b’ cbhtc btassy; b’ btc b+a _3b
(b+c)b+a) 8 8 (b+c)b+a) 8 8 4
c’ +c+a+c+b 3\/ cta c+b _3c
(c+a)c+b) 8 - (c+a)(c+b) 8 8 4
3 3 3
a b c satb+c_3 (q.e.d)

Z @ip)aro) i) bra) (cra)crb) . 4 4

a,b,c>0 3 b’ 3
Problem 2. Given . Prove that a + + ¢ >
a+b+c=3 b(2c+a) c(2a+b) a(2b+c)
Solution

We can transform the above inequality to the 1-degree homogeneous inequality as follows:

3 3 3
b(2ccl+a) + c(2l; b + a(22+c) >4 +§+C . Using AM — GM Inequality we have:

3
_ 94 3 (et a)233—99"  3p(2¢+a) =9a
b(2c+a) bQ2c+a)

3 3
+ L+3c+(2a+b)23-3\/b—-3c(2a+b):9b
c(Qa+b) c(2a+b)

3 3
9;+3a+(2b+c)23~3\/C—~3a(2b+c):9c
a(2b+c¢) a(2b+c¢)

3 3 3
:9{ a + b +—° }+6(a+b+c)29(a+b+c)
bQc+a) cQa+b) a(2b+c)

3 3

a b? c a+b+c
= + + > =1 (qg.e.d
bQ2c+a) cQa+b) a2b+c) 3 (@.e.d)
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a,b,c>0 3

3 3
Problem 3. Given . Prove that —4— + b +-—< Zl
a+bi4ct=1 b+2c c+2a a+2b 3

Solution
We can transform the above inequality to the 2-degree homogeneous inequality as follows:

a’ " b? " c? >az+bz+c2
b+2c c+2a a+2b 3

Using AM — GM Inequality we have:

9 > 9a’ — a2
b+ 00 +alb+2c)> 2\/b e calb+2¢) =6a

+J9b° +b(c+2a)>2\/ 9’ p(c+2a) =6b>
c+2a c+2a

9¢’ +c(a+2b)>2\/ 9¢’ -c(a+2b) =6¢>

a+2b +2b
3
9| 4 ) 3(ab+b >6 b*
= (b+2€+c+2a a+2b +3(ab+bec+ca)=6(a® +b* +c?)
:>9( a’ ) (a® +b%>+c?)
b+2c c+2a a+2b
3 3 3 2 2 2
a’__ b g€ sa +b +c” 1
= b+2c c+2a  a+2b 3 3
a,b,c>0 1 1 1 .9
Problem 4. Given . Prove that + >=
ab+bc+ca=1 ala+b) bb+c) c(c+a) 2
Solution

We can transform the above inequality to the O-degree homogeneous inequality as follows:

cla+b)+ab  alb+c)+bc b(c+a)+ca>2

ala+b) b(b+c) clc+a) 2

Q+Q+£)+( b _, ¢ , a )22
<:>(b c a a+b b+c c+al 2
a+b  b+c c+a) ( b c a ) S 15
+ + + + +
(:)( b c a a+b b+c c+a 2 Sy
We h LHS (1 _a+b+b+c+c+a+ b ,_€C L _a +§(a+b+b+c+c+a
¢ have: ) 4b 4c da a+b b+c c+a 4\ b c a

>g.6/atb b+c cta b ¢ _a 3(~x.3/a b ¢ _15
=6 \/ 4p 4c 4da a+b b+c c+a+4 3 +3
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a,b,c>0 b 9
Problem 5. Given . Prove that d >+ >+ ¢ > >=
a+b+c=1 (b+c)’ (c+a)® (a+b) 4
Solution
e Lemma: a4 b +—< >3 Ya,b,c >0

b+c c+a a+b 2’
x2+y2+z22%(x+y+z)2,Vx,y,zeR

* Application:
We can transform the above inequality to the 0-degree homogeneous inequality as follows:
alat+b+c) blatb+c) clatb+c) 9
(b+¢)’ (c+a)’ (a+b)’ 4

a g b 2 c g a b c 9
>
(:)(b+c) +(c+a) +(a+b) +b+c+c+a+a+b 4( )

2 2
Wehave:LHS(l)Z%( a , b L _c ) 4a_ 4, b | c 2l(§) +% %:(qed)

b+c c+a a+b b+c c+a a+b 3\2
a,b,c>0 b b
Problem 6. Given . Prove that 42 + € 1 €4 >3 (1)
a’+b*+c¢*=3 ¢ b

(France Pre-MO 2005)

Solution

2 2,2 2 2 2 2
() e ("b be | ) 29(:»“12’ +b§ +£2 +2(a® +p% +¢?)23(a® +b% +¢?)
c a b c a b

21.2 2 2
:}bb+a

> 5 )2 >a’ +b* +¢?. Using AM — GM Inequality we have:
c a

2,2 2 2 2 2
ab b c c a

>a’ +b* +c? = (qe.d)
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a,b,c>0 3 b 3 3
Problem 7. Given . Prove that a + + S >=
abe =1 (1+6)0+c) (U+c)U+a) U+a)1+b) 4
(IMO Shortlist 1998)
Solution
Using AM — GM Inequality we have:
a’ +1+b+1+c>3.3\/ a’ A+b 1+c _3a
A+p)0+¢) 8 8 T NU+n)U+c) 8 8 4
b’ l+c  l+a b’ l+c 1+a _3b
+ + + >3.3 . . ==
(+c)(1+a) 8 8 \/(1+c)(1+a) 8 8 4
¢’ +1+a+1+b>3.3\/ ¢’ l+a 1+b _3c
(1+a)(1+b) 8 8 " NU+a)+b) 8 8 4
a’ n b’ n ¢’ >a+b+c_§>3-\3/abc_§=§
(a+b)a+c) b+c)b+a) (c+a)lc+b) 2 4= 2 4 4
a,b,c>0 1 | | 3
Problem 8. Given . Prove that 3 + +— >= (1)
abe =1 a*(b+c) blc+a) la+b) 2
(IMO 1995)

Solution
We can transform the above inequality to a stronger homogeneous one as follows:

1 | 1
abc _, __abc _, __ abc >1(l+l+l)@ a’ + b? ¢’
+

2%(l+l+l) 2)

a’(b+c) b’(c+a) 03(a+b)_§a b ¢ a b ¢

S =
_+_
a |—
a |—

—
Q=

Letting le,yzl,zzl for x,y,z>0, xyz=1.
a b c

2 2 2
Qe X+ X 4 = > l(x +y+z). Using AM — GM Inequality we have:
y+z z+x x+y 2

2 2
X +y+Z22~ X .y+z:x
y+z 4 y+z 4
2 2
+4 ) L2t X5,, Yy .z+x:y
Z+x 4 z+x 4

1
y+z z4+x x+y 2
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a,b,c>0

Problem 9. Let { . Prove that

abc =1

ca <1

ab n bc
a’+b>+ab b’ +c’ +bc

c>+a’+ca

(IMO Shortlist 1996)

Solution

e Lemma: x°+y’>2x’y?+x*y’ =x%y? (x+y),Vx,y>0

* Application: Using Lemma we have

ab < ab _ 1 _ abc _ c
A +b+ab a*b (a+b)+ab abla+b)+1 abla+b)+abc a+b+c
" bc < bc _ 1 abc a
b>+c>+be b i (b+c)+be belb+c)+1 bc(b+c)+abc a+b+c
ca < ca — 1 _ abc __ b
S +a’+ca catc+a)+ca calc+a)+1 calc+a)+abc a+b+c
- ab bc ca <atb+c _

a’+b>+ab b>+c’ +be

> +a’+ca a+tb+c

a,b,c>0

a*(b+c) b*(c+a)

c?(a+b)

Problem 10. Given . Prove that >2 (1)
{abczl b\/z+26‘\/_ C\/_+261\/_ avla +b\b
Solution
2(b+c) a2.2\/ﬁ _ 2a\/5 __2x
bb +2cc b\/5+2c\/z b +2cc  y+2z x=ava>0
b*(c+a) b 2Jca _ 2b 2y . ~y=bdb>0
+ e = = in which
c c+2a\/g c c+2a\/g C\/Z+2a\/2 7+ 2x Y
c?(a+b) > 02.2\/5 _ 2c\/; 2z -1
a a+b\/z a a+b\/5 a a+b\/g xX+2y
. g— _4d 2(b+c) b*(c+a) cz(a+b) > 2x N 2y L2z _
b\/z+26‘\/_ c\/—+2a\/_ aJa+bb y+2z z+2x x+2y
4dn+ p—2m
y+2z=m :T
Letting 1z4+2x=n = y:w:T=2(4”+P—2m+4P+m—2n+4M+n—2pj
9 9 m n D
_4m+n-2p

x+2y=p

:2{4( +m+pj [p+m+
9 m p n m n

9

j 6 22 4.3.3/n.m P 35 P m n_¢ =2(12+3_6)=2
p 9 m p n m n p 9

Equality occurs & m=n=p & x=y=z=1 < a=b=c=1
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5. NON - SYMMETRIC POINT OF INCIDENCE IN AM - GM INEQUALITY

The following problems express essence of the term “point of incidence” correctly; means
that we can find any “point of incidence” and build up an inequality that reaches it extremum
at this point. Since these point are not symmetric so the readers must speculate the point of

incidence base on the condition and expression structure given.

a,b,c>0 3 9 4
.Provethat S=a+b+c+—+—+—213

Problem 1. Given
a+2b+3c¢>20 a 2b c

Proof
Predict S =1 at the point: a=2,b=3,c=4
Applying AM — GM inequality, we have:

a+i22/a-i=4 é(a+i)2§~4=3
a a 4 a 4
b+2>20p-2=6 = l(b+2)zl-6=3
b b 2 bl 2
c+10>0 |16 _¢g l(c+&)zl-8:2
c c 4 c 4
:>—a+lb+—c+§+—+£28 (D)
2 4 a c

We have a+ 2b + 3¢ =20 :ia+§+2025 2)

Add (1) and (2) = S = a+b+ctot—+2513

a 2b c¢

Problem 2. Given a, b, ¢ > 0. Prove that

3
S = 30a +3b> +%+36(L+L+L > 84

ab bc ca

Proof
Predict S = 84 at the point: a=1,b=2,c=3
Using AM — GM inequality, we have:

2¢3

= 30a+3b> +—+

36(i+—+i
c ca

ab

1

j245+11+28284

b’ 2 b2 {2\ 2
2a+1-—+2-=>5.3 2-—(—) =5 b~ 4
arTiy ab “ i\ 9\ 2a+=+—-[245
2 3 2N\3 /7 3\2 6 2 3

3-b—+2-c—+6-3211-‘i/(b—j (C—j (i) PG LA N I
4 27 be 4 ) \27) \bc 4 27 be
3 3 3
c 3 3 3 c 9
—+3a+3-—2>7-7<. 3(_) =7 4[—+3a+—j228
27 7T T 2T e 27 ca
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a,b,c>0

Problem 3. Given { . Prove that S = (a +b+c)+2(i+i+ij 8 12

ac>12;bc =8 ab bc ca

Proof
. 121 .
Predict S = 7 at the point: a=3,0=2,c=4

Using AM — GM inequality, we have:

£+2+£23.3£.2.£:3 1(ﬁ+2+£j23
3 2 ab 3 2 ab 3 2 ab
boe, 8 3qbc 8 #(2eSet)en
2 4 bc 2 4 be 2 4 bc
j—
c,a 2 sy a 12, 7.(£+£+2J221
4 ca 4 3 ca 4 3 ca
a,boe 2 fab e d | (£+£+£+£J_4
3 2 4 abc 3 2 4 abc 3 2 4 abc
acz212
3(a+b+c)+£+2+%+ﬁ240.Also therefore LSlZ;LSS
ab bc ca abc be>8 ac bc
1 1 1 1
Hence 40<3S +26-—+78-— <35+26-—+78 - —
bc ca 8 12

:3—2333S @%SS (gq.e.d)

Problem 4. Let be given a,b,c>0 satisfying a+b+c=1. Prove that

256
3125

S= a*b+bic+cta<

Proof

WLOG, supposing a =Max{a,b,c} = b*c<a’be and c*a<c’a’ <ca*.

. 3c_c .
Since e 25 then transform the expression S we have

4 4 4 23
c a c a ca c a
S=a4b+b4c+7+7ﬁa4b+a3bc+—+

3
:a3b(a+c)+£(a+c)=a3 (a+c)(b+£)
2 2

= S=a'b+b'c+cta<d’ (a+c)(b+%)£a3 (a+c)(b+3—zc)
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a a a a+c :
4+ + +(b+i)
S = 42.2.2.“"'0(19 3C)S44 4 4 2
4 4 4 4 2 5
a+b+c) 4 256
=4 || = =" = S=d*b+bic+cta<
5 5 3125 3125
a+b+c=1,c=0
. . 4 1
Equality occurs (corresponding to a = Max (a, b, ¢)) & a_a+c_ ) +£ &a =§, b =§
4 4 4
In the general case the inequality becomes equality < (a, b, ¢) is the permutation (%,%, 0)

108

Problem 5. Given 0<a<b<c<1. Prove that: az(b—c)+b2(c—b)+c2(l—c)s529

Proof

Transforming and using AM — GM Inequality we have

az(b—c)+b2(c—b)+c2(1—c)so+%[b.b(2c—2b)]+c2(1—c)

3
l(w) +C2(I—C):Cz[i'C'Fl—C):CZ(1—2'6‘)
2 3 27 27
(54)2(23 J(zs J( 23 j (54)2 (1)3 108

—.C —C 1__.c S - N N,

54 54 27 23) \3) 529

23

Equality occurs & a=0,b = 2, c= 18
23 23

Problem 6. Let x, y, z, t €[0, 1]. Find the minimum value of

S=xly+yz+zit+tix—xy? —yzt -zt —m?

Solution

WLOG suppose x= Max{x, v, z,t} . Then we have

S=y(x* =22 +yz-xy)+1(2 =P +xt—z)=y(x—)(x+z2-y) +1(z =) (x+ 2 -1)

3
Sy(x—z)(x+z—y)+0s{y+(x_2);(x+Z_y)} 8 e

For x:I;y:%;z:%;t:O s MaxS:%
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Problem 7. Let be given a,b,c >0 satisfying a+ b+ c=3. Prove that
(@>—ab+b*)(b* =bc+ ) (? —ca+a®) <12 (1)
Proof
0<b> —bc+c* <b?
WLOG supposing a=2b=>¢c>20 = = (B* —be+2)(? —ca+a®) <ab?

0<c?-ca+a’<a?

2 2

3
LHS (1) <a’p*(a® —ab+p?)=2.3ab 3ab (2 _ 44 p2) <2 [%(@+@+(a2—ab+b2))}

9 2 2

3
_4(la+b) ) _4 (a+b+c’ ) _4 (a+b+c) _4 3°_4 3 _
=3 39 =—-3 =12

3 3 9 33 5'33 9

Equality occurs < 3‘2117 a* —ab+b* ,c=0=a=2b=1,c=0

a>7;5 +7b=>70
Problem 8. Given . Find the minimum value of S = &®> +b° +¢°
10a +14b +35¢ =210

Solution

* Lemma: Vx,y,z>0

2
xX+y+z
3—

x(3j

2
xX+y+z
n(5)

2
x+y+z
37| =—Z2 =
Z(3)

x3+y3+z3> x+y+zY)
3 - 3

X+

v

x+y+z)3+(x+y+zj3
3 3

v

3

x+y+z)3+(x+y+z)3
3 3

2+

v

3 3
'Proof: + y3+(x+;1+zj +(x+y+z)

3 2 3
+y+ +y+ +y+
:>x3+y3+23+6(uj 23(x+y+z)(uj @x3+y3+2323(uj

3 3 3

* Application:

s=r o =55 (5] Jor ) (3 )

3 3

a b X
2| TS +218(%) >8x3+117x2+218=476

Witha=7,b=5,c =2 we have Min S =476
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6. METHOD OF EQUALIZING COEFFICIENTS:

In five sections above, we can predict the point of incidence of inequalities based on the
conditions given in the assumption and mathematical features in the expressions. However, if
the point of incidence is not that easy to be predicted, it is necessary to find out a method that
can help define the exact point. This is also the content of balancing coefficient technique.

Problem 1. Let x € [0, 1]. Find the maximum value of S= 13\/x2 -x* +9\/x2 +x*

Solution

For o, >0, using AM — GM inequality we have:

2.2 _ .2 2 1).2
13¢x* —x* =£-\/a2x2(1—x2)sﬁ-a x4 (- )=13(a D +13
o o 2 200
+
2x? 2) 9(B*+1)x*+9
et =9 g (1) g B i) (B 2B)x

2_1)  9(p*+1) 13,9
132 -t & 2+4SI3(OL 1+ 2 4 n
= S \/x X 9\/x X o0 B X 20 2P

a’x?=1-x"
Equality occurs < e (a? +1) 22 =(|32 —l)x2 =1
B*x* =1+x>

a’ +1=p* -1

1 3 13.9
Ch o,p>0 h that s o=—;p==.Then S<——+-==16
oose 0.p>0 such tha 13(a?-1) 9B +1) _, yP=y Then S<5 0 +28
20 2B
Equality occurs < (a2 +1)x*=1 & %xz =1@x=¥. Thus Max S =16
Problem 2. Let be given a > 0 and x> + y* +z° +%xy:a2.

Find the maximum value of S =xy+ yz+ zx

Solution

For ae (0;1), using AM — GM inequality we have:

Oc(x2 + y2)220c.xy

2 2
+ (1—0c)x2+%22 (1-o)x*-2->2(1-a).xz

N|”

2 2
(1-a)y? +%22 (1-a) y? ~%2 2(1-a).yz

= x> +y*+z72 2 20xy +2(1-a) (xz+ yz) = a’ 2(2a+%)xy+\/2(1—oc) (xz+ yz)
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Choose oe (0;1) such that 20c+%:\/2(1—oc) <:>0c:12\/§—2_17‘
35 -2 4> _4(35+2) ,
Then we have a® > " "2 (xy+ yz+zx) = S=xy+ yz+ zx < = a
7 ( ) 52 i
= Maxs=235+2)
41
| 4a [49-1245
49-125  [49-125 2 x=y= ;7= a
. \/ 32 x_\/ 2 Y2 ¢ 90125 90125
Equality occurs < s
4y 42+ Lay=a’ P 49—12\/§a
10 Joo-125 Noo-125

a,b,c=>20
Problem 3. Given
a® +2b* +3c* =1

Find the minimum value of S = 24° +3b° + 4¢3

Supposing o,B,y>0 and using AM —
a’+a® +0o’ >3aa”
+ %(b3 +b° +B3)2%[3b2

2(c* +¢ +y7) 2672

Solution

GM inequality, we have:

= 24’ +3b +4c’ + o +%B3 +2y° >30a’ +%B-2b2 +2y-3c?

a=o,b=B,c=Yy

Equality occurs <
a’ +2b* +3c¢* =1

_9n_hy_
30=2p=2y=k>0 [30=,B=2y=k>0 . s
Choose ,f3,y such that =3 (:)30c=—[3=2y=k=4—0
2 2 _ 1,32 é)k2 -1 7
o +2B* +3y% =1 (9+81+4
3 3 3 6 : 3 8 } 9 } 18 ( 2 2 2)
Then we have: 2a” +3b° +4¢” + += —=—| +2 > a” +2b° +3c
(\/407) 2(4407} (\/407j J407
o2 +30° +4 + 0> 18 043 1 3pd pact> 12
N407 /407 V407
6 8 9 . 12
For a= ,b= ,C= , we have Min § =—=—
V407 407 407 407




4?2 Point of incident technique in AM-GM inequality

a,b,c=>20
Problem 4. Given . Find the maximum value of S = 4ab + 8bc + 6ca
a+b+c=3

Solution

Assume that S=ma(b+c)+nb(c+a)+ pcla+b)=(m+n)ab+(n+ p)bc+(p+m)ca

m+n=4 m=1
= {n+p=8 ©n=3 = S=4ab+8bc+6ca=alb+c)+3b(c+a)+5c(a+b)

p+m=6 |p=5 =a(3-a)+3b(3-b) +5¢(3-¢)

= syl g o3 sl

3

a—=

2

3

;yZF—— 2

3
+b - ==
a +c )

Take x= _
aKe x 2‘

2147

c—%‘ = x+y+z2

Then: Sz%—(x2 +3y? +5x2)<:>x2 +3y% +5x z%—S. With a, B, v> 0 we have

x*+ o =224 x%0? =20
+13y2 4332 >6y?p% = 6By = (%— )+(0c2+3[32+572)22(ocx+3|3y+57z)

527 +5y2 210y z%y* =10yy

Choose a=3B=5y

= Ss%+(a2 +382 +5y2) =20 (x+ y+ 2) < 8L+ (0 + 382 + 5¢7) - 30t

4
_81 2 2 2 S T _3
MaxS—T+(0L +3B° +5y )—30( S x=wy=Bz=7va x+y+z—5
a,o_3 45 15 9
=Sx+y+z=a+P+y A+ Fg=y =0 46’6 46° 1= 3¢ - HiCNCC
_81 2 2 2) _ 281 230> _432
MaxS—4+(OL +3B2 +57%) - 30 5 T os 0=
The equality occurs < |a 2‘ a=_c 2‘ B 16°1° 5= 76
34, 3_15...3__9 ,-12.,_27.._30
S AT e T T T T T Tae T T 3 T

Problem 5. Let a,b,c,m >0 be satisfying ab+bc+ca=1.

Find the minimum value of S =m(a® +b?)+c? according to m
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Solution
With o€ (0;m), using inequality AM — GM applied to two positive numbers, we have:

2

v

SRR

2

v

ob? + 2. /% be

SIRUENTS

(m—oc)(a2 +b%)> 2(m—o)ab

= m(a2 +b2)+c2 22\/§(ac+bc)+2(m—0c)ab

Choose ae (0;m) such that \/% =m-0o < \/% _Zl+Vl+8m i-i—&n Then we have:

2 2—1+x/21+8m (ab+bc+ca)=_1+\/1+8m

S:m(a2 +b2)+c

2
Equality occurs & a=b= 1 ,C=_1+\'1+8m.Thus Min § = =1+ V1+8m
Y1+ 8m 2-1+8m 2

Problem 6. Let a,b,c,m,n >0 be satisfying ab+bc+ca=1.

Find the minimum value of S =ma® +nb*> + ¢ according to m, n

Solution

Supposing x,y,z>0 such that m—x,n—y,1-z>0. Using AM — GM inequality we have:

xa® +yb* > 2\/Eab

+ (m=x)a® +z.c> >2J(m—-x) z ac

(n—y)b* +(U-z)c* 22/(n-y)(1-2) bc
= S=ma’ +nb* +¢’ 22\/;ab+2\/(m—x)zac+2«/(n—y)(1—z)bc

N p2 =X 2
xa~ =yb y
Equality occurs < < (m—x)a® = z¢* S 2om=x 2
(n—y)b*=(-2z)¢? .

(n=y)xz=0-2)(m-x)y

Choose x, y,z such that \/;=\/(m—x)z:\/(n—y)(l—z)=k>0 = (n-y)xz=0-2)(m-x) y=k’
We have: mn:[x+(m—x)][y+(n—y):|[z+(1—z)]2k2(m+n+1)+2k3

Letting f(k) = 2k> +k*(m+n+1)—mn = f (k)= f (k)=6k*> +2(m+n+1k>0,Vk >0
= f(k) is increasing on (0;+e) = The equation f(k) = 0 has unique positive root k, >0

= S=ma’ +nb* +c* 22k (ab +bc + ca) =2k, = Min § =2k
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Problem 7. Let be given a,b,c satisfy a® +b* +¢*> =1. Find the maximum value of

P=(a-b)a-c)(b-c)la+b+c) (IMO 2006)

Solution

We have: [3(&2 +b? +cz)]2 =[2(a—b)2 +2(a—c)(b—c)+(a+b+c)2:|2
>8l(a—c)b-c)[2(a=b)* +(a+b+c)’ 21682 )(a=c) (b=c)a=b)(a+b+c) 21652 P

3\/§+\/g'b— Jo 'c—\/g_%/g.Thus Max P=—2 .

9 .
= P< . Equality occurs < a= b= ;¢ =
672 672 62 16v2

1632

Problem 8. (Phan Thanh Viet) Let q,,4q,,...,a, 20 be satisfying a, +a, +...+a, =1.

Prove that S=(q, +4a,)(a, +a, +a;).....(

Proof

With x,x,,....,x, 20 and S, =x, +x, +...+x, ,Vk =1,_n, using AM — GM inequality we have:

Q

s X2 Kk

a, a, r a, Sk a, Sk a, \Sk
a, +ta,+...+a, =x1-—+x2~—+...+xk~—2(x1+...+xk) — — | —
X Xy Xk X Xy Xy

It follows: S=(al +a2)(a1 +a, +a3)...(a1 +...+an_l)(011 +...+01n)2 ...ZC.alclazc2 ...af“

X X 2x X X 2x 2x $.8..8 8?2
C =_1+.”+_1+_1;C =_k+‘__+_k+_k’ Vk=2, _1; C = n : C = 243 n—-1"n
: S, S S, ‘ Sk Sn—l Sn " " Sn xlc'xzc2 xnc"
_ 1 . _ 1 5 _ 1 1 1 1 _ 1
Choose = 211—1 > X = 211+1—k Vk = 2’” SO Sk - 211—] Zn—l 211—2 T 211+17k - 2n7k
= C, = L (pn2 403 4 4241)=1: C, =L (gnk ok yo4 1) =1, Vk=2.n—1
2!’1—1 2n+1—k
1 9 1+2+..+H(n=2)+2(n-D) el -
C, :2-§~1=1 ; C= S D =4""_Thus $ 24" qa,...a, (q.e.d)

1 . _ 1 _
-l s A = o=k Vk=2,n

Equality occurs & ¢, =

Problem 9. Letting that x,,x,,...,x, are n real numbers satisfying x, +x, +...+x, =0 and

|x1|+|x2|+...+|xn|:1. Find the maximum value of P = H |xl_ —Xj|
I<i<j<n

Solution

x1|+|x2|=1

Case 1: For n=2, the condition becomes x, + x, =0;

;xz:_% of xlz_%;xzzé = P=|x —x,[=1

-l
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< (xz—x1)+‘T+(x3—x2) =(x3—xlj3 <

Using AM — GM we have:

N |~

X, +x, +x;,=0

onl
Equality occurs < |xl|+|x2|+|x3|— < {x,=0 . Thus maxP:%
Xy —X -
X =45 = 32 1:)53_)52 BTy

Case 3: For n=4, WLOG supposing x; <x, <x; <x,, then we can predict Max P can be
obtained when x, =—x,;x, =—x; = X, — X, =X, — X;. Letting x; —x, =a(x, —x;), P reaches
Max when the variables are satisfied with the conditions:

oy —x BTN NN XX XX
2 ! 4 3 a a+1 a+1 a+?2

From these, we come to this solution: WLOG supposing x; <x, <x; <ux,

= P=(x —x) (0 —x) (0 =) (6 = ) (4, — 2 ) (3, = x3)

i = (=) (3 =) (35— %5) (o, —y)
Henee a(a+2)(a+1)2_( > =) a+1 a+?2 a a+1 (x, —x;)
6
X, — X X, =X, X, — X X, —X
S|:%((x2_xl)( Z+12)+( ;+2 )+( 3a 2)+( ;+12)+(x4—x3)j}

6
1 1 1 1 1
It follows: PS28 [(xz—x])(1+a+1+a+2)+(a+a+1+—l)(x3—xz)}

Choose a such that (1+%+L):(l+L+—l) = a=ﬁ—1.

+1 a+2 a a+l
Now (1+L+ L ):(1+L+—1):£
a+l a+2 a a+ 2

= WED(E-D(2) s L[32 (i n)] = psd

¥l 2 2
Equality occurs

X, +x,+x;+x,=0

X, =—x, =
—x — = = 4 1
X, =X, 4 x4 x, =[x [+ x|+ x4 | =1

_x4—x3_x3—x1 X4—X2_X4—Xl X3Z—X2:T

(x, —xy)=(x, —x;) = L2-1 2 2 L2+l

Conclusion: Max P 22% (occurs when variables are satisfying the condition (1))

o ow
2

45
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Case 4: n=5: With such assumption x; <x, <x; <x, <x,, referring to the solutions to case 1

and 2, we can predict P reaches Max when x5 =-x,,x, =—x,,x; =0
= X, — X T X — Xy, Xy — Xy, =X, — Xy
Letting x; —x, =a(x, —x, ), then P reaches Max when variables are satisfying the condition:

Xy =X, Xy — Xy X3 Xy Xy X Xs— Xy X — Xy Xs— Xy X, —X  Xs— X Xs— X,

1 a a a+1 a+1 2¢ 2a+1 2a+1 2a+2 1

From such analysis, the solution to the problem in which n =5 will be as follows:
WLOG supposing x, <x, <x; <x, <x5. Now we have:

P:(x2 _xl)(x3 -x)(x, _xl)(XS _xl)(x3 -x)(x, —xz)(x5 _xz)(xs _xz)(xs - x,)

P
4a* (a + l)3 (2a + 1)2

Consider the expression: Q = . Transform Q in the form:

- X ..X3—X1 .x4—x1 .XS —.Xl X3—X2 'x4—x2 'XS - X, .X4—X3 ..XS —X3 .XS —X4

_% . )
0= 1 a+l  2a+1 2a+2 a 2a 2a+1 a a+1 1

Using AM — GM applied to 10 non-negative numbers, we have:

0< 1 l:XZ_xl Xy =X Xy X XX x3—x2+
1

10 a+1 2a+1  2a+2 a

10
2a 2a+1 a a+1 1
10
1 3 1 3 1
It foll :0< + +1 |[(—x + +(—1+—+ )— + 2
olfows: 10" [(2(a+1) 2a +1 )( X + 5 2a @ 2a+1 (—x, x4)} (2)

3 1 _( 3 1 )_ D
Ch >0 h that + +1|=|-1+=—+ = ==,q=
00S€ a suc a (2(a+1) 2a+1 ) 20 2a+1 q < a 3 q

N |

10
__P . 1 |5 _ 1 1. 27_27
It follows Q—m Now: Qslolo |:§(—x1 —X, tX, +x5):| —2T =4 PSFT—?

Equality occurs <

x, =0

X +x,+x+x,+x =0

=X =X, X + X, + X5 :|xl|+|x2|+|x3|+|x4|+|x5|:l

Xy =X Xg—X X5 =X X3 =Xy Xy =Xy, Xs =Xy, X, —X3  Xs Xy Xy — X,

(xz_xl):3/2_2_3_1/2_ T

& X =X =S X, ==X, z—é ;,=0 (3)

27

Conclusion: Max P =27 (occurs when variables are satisfying the condition (3))

Remarks. In general cases (n=6) the solution of the problem is still an open question
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7. APPLYING AM - GM TO INEQUALITY OF DIFFERENT DEGREE

The un-homogeneous inequalities considering in positive real set:

Problem 1. (Tran Phuong) Let be given a, b, ¢ > 0. Prove that

bc_i_ca_i_ab_i_b<a7 +b7 +c7 N 1

—+—+—+abc<

a’ b b*c®  c*a*  a’b*  a*bie?
Proof

Transfer and using AM — GM Inequality we have

7 7 7 7
Ezi/b_c_ls b+c+1]
a

2 2 272 2.2 2 2,2 2
¢ a’b” a'b’c a*bc

W | =
Q
(3]
()
(3]
Q
(3]
S
(3]

IA

ﬂ_i/67'a7'1 lc7+a7+l
b? b2a’ b*c? a’b*c? 3\ b*a®  bi?  a’b3c?

7 7 7 7
a_bzi/a T | A A
c 3

2,2 2 2 272 2 2.2 2 2 2.2 2
b c¢c“a” a‘b’c cb c a a“b’c

= —+—+—+abc< + + +
2 b2 2 bZCZ 2 .2 Cl2b2 a2b2c2

Problem 2. (Tran Phuong) Let be given a, b, ¢ > 0. Prove that

9 9 9
a b c 2 5 5 5

L 2+ r—=>a+b+c”+2 (1
bc ca ab abc a4 ¢ ()

Proof

9 9 9
Using AM — GM Inequality we have: Z— +abe>2a:2" + abe>2p° ;C_b +abc > 2¢°
c ca a

9 9 9
- 4 -|-b—+c—22(a5 +b° +c)=3abe>a’ +b° + ¢’ +3-Ja’b’c® —3abe

bc ca a

Therefore, to prove inequality (1), we have to prove:

3.3a%b5 ¢S —3abc+%22@ 30° = 3t% + 222 (for t=3abe >0)
abc ¢

2 6 5 4 3 2
<:>(t—l) (3t° +6t° +6¢* +6t° +6¢ +4t+2)20 (is always true) = (q.e.d.)

l3

Equality occurs & a=b=c=1

Problem 3. (Tran Phuong) Let be given a, b, ¢ > 0. Prove that

9 9 9
a b c 3 4 4 4

E et —=2>a"+Db" +c"+3 (1
bc ca ab abc 4 b ¢ 3

Proof
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Using AM — GM Inequality we have:

9
Z—+abc+a2 23a4,b +abc +b* >3b* —b+abc+c2 >3c4

C ca a
9

9 9
— @ b S3(0t w bt et) = (a? +b% +¢2) =3abe (2)
bc ca ab

Using again AM — GM inequality, we have:

l(1+a4) l(1+b )>b2;l(1+c4)262:>l(a4+b4+c4)+§2az+bz+c2

2 2 2 2 2
9 9

From (2) = a_+b_+c_2§(a +b* +ct)- 3abc—§>a +b* +ct +9 a*b*ct —3abc—é
bc ca ab 2 2 2 2

Therefore, to prove inequality (1), we only have to prove:

SAlatvict 3abe-3+ 3230 2ot -5+ % 2 (for t=3abe >0)

=N %(t—l)2 (t+1DBt* +£2 +42 +2¢+2) 20 (is always true) = (q.e.d.)

Equality occurs & a=b=c=1

Problem 4. (Tran Nam Dung) Let be given a, b, ¢ > 0. Prove that

20a> +b> +¢?)+abc+8>5(a+b+c) (1)

Solution

* Lemma: (Schur inequality)

oy 2 3z ay(x+y)Fay(y+z)+ax(z+x) , Vay, 220 (%)
* Proof: WLOG supposing x=2y=>z2>0. We have:
LHS (*) -RHS (*) = x(x~y)" +z(y—2)" +(z+x-y)(x—y)(y - 2)20
* Application: Using AM — GM inequality and Schur inequality we have:
6.[LHS (1) - RHS (1)] =12(a? + b +¢?) + 6abc +48-30(a+b +c)

=12(a® + b2 +¢2)+3Qabc+1)+45-5-2-3(a+b+¢)

>12(a? +b% +¢2) +9-Yabe)* +45-5[(a+b+¢)* +9]

= 9“? +3(a? +b2 +cz)—6(ab+bc+ca)+2[(61—!))2 +(b—c)’ +(c—a)2}
abc

0

¢ 1302 +b2 +¢2)=6(ab+bc+ca)>—219¢ L 3(a+b+¢)? —12(ab +be +ca)
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:4[9abc+(a+b+0)3 —4(ab+bc+ca)(a+b+c)]
a+b+c

=;[a3 +b° +¢° +3abc—ab(a+b)—bc(b+c)—ca(c+a)]20 = (q.e.d.)
a+b+c

Equality occurs & a=b=c=1

49

Problem 5. (Darij Grinberg) Let be given a, b, ¢ > 0. Prove that

a’ +b*+c? +2abc+1>2(ab +bc + ca)

Proof

Using AM — GM Inequality and Schur inequality we have:

2 2 2
a’>+b%+c* +2abc+1-2(ab+bc+ca)>a’* +b* +c* +3a3b3c3 —=2(ab + be + ca)

Za%b% (a% +b%)+b%c% (b% +c%)+c%a%(c% +a%)—2(ab+bc+ca)

;;(L L)z ;;(L L)2 ;;(L 1)2
3p3\ad3 =b3) +b3c¢3\b3—=c3) +c3a3\c3-a3) 20

a

Equality occurs & a=b=c=1

Problem 6. (APMO 2004) Let be given a, b, ¢ > 0. Prove that

(@®+2) (B> +2)(c? +2)29(ab+bc+ca) (1)

Proof

Using AM — GM Inequality we have:

LHS (1) - RHS (1) = (a? +2) (6% +2)(c? +2) =9(ab + be + ca)
=4(a? +p? +c2)+2[(azb2 +1) 422 +1)+(c%a? +1)]+(azbzc2 +1)+1-9(ab+bc +ca)
>4(a® +b% +¢c2)+4(ab+be+ ca) + 2abc +1-9(ab + be + ca)

>a’+b>+c? +2abc+1-2(ab + bc + ca)

Using the results of problem 5 we have (q.e.d.). Equality occurs & a=b=c=1

Problem 7. Let be given a, b, ¢, d > 0. Prove that

1.1.1 l)( 1 1 1 1 )> { 1 ) 1 }
(a+b+c+d a+b+b+c+c+d+d+a =16 Max 14+ abcd ’ ac+ bd )

Solution

Using AM — GM Inequality we have:

LHS(l):(L+1)+[ atb . _c+d }r atb ., _a+b . _c+d __ c+d

ab ' cd ab(c+d) cd(a+b) | ab(d+a) ab(b+c) cd(b+c) cd(d+a)
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4 a+b a+b c+d c+d _
> + + + . Similarl e have:
Jabcd ab(d+a) ab(b+c¢) cdb+c¢) cd(d+a) W Y
4 " b+c " b+c " a+d " a+d
Jabed bela+b) bele+d) ad(a+b) ad(c+d)

2-LHS (1)2 J{ atb ., a+d }{ atb ., btc }r
Jabed |ab(d+a) ad(a+b)| |ab(b+c) bcla+b)

_{ c+d " b+c ]’_[ c+d " a+d }
cd(b+c) bele+d) cd(d+a) ad(c+d)

LHS (1) > . It follows:

> 8 2 42 2 L2 _ 8 +-2 (l+l)+ 2 (l+l)

Jabed  a\Jbd  bac  c\Jbd  dJac Jabed bd \a ¢! Jac\b d
8 4 4 16 8

> + + = = LHS (1) >
\/ abed \/ abed \/ abed \/ abed \abced

On the other hand, using AM — GM Inequality we have:

% >+abcd ;% >+abcd = \Jabced < Mm{l - ab;d act bd}

— LHS()> 16 =16Max{ .1 } ed.

Min{l+ abcd ; ac+bd} I+abed = ac+ba) (4D

Problem 8. (Le Trung Kien)

Prove that a®> +b° + ¢ +4(a+b+c)+9abc 28(ab+bc +ca), Ya,b,c=0 (1)

Solution
Lemma: a* +b* +c¢* +abc(a+b+c)2ab(a2 +52)+be(b? +c?)+cale® +a?) (D)
Proof: WLOG supposing a=b=c. We have:
() (b2 +c*=a?)b-c) +(c?+a>=b*)c—a) +(a® +b* —=c*)a-b)> >0
oc2b-c)V+a*a-b) +(+a>=b*)a=-b)b-c)>0 (is always true)
Application: Using AM — GM inequality we have:

4(ab + be +ca)2
a+b+c

4(a+b+c)+ >8(ab + bc + ca)

4(ab + be +ca)2
a+b+c

So it suffices to prove that: a® +b> +¢* +9abc >

o a* +bt +ct vabcla+b+c) +ab(a® +b%) +be(b? +¢2) +calc? +a?) > 4(a2p? + b2 +c2a?) *)

Using lemma we have:
LHS (*) > 2[ab(a2 +b2)+be(b? +¢2)+calc? +a2)] >4(a®b? +b%c? +c%ad?) = (g.e.d)

Equality occurs < a=b=c=1 or (a,b,c)~(2;2;0)
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8. SPECIALIZATION IN INEQUALITY OF DIFFERENT DEGREE

a,b,c>0 1 1 1
Problem 1. Given . Prove that —+—+—23 (1)
a+b+c=3abc a> b’ ¢
Proof
a+b+c=3abc=> lb + bl L— 3. Using AM — GM Inequality we have:

1,1 1 1,1 1,1 1 1 L1
2| =+ —+— |+3=| —+—+1|+| = +—=+] |+| - +——+1 3( +—= ) 9 d
(a3 b 03) (a3 b’ ) (zﬂ ¢ ) (c & ) ab be = (q.e.d)

a,b,c>0
b®

Problem 2. Given . Prove that —+—+C—323 (1)
\f +b\f +c\f b’

Proof
Using AM — GM Inequality we have:

(e (v s ieafoe{afEon e

b b c
o A Szt £ B2 et
a,b,c,d>0 3 e 3 FE
Problem 3. Given . Prove that —%—+ —C 4 L
ab+be+cd +da=1 b+c+d c+d+a d+a+b a+b+c 3

(IMO Shortlist 1990)

Proof
Using AM — GM inequality we have:

3
L+2(b+c+d)+6a+3>4\/ 36a" 5 (h+c+d)-6a-3=24a
btc+d btc+d

3
36b +2(c+d+a)+6b+3>4\/ 36b° —2(c+d+a)-6b-3=24b
c+d+a
_+_

3
L+2(d+a+b)+6c+3>4\/ 36¢”_ 2(d+a+b)-6¢-3 =24c
d+a+b d+ +b
36d° _

+2(a+b+c)+6d+3>4-% 2(a+b+c)-6d-3 =24d
a+b+c
3 3 3
a b 3 d at+tb+c+d 1
+ + > 2
:>b+c+d ctd+a d+a+b a+b+c 3 3

On the other hand, (a+b+c+d)> >4(ab+bc+cd +da)=4=a+b+c+d>?2

152
373

(q.e.d)

— LHS (1) > W_

0 |

1
3
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9. BEST SOLUTIONS TO FOUR TRIGONOMETRIC INEQUALITIES

Let ABC be a triangle. Prove that

T, = siné+sin£+sin£Sg ; T, = cosA+cosB+cosCS§
2 2 2 2 2
T; = smA+s1nB+smC<3\/— ;o Ta= cosé+cosE+cosE < ﬂ
2 2 2 2
Proof

. A . B . C . A . B A B . A .
T, = sin—+sin—+sin— =| sin— +sin— |.1 + cos—cos — — sin — sin —
2 2 2 2 2 2 2 2 2

1(.A .BJZ R 1( , A ZBJ . A. B 3
— SIn — + s1n — +1 +—| COS™ —+CcOoS™ — |—SIn—sin—=—
2 2 2 2 2 2 27 2 2

cos A +cos B+ cosC =(cos A +cos B).1+sin Asin B —cos Acos B

T,

I/\

[(cosA+cosB) +1] 1(sm A+sin? B)—cosAcosBS%

Ts = i(sinA —+sinB- j (sm 0sB+M-cosAJ
V3 NG
.2
} Ksm A+c052 Bj+(51n3 B+C052 Aﬂ:?n/g

< —[(sm A+3 sm B+=
4 2

NE] 2

i 2 A 2 B

COS™ — COS™ —
<L (c0s2é+§j+(cos —+ j W3 { 2 +sin2§J+£ 2 +Sin2éJ :—3\/3
3 2 4 2 4 2L 3 2 3 2 2

Comment: In my colleagues’ opinions, the common solutions to the four above problems are

A B
cos = cos -
T4=—2 cosé-—3+cos£-£ +3 2-sin£+ 2-siné
2 2 2 3 3

the most unprecedented and the shortest among what have ever demonstrated in the world. In

all other publications, these inequalities are proved based on graphs of Jensen Inequality but
the above solutions originally apply a simple inequality 2xy<x” + y® and the concept "point
of incidence", which will be referred to in detail in the book. These solutions were published

in the other books in Viet Nam, also written by the author in 2000.

Trivial classical method:

+ - +
. sinx+siny:2sinx2ycosx—2yﬁ25inx2y, Vx, ye (0,7)

. . . . . + - . +t —t . + . +1
°smx+smy+s1nz+s1nt=251nx Y cos T2 4+ 25in L cos EL < 2sin 2 + 25in =
2 2 2 2 2 2
. X+ y+z+t +y—z—t . X+y+z+t
=4s1nx yrz cosx y4z S4smx y4Z ,‘v’x,y,z,te(O;Tt)
A+B+C A+B+C n_33

e Take x=A,y=B,z=C,t= = sin A +sin B +sin C <3sin =3sin—-=—"—

3 3 3 2
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10. SELECTIVE PROBLEMS IN USING POINT OF INCIDENCE FOR AM - GM

53

Problem 1. (Tran Phuong) Let be given AABC with the lengths of the sides a, b, c.

2 2 2
3a 3b 3c 3
+ ————| 43— =2=-345 (1
j \/[3c+3a—b} \/E3a+3b—cj 5 )

Prove that: 3| ———
3b+3c—a

Proof
3a _l x_3b+3c—a i_a+b+c
3b+3c—a «x 3a 3 a
3b 1 3c+3a-b 4 a+b+c
Let { ——Mm—=—>{y=—""—"> = -
3c+3a-b vy 3b 3 b
3¢ 1 |, 3ax3b-c | 4 _atb+tc
3a+3b-c z 3c 3 c
1 1 1 a+b+c 4\ 4\ 4\
= 4+ 4+ 4: b =] & X+§ + y+§ + Z+§ =1
+i +7 +7 a+ +C
S A T
L L3 s,

1
Ve s

Using AM —GM Inequality for 9 terms we have:

53 4 (5]
5 5
SERE=IRERES

N

4 9 4 =9
5 5
X+ X+
3 3 x 5 3
4 9 4 =
5 5
y+= y+=
=1 .5 s} =11,3, 3}
3 y 5 3
4)s 3
5 4\5
2+ 7+ =
3 3 z 5 3

Letting mz(x+%) in=

4y
g
3 3
9
4
< yss(éjs. y+3}
3 3
9
4
35 hl
ZSS(EJ '[24‘3]
3 3




54 Point of incident technique in AM-GM inequality

Using AM — GM Inequality for 6 terms we have:

6 6 6 6 6 6

5.3m) S+1=3m) 5+ (3m) 5+ (3m) 5+ (3m) 5+ (3m) 5

6 6 6 6 6 6
5.37) 5+1=3n) 5+ (3n) 5+ (3n) 5+ (3n) 5+ (3n) 5+1>18n

+1>18m

6

5.(3p) *+

1=(3p) ;

+(3p) ;

+(3p)

5+(3p) °

6

6

6

+(3p) S+1218p

6
3m5+ 3n 5+

(3p)6}>i/g {18(m+2+p)_3}

J—ff\r

Equality occurs & a=b=c>0

Problem 2. (Tran Phuong) Let be given a, b, ¢ > 0. Prove that
: j

3 3 3 3 3 3 2 2 2 2 2
Q/a +b +A{/b +c +‘{/C +a 213/5 i/a +b +§/b +2€ +</c +2a
c? a’ b? c? a b

Proof
3 3 2
* Lemma: i/a erb > \/a erb (It is for you to prove it)

Using AM — GM Inequality and the lemma we have

* Application:
3,3 3,13
4{/ a +3b N 4\;/ a +3b N
2c 2c
8 terms

3 3 3
i/b +c +</b +c
2a° 2a°

8 terms

é{/c3 +a’
2b°

8 terms

+..

c +a’
3 +
2b

3 3 3 3 3 3 2 2 2 2 2 2
N S(A{/az—:b +4\‘/b2+3c +A{/c 2;361 ]+329(i/a 2+2b +i/b2+2c +i/c 2;;1 J
c a c a
2 2 2 2 2 2 2 2 2 2 2 2
_g i/a +b +i/b +c +i/c +a N i/a +b +i/b +c +i/c +a
2¢? 24’ 2b* 2¢? 24’ 2b*
>3 i/612+l72 +i/b2+cz _'_i/cz+a2 +3(</a2+b2.b2+cztcz+a2
- 2c2 2a* 2b° No2e? 2a* 2b°
2 2 2 2 2 2
- i/a +b +i/b te +</c ta +3‘</@.2bc.20a
2¢? 2a’ 2b* 2c 2a* 2b?
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2 2 2 2 2 2
:s(i/“ +2b +#b e +i/"’ a j+3. It follows
2¢ 2a 2b
3 3 3 3 3 3 2 2 2 2 2 2
a’ +b b’ +c¢ ¢’ +a a”+b b +c c“+a
4 4 4 4 4 >3 +3 +3 = (q.e.d.)
\/ 2¢3 \/ 2a° \/ 2b3 J 2¢2 \/ 2a* \/ 2b? a

Equality occurs & a=b=c>0

Problem 3. (Vo Quoc Ba Can) Let be given a, b, ¢ > 0. Prove that

i/az+bc +i/192+ca \/c +ab >9 abe )

b* +c? ¢’ +a’ a*+b* a+b+c

Proof

Using AM —GM Inequality we have:

2, 2 2 2 2, 42 2 f 2, 2
alp? +c )+b(02 +a?)+cla®+b )=a(b2 +c )+b+c>3 3 abc(b +c?)
a® +bc a® +bc a’ +bc

sla’ +be > 3(q? +bc)-\3/abc
b*+c?  ab?+e?)+b(c?+a?)+cla® +p?)

=

:LHS(I):Z a +bc> 3(a2 +b% +c2 +ab+be +ca) - Yabe )
SN2+ ab? +¢?)+b(c? +a*) +ca® +b)

Using Schur Inequality we have:
(a+b+c)a® +b> +¢2 +ab+bc+ca)—3|:a(b2 +e2)+b(c? +a?) +c(a? +b2):|

=a’+b° +¢* +3abc—ab(a+b)—bc(b+c)—calc+a)>0

3(a2+b2+c2+ab+bc+ca) S 9 3)
ab?+c?)+b(c? +a?)+cla?+p2) atb+c

.3
From (2) and (3) follow LHS(1)>2Y%¢ (o q)
a+b+c

Equality occurs < a=b=c=0

Problem 4. Let be given a, b, ¢ > 0. Prove that

\/a(b+c)+\/b(c+a)+\/c(a+b)S\/(\/;_,_\/E_'_\/E)(

a’ +bc b* +ca c?+ab

1

A1 1
TEE) O

Proof

(1)@(2 C;(b-:-bch (\/7+\/7+\/_)(T+$+%)

@Za(zb+c)+22\/(a§(a+c)(b+c) S3+Z%

e a + bc cye a +bC)(b2+CCl) cye
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o a(b+c)Jr2 \/ab(a+c)(b+c) _Sbtc 349 2)
Qz,ca2+bc ch (a® +bc)(b? +ca) cyzc\/%
a(b+c)S alb+c) _x b+c

Using AM —GM Inequality we have: Z

cyc

a’ +bc cye 2\/a2bc B cye 2@

On the other hand, (a® +be) (B2 +ca)—ab(a+c)(b+c)=c(a—b)2 (a+b)=0

:>\/ ab(a+c)(b+c) <1 :‘Z\/ ab(a+c)(b+c) <3
(a? +bc)(b? + ca) cye (a® +bc) (b2 + ca)
:>LHS(2)<ZM+6—ZZ’+C—3=Z(1—b+CJ:—ZM<O
cyc 2% cyc \/E cye 2@ cyc 2\/%
= (2) is true = (q.e.d.). Equality occurs & a=b=c>0
Problem 5. Let be given a, b, ¢, d > 0. Prove that
1 31 313 313_|_313 31 > 243 — (1)
a’+b> a’+c ad+dd b+ b +d’ P +dd 2(a+b+ce+d)
Proof
d\’ d\’ d’
WLOG supposing azb=2c2d=20 = a3+b3s(a+§) +(b+§) ; a3+d3s(a+§)
1 1 1 1
3 3 - 3 3 3 3 3
a’ +b i) ( i) a’ +d ( i)
( + 3 +(b+ 3 a+ 3
1S 1 | 1
= a3+c3_( d)3 ( d)3 : b3+d3_( d)S
+ =] +|c++ b++—
T3] T3 3
1 1 1S 1
3,43 ° 3 3 3 3= 3
T ferg) ) [T [erd)
b+ | +lct+ > + =
3) T\ 3 ‘73
1 1 d d d
LHS (1) > +Y 4 f =a+% y=bp+< 7=c+4
= (1) §x3+y3 ;‘xS or x=a+t=,y 30 8=Ct 3
1 1 243 2 1 1 243
We need to prove + ) =2 el +—+——= 1|2
§x3+)’3 czyc:x3 2x+y+2z) %(x3+y3 x’ y3j (x+y+z
Using AM — GM Inequality we have 2 +L+L>3-3 2
3 3 3 3 3.3 3 3
Xy xoy ¥y (67 +5y7)
3 — >3. | 2 S L
\/(XY) (x —xyty )(x+y) 3(3xy+x* —xy+ y? (x+y)
i (x+y)
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2 1 1 1 3
= +=+—=1|224 >24.
@zc[x +y'x y3) %‘(Hy)3 (x+y)(y+2)(z+x)

72 -72. 27 =2 o (qed)

[(x+y)+(y+z)+(z+x)}3 [2(x+y+2)] (x+y+2)
3

vV

Equality occurs & (a,b,c,d) is a permutation of (1; 1; 1; 0)

Problem 6. Let be given a, b, ¢ > 0 satisfying the condition a+b+c=1

a+b abc

Find the maximum value of S =
a+bc b+ca c+ab

Solution
—_a b + abc  _ 1 N 1 +\/ab/c
a+bc b+ca c+ab 1_’_@ 14 ca 1+ab
a c
Taking E:tanzg;ca—tn 2 B for 0<A,B<m
a
Then l=a+b+c= / ,/ ‘,bc ,[ '/ca "bc
A B
1—tan %< - tan = A,B,C>0
It follows {%: 2 2:cot(AJrB):tan£ for
¢ tan%+tang 2 2 A+B+C=n
C
tan — .
S = ! + ! + 2 =Cos é+Co 2B+Smc=1+l(cosA+CosB+sinC)
I+tan®’ = 1+tan> = 1+tan2£ 2 2 2 2

=1+L(£cosA+ﬁcos Bj +L(\/§sin A.cos B +\/§sin B.cos A)

23

3 )(3 2)}1[(-2 2)(-2 2)]
+cos? A +cos” B |+—=|\3sin“ A+cos” B)+\3sin“ B+cos” A
2f[( 4 43
=1+§+£(0052A+sin2 A) \f(cos B + sin? B 3\/7

Equality occurs & A=B= g ,C= 2n

3
\F \F_tan—zf\r_tan“ VBeoa=b=2J3-3,c=7-43




58 Inequality Proof by Analysis of Sum of Squares (S.0.S)

§4.18. INEQUALITY PROOF BY ANALYSIS OF SUM OF SQUARES (S.0.S)
I. Express non-negative polynomial in terms of sum of squares
1. Definition: Polynomial F(al,az,...,an) is an n-variable function (a) =(a1,a2,...,ak,...,an)
and Z!F(al,az,...,an) is sum of n! expressions coming from F(a,,a,,...,a,) by all permutations
of all variables (a)=(q,,a,,...a,).

* Polynomial F (a1 ,0y s, ) is an m-degree homogeneous function
—_m
& F(tay,ta,,....ta,)=t".F(a,,a,,...a,)
* Polynomial F (a,,a,,...a,)20 Va,,a,,...,a,€D < F(a,,a,,..,a,) is called as non-negative in
domain D.

2. Identity Hurwitz — Muirhead and inequality AM — GM (Cauchy)

Consider the special case: F(a,,a,,....a,)=a;"a5*...al" for a, 20,0, 20

Let [a]l=[a;, ;.00 ]——ZYF(al,az,. ~a,) n'Z“va“l a® g%

(n—=1!
n!

a,+a, +..+a,

Specially, [1,0,0,...0] = (@, +a,+..+a,)= =A(a) : Arithmetic Mean (AM)

11 1
[l,l,...,l}:”—ial”az"....a,{l =1la,a,...a, = g(a): Geometric Mean (GM)
n.

n n n

"+al+...+a”
Consider transformation: A(a")— g(a” )= 4 T4 A _ a,a,...qa, = [n,O, O,...O] - [1,1, 1,...,1]
n

=[n,0,0,..0]-[n-1,1,0,...,0] +[n—1,1,0,...,0] - [2-2,1,1,0,...,0] +

+[n—2,l,1,0,...,0]—[n—3,1,1,1,0,...,0]+...+[3,1,1,...,1,0,0]—[2,1,l,...,1,0]+[2,1,1,...,1,0]—[1,1,1,...,1]
zﬁ[zl(“fﬂ _ag—l)(al —a2)+Z!(af_2 _a;—z)(al ) )03 +Z!(af_3 _a;_S)(al -a,)aa, +]
As (a,-a,)(a) —a)20 Va,.a, 20 so Ala")-g(a")20
Let a, :xf;...;an :xf and (il,iz,...,in) as a permutation of (1, 2,...n). Then we have:

n[A(a”)—g(a”):|=(a1” +aj +...+a,’l‘)—na1a2....an = x4+ X2 —nxtxixl =

S )} T o) e DA )

Besides,
2
(xiz”‘” — x 22k )()o2 —x2 ))o2 X2 =(xA2 —x? ) [xzn‘Zk‘z + x2n2k= 4x2 +.. +x2” 2k= 2]x2 X2
1 ] q Y] 3 e+l n ] n q 3 T+l
—k n—k
2| R o 2 o 2
—k=j j-1 —k=j j-1
= (xf - x} ) Z (x" 'x}! ) xZ.xl o= (x'2 - x? )x" Ix!T X
1 ) Bl ) ] Tk+1 Gl ) Bl ) 3 lk+1
j=1 j=1

= n[Ala)-g(a")]=s+s2+..+5220 = Ala")2g(a") = Ala)=g(a)
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. 2
3. Special cases: *n=2: x] +x; —2x,x,=(x,—x,)

en=3: x{+x8+x$-3xtxix} —%(xf +x3 +x32)[(x12 —x22)2 +(x22 —x32)2 +(x32 —xlz)z}

en=4: x14+x§+x§+x4 4x, Xy %%, = (xl )622)2+(x32—)c4)z+2(x1x2—x3x4)2

2,2.2.2.2 _
SX;xyx;x; x5 =

D) LR Ry R ERRIEE y R 0 y RNy
S PR DI I R B |

en=5 x"+x0+ 030 +x)° +xl° -

G 66 6 6 6 6 A2 20 AW (2 2V (2 2V (2 2)?
o n=0: X +Xx; +X5 + x5 +x35 + x5 —06x%,%,%, X% _E(xl +x; +x3)[(xl —xz) +(x2 —x3) +(x3 —xl) +

2 2

(e )| (6 -2) +( -x) +(2 ) [+ 3l —xn)

4. Theorem and examples:

4.1. Theorem Hilbert 1:

If polynomial F(al,az,...,an) is homogeneous and non-negative in domain D, i.e.:

F(al,az,...,an) 20 Va,,a,,..,a, D then it is possible to express

F(a,,a,,...a,)=pl + p5 +..+ p.in which p, is a certain real rational function.
4.2. Theorem Hilbert 2: If polynomial F(a,,a,,...,a,) is non-homogeneous and non-negative

in domain a, 20,a, 20,...a, 20,a, +a, +...+a, <1 then

_ oy 0Oy o Ayl
F(al,az,...,an)—Z:ckal as>..al (1-a, —a, —...—a,)
in which «,,...a,,,,,, are non-negative integers and ¢, > 0.

4.3. Comment: The Theorems Hilbert 1 & 2 are qualitative, helping us believe that there
exists a way to prove a polynomial as non-negative by analysis of sum of squares (as for
homogeneous functions) or into sum of non-negative quantities (as for non-homogeneous
functions). It is, however, due to this obscure existence that it has little value in effect of
proof of elementary math inequalities. Take 3 extreme examples below to show that the
analysis into of squares would be actually difficult without belief in the existence of the
analysis. Examples 1&2 have short solutions but lack naturalness, so to find solutions would

be nothing more than words puzzle in which only a result is a meaningful word.
Example 1: a* +b* +¢* + ab® +bc® +ca® 22(a*b+b’c + c*a) Va,b,ce ;
Proof: 2[614 +b* + ¢t +ab® +bc? +ca® -2(aPb+bic+ c3a):| =

= (az—ab+ac—cz)2+(bz—bc+ba—az)2 +(cz—ca+cb—b2)220
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Example 2: (a? + 5> +¢2)’ 23(Pb+bc+c%a) Va,b,ce; (1)

I’ proof:
(D) & a* +b* +c* +2(a®? +b%c* +2a?) 23(dPb+bc +Pa) & Yoat+2> a’b* 23> a’b

cyc cyc cyc

&S= (Za“ —Za2b2)+3(2a2b2 —Zazbcj—3(2a3b—2azbcj >0

cyc cyc cyc cyc cyc cyc

Transform: Za4—2a2b2 :%Z:(az—bz)2 ; 3(2612172—Zazbcj=%Z(ab+ac—2bc)2

cyc cyc cyc cyc cyc cyc

3(Za3b—2a2bcj = 3(2b3c—2a2bcj =3 be(a® —b?)

cyc cyc cyc cyc cyc

=—3Z:bc(a2 —l72)+Z:(ab+bc+ca)(a2 -b%) =Z:(a2 —b*)(ab + ac —2bc)

cyc cyc cyc

_ 1 2 _g2v2 1 2 232
Then S = 23 (a* =b*)* +2 ) (ab+ac=2be)* =} (a* =b*)(ab+ac—2bc)

cyc cyc cyc

= %Z(az —~b* —ab—ac+2bc)* 20 = (q.e.d)

e
2" proof: 4(a® +b* +c? —ab—bc—ca)[(a2 b2 +e?) —3(a3b+b3c+c3a)] =
=[(a3 +b63 +¢*)=5(a’b+b2c+c?a) +4(ab® +bc? +caz)12 +
+3[(a3 +b> +¢*)=(a®b+b%c +c2a) - 2(ab? + be? +caz)+6abc:|2 >0
II. METHOD OF ANALYZING SUM OF SQUARES (S.0.S.)

1. Introduction: To prove a homogeneous polynomial F(al,az,...,an)ZO , according to

theorem Hilbert there exists an expression F(a,,d,,....a,)=p{ + p; +...+ p2 in which p, is a

certain real rational function, but to specify a certain expression would be very difficult. The

following method of analyzing sum of squares helps us surmount the abstraction of theorem
Hilbert, particularly to symmetrical functions F (a,b,c). In Vietnam, this method was studied

and then stated by Tran Phuong, Tran Tuan Anh and Anh Cuong in August, 2004. In 2006,
Pham Kim Hung gave it the official name of S.O.S.

2. About S.0.S.

Let consider inequality A = B in which A, B are expressions of variables a,b,c .

Supposing we can turn the inequality A — B = 0 into:
§=A-B=S§, (b—c)’ +Sb(c—a)2 +Sc(a—b)2 =0 (1). Considers the following propositions:
2.1. Proposition 1: If S, >0:5, >0;S_20 then S=5_(b—c)’+5, (c—a)* +S_(a—b)* 20

(1) is obviously true in this case. Therefore, we hereinafter consider other conditions.



Diamonds in mathematical inequalities

61

2.2. Proposition 2: Letting that a,b,c,S ,
S, +5,20;8, +S_20;5.+5,=20.
i) If a<b<c or azb>c then §, 20

Then we have S=5, (b—c)* +S, (c—a)’ +S (a—b)*20 (1)

Proof

WLOG suppose a<b<c, then §, 20 and

e S, [(c=b)+(b-a) +S,(b—c) +5, (a=b) >0

s (S, +S,,)(b—c)2 +(S, +SC)(a—b)2 +28,(c—b)(b—a)>0 (is always true)

2.3. Proposition 3: Letting that a,b,c,S_,S,,S, are real numbers satisfying condition:

If a<b<c orazb=c then §, 20,5, 20 and S, +2S, 20;5,+25, 20

Then we have S=S, (b—c)’ +5, (c—a)* +5,(a=b)*20 (1)

Proof
WLOG suppose a<b<c and S, 20,5, 20 ; § +2§,20;5_+25,6 20

If S, 20 then (1) is always true.
If S, <0 then S=(S, +5,)(c=b)7+(S, +S,)(b-a)’ +25, (c=b)(b—a)
>(S, +8,)(c=b) +(S, +5. ) (b-a) +5,[(c=b)* +(b—a)’]
=(8,+25,)(c=b)* +(S, +25,)(b-a)* 20
2.4. Proposition 4: Letting that a,b,c,S_,S,,S,_ are real numbers satisfying condition:
If a<b<c then S, >0,5, >0 and b>S, +c2S, >0

Then we have S=5, (b—c)’ +5, (c—a)* +5,(a=b)*20 (1)
Proof
WLOG suppose a<b<c and S, 20,5, >0; b>S, +c*S, >0

S=8 (b-c)’ +(b—a)2{s,,(l“7“’)2 +SC}ZSQ (b—c) +(b-a) [S,, (%)2 +SC}

=5, (b—c)* +(c%S, +szc)(b%“)2 >0
2.5. Proposition 5: Letting that a,b,c,S ,
i)S, +5,>0v §,+S. >0v S +5,>0
i) §,§, +§,5.+5.5,20

Then we have S=§, (h—c) +S, (c—a)’ +S, (a-b)> >0 (1)

S,.S. are real numbers satisfying 2 conditions:

S,,S. are real numbers satisfying 2 conditions:
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Proof

WLOG supposing §, +S§_>0. Letting u=b—a;v=c—b, then:
S=5,(b-c)+5,[c=b)+(b-a)] +5,(a=b)’

= (S, +5,)a=b)’+25, (c=b)(b—a)+ (S, +S,)(b-c)’

2
S S.S,+S,5. +S.8S
b J+ aZh _ThTc TcTd )2 >0 = (q.e.d)

=(Sb+SC)[u+Sb+SCv S <5,

2.6. Proposition 6: Letting that a,b,c,S_,S,,S_ are real numbers satisfying conditions:
)as<b<corazb=c
ii) There exist o > 0 such that S + OLZSC +(Oc+1)2 S, 20

|a—b|20c|c—b| |c—b|206|a—b|

iii) (S, +S,20 viS, +8,20

a

S +°‘Jls,,zo S +°‘Jls,,zo

c a

Then we have: §, (b-c)’ +S, (c—a)’ +3S. (a-b)* >0 (D

Proof
WLOG suppose a < b < ¢ and la — bl > ol — bl

3o > 0 such that S, + &S, +(a+1’S, >0 and {S +S, >0

Consider following possibilities: c

S +°‘T+ls,,zo

eIf b=cthen (1) & (S, +5,)(a-c)’20& S, +S, 20 (is always true)

2 2
*If b#cthen (1) & S, +Sh(b_g+1) +Sc(b_Z) =0

e fl)=5,+5, (H'l)z"‘SJZZO for IZZZ:ZZOL

We have: f(1)-f(a)=(r-a)[S,(t+2+a)+S, (t+a)]

=(t-a)[(S, +S.)r+S, M+o)+S.a+5, |2(-a)[(S, +S,)a+S, 1+a)+S,a+S, ]

=2(r-a)[ S0+, (1+o¢)]=2(f0:°‘)[56 +°‘;”5th0, Vi>a>0

It follows: f(1)>f(a)=S, +a’A, +(a+1>S, >0

. {t:a {b—a:oﬁ(c—b)
Equality occurs < =

S,+a’A +(a+1)°S,=0 |S, +a’A +(a+1)>S5, =0
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Consequence: Letting that a,b,c,S,,S,,S_ are real numbers satisfying conditions:

a’

HDa<b<corazb=>c
i) §,+S_+4S5, 20

|a—b|2|c—b| |C—b|2|a—b|
iii) 1§, +S5,20 v<S§, +S5,20

S.+25,20 S, +25,20

Then we have: §, (b—c)2 +S, (c—cz)2 +38S. (a—b)2 >0

3. Theorem on the expression of S.0.S.
3.1. Theorem:
Supposing that two homogeneous permutation polynomials A, B have the same degree and
the same number of variables. If so, the difference of these two polynomials can be written in
the form of S.0O.S., that is:

Zaf“a?z an" = Zaflazﬁz ...af" = ZPU (a)(a, —aj)2

cyc cyc
In which o, +...+a, =B, +..+B,=m and a = {ai }:l:l. In this case, A and B are also said to
have S.O.S relation.

Proof
First of all, we prove the following lemma

Lemma: Supposing a = {ai }?:1

m oy o o, _ 2
Zal —Zallazz...an"— I’U(a)(ai—aj)

cyc cyc

and o, +0a, +...+ 0, =m, then:

Proof: We will proof the lemma by inducing based on k, which is the number of elements

except 0 belonging to the set {oci}n:1 (n,m are constant).

If k =1, the theorem is obviously true.

If k=2, we have to prove the existence of the expression Zal’” - Zal’ ay™" = Z P, (a)a; —a, )?

cyc cyc
This can be proved with notice that: ta” + (m—1)b" —ma'b™™" = P(a,b)(a —b)>

Indeed, it is first of all worth noticing that the equation f(x)=tx" +(m—t)—mx' =0 has one

double root which is 1, because f(1)=f"(1)=0. Therefore, f(x) can be expressed in the
form Q(x)(x—l)z,deg(Q)zm—Z

Letting x:%, then we have: b”’f(%) =ta" +(m—t)b" —ma'b™" = bm_zQ(%)(a—b)z.
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However, bm_zQ(Q is a polynomial having 2 variables a,b because Q is a (n—2)-degree

b

polynomial. Supposing that our proposition is already true with &k, the number of the elements

except for O in the set {0‘1‘}{1 L with k+1, we can transform this into the case of k as follows:
i=

1+(12 (Xl+(X.2 _( ) (Xl 0(2
o ay o o,a, +0,a, o, +a,)atay?
atay’..al =- P a;’?..aly
1 2
o a+a, 3 o o o+, O o
—1 a,' ay .af! +—2 a2‘ rayda !
Of,l+0f,2 Of,l+0f,2

O +0y Ol +0y _ oy Oy
aa"* +o,a; (o, +,)a"ay

Note that with k=2:

=H, (a)(a1 —a2)2 , we have:

061 +0€2
o 2 o + o o + o o
a)lay?..alt =0, (a)( ) + 1 a," 0L2"3 sapt + ~—ay! a . alk
OC1 +0!,2 (Xl -i-()!,2
Okt
Therefore, Zal Zal a2 “a
cyc cyc
o+, 03 k+1 az o+, Og k+l1
:—Zle(a)(a —a ) +Za Zal a,’..a;, +—zgz a,*..a, .,
p” s o, + ocz o o, +o, 5

o o o
2ai' =2 " ay?

cyc cyc

oy +o k+1 o+l o k+1
ZQIZ(G)(CH az) + (Z‘ﬂ Zal a 3 k+1) o, +o, (2“1 Zazl 2a33...ak+1)

cyc cyc cyc cyc cyc

. +
On the other hand, two expressions Y a/" =Y a""*ai®..afll and Y a" =) a""*a3*..a)

cyc cyc cyc cyc

can be written in the form of S.0.S, from which we have z a z a"ay?..a;ly" canalso

cyc cyc
be written in the form of S.O.S.

According to the induction principle, the theorem has been proved.

Application: Using the lemma and following inequality, we get g.e.d.
Zal ay’..a —Zal a2 5’” —(Zal ay’.a," —ZalmJ+(Zal Zal a2 n"}
cye cye cye cye eye eye
3.2. Comment: Generally speaking, most symmetrical or permutation inequalities with
polynomials (or fractions) of the same degree and having 3 variables can all be transformed
into 3-variable homogeneous permutation polynomials, i.e. can be written in the form of
S.0.S. Therefore, the method of S.O.S can be used to solve nearly all the 3-variable
homogeneous inequalities. The next question is: “How can we transform them into typical
form of S.0.S?”. Naturally, the algorism mentioned above is a useful suggestion to
transforming a polynomial into the typical form of S.O.S. However, what about other

algebraic form? To answer this question, let’s consider the following definition:
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Two polynomials A and B are considered to have a “close” S.0O.S relationship if expression

(A—-B) can be written directly in the form of S.0.S without using intermediary expressions.
In this case, we can alter the expressions to clarify the S.O.S relationship via “close”

intermediary relationship.

Below are some common types of expressions:

i) P(a,b,c)A(a,b,c)—Q(a,b,c)B(a,b,c), in which A and B, P and Q are “close” to each other. To transform
the given expression into S.0.S form, we will use the intermediary quantity Q(a,b,c)A(a,b,c)
P(a,b,c)A(a,b,c)—Q(a,b,c)A(a,b,c)+ Q(a,b,c)A(a,b,c)—Q(a,b,c)B(a,b,c)

= A(a,b,c) [P(a,b,c) — Q(a,b,c)] +Q(a,b,c) [A(a,b,c) — B(a,b,c)]

ii) Or in the fractional form:

Ala.b.c) _ B(a.b.c) _ Ala.b.c)=Blab.c) , B(a,b,0)[Q(a,b,c) = P(a,b,c)]
P(a,b,c) Q(a,b,c) P(a,b,c) P(a,b,c)0(a,b,c)

iii) In root form:

A(a,b,c)P(a,b,c)— B(a,b,c)0Q(a,b,c)
JA(a,b,c)P(a,b,c) ++B(a,b,c)0(a,b,c)

JA(a,b,c)P(a,b,c) —B(a,b,c)Q(a,b,c) =

iv) Specially cases:

(a-b) +b-¢) +(c—a)?
2

a’+b*>+c?>—ab-ac—bc=

(a+b+c)[(a

a’*+b*+¢* =3abe = —b)2+(b—c)2+(c—a)2]

) _@=-b’+b-0)’+(c-a)’
3

a’b+b*c+c’a—ab* —bc? —ca

bt et —ath—ble—cla e (Qa+b)a—b)* +2b+c)b-c)* +(2c+a)c—a)’
3

a*+b* +ct —a*b-bc-ca

_Ba’+2ab+b*)a—b)’ +(3b* +2bc+c*)b—c)’ +(3c’ +2ca+a’)a-c)’
4

_a+b+c

a’b+b’c+cia—ab® —be? —ca’ [(b—a)3 +(c=b)° +(a —c)3]

_ (a-b)*(a+b)*+b-c)*(b+c) +(c—a)(c+a)’
2

4 4, 4 2,2 122 22
a +b"+c"—a’b"-—-b°c"—c”a
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4. Illustrative Problems

1 1

(a+b)2 +(b+c)2 +(c+a)2

(Iranian Mathematical Olympiad 1996)

Problem 1. Prove that (ab+bc+ca)[ }2%, Ya,b,c>0 (1)

Proof
WLOG supposing c2b>a>0.

b+c=2x a=—-x+y+z
Letting \c+a=2y &< b=x—y+2z = x,y,z are the length of sides of a triangle.
a+b=2z7 c=x+y—2z

Since c2b2a>0, x=2y=z>0. The inequality (1) becomes:

1L, 11359
2xy+2yz+2zx—x> —y> = 7° + + >—
( ) 4x?  4y? 477 4

<:>(2xy+2yz+2zx—x2—y2—z2) 5 +L2+L2 >29 & Z(x—y)z(l—%)ZO 4)
X y Z P Xy oz
Letting § =£—L2,S; :l_%’sz :l_iz
yzoxt 7wy Xy oz

The inequality (4) < Sx(y—z)z+Sy(z—x)2+Sz(x—y)2 >0 (5

As x2y2z>0and y+z>x,s0 §_ 20 and §,20

We will prove yzSy +2’8. 20y’ +20 207 © (y+x)(y2+z2—yz)2xyz (6)
We have y+z>x and y> +z> — yz> yz = (6) is true = yzSy+zzSZZO

Using Proposition 4 we have qg.e.d.

Problem 2. Given a,b,c >0 be satisfying min{a,b, c} Z%max{a,b, c}. Prove that

1 1 1 9, Ly @b
b+b *1" 16 1
(ab+ C+Ca)[(a+b)2+(b+c)2+(C+a)2} ™16 o (a+b)’ v

Proof
b+c=2x a=-x+y+z
WLOG supposing chZaZ%c>0.Letting cta=2yeob=x—-y+z
a+b=2z c=x+y—z2
= x,y,z are the length of sides of a triangle.

As chZaZ%c>0, so x2y2z>0and 4(—x+y+2)2x+y—z=>3y+5z=5x




Diamonds in mathematical inequalities 67

: : 1 1 1 9 1 «(x-y)?
The inequality (1) < (2xy +2yz+2zx— x> —y? =72 + + 2_+_§:—
auality ()  { g ' ) 4x*  4y? 4z*) 4 16 2

cyc Z

<:>(2xy+2yz+2zx—x2—y2—zz)Ex—lz+L2+i2j2 Z(x »)’ (:)Z( —y)? {;_iJ>0

y < cyc Z cyc 4Z
Letting szi—iz,sv i_i S, = i_i
vz 4x® 7 4y Y xy 47°

We have to prove S (y—2)°+5 (z=x)°+5_(x=y)* 20
As x2y2z>0and 3y+5z25x,s0 § >0 and 8y>5x = S, >0

. 2y* 2
We will prove yzS +z°8 ZO@L i>5(:)4(y +z )>5xyz
7 : Xz xy 2

We have 3y +5z>5x, it is suffices to prove that 4(y> +z°)> 3y +52)yz

S (y—2)@y* +yz—-4z2)20 (is always true). Thus yzSy + zzSZ >0
We have x—z2>2 (x—y)>0. Hence, S_(y—2)° +85,z=07+S (x=y)7 28 (-0’ +5_(x—y)’
B : :

2 (x=»>2(*S, +2°S)
25 A=) S (- ) = - >0 = qed.
< <

Equality occurs & x=y=z or y=z=%x

Problem 3. Given 3 positive real numbers a, b, ¢ are satisfying abc >1. Prove that

__a-a’ b’ —b* =t o
a+b*>+c* b +ct+a? S +at+b?

(IMO 45 —2005)

Proof

Since abc>1, S = a’ —a’abc b> —b’abc ¢’ —c*abc
| A+ +ct)abe b +(c2+a*)abe & +(a® +b%)abe

_z a* —a’bc > 2a* —a®(b* +c?)
cyta + b2+C )bC cye 2a4+(b2+02)2

2 2 + 2 _ 2 2 +
Letting x=a2,y=h%z=c? =8> x(y z)+2y y(Z+X)+ 2 —z(x+y)

2xz+(y+z)2 2yz+(z+x)2 2Z2+(x+y)2

2 2 2
:z(x_y)(z : X _ y ZJZZ(X—)’)Z xP+yr—xy+z7 +2z(x+y) 50
X"+

(y+z) 2y*+(z+x) p [2x2+(y+z)2][2y2+(z+x)ﬂ

Equality occurs <& x=y=z&a=b=c
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Problem 4. Find the maximum coefficient k (k > 0) such that

a_, b y_C +kab+bc+ca>k+3 Ya.b.c>0 (1
b+c c¢c+a a+b a’ +b? +c2 2 @0.¢ (1)

Solution

1 ab + bc + ca
By a general correspondence: (1) < z ( a__ —) >k (1 - ﬁ) 2)
Si\btc 2 a’*+b*+c

_iyla=b+la=c)_1 (a=b)°
We have: Z(b+c )_Eczy:‘ b+c z(“ b(b+c c+a) Z“(b

+c)c+a)
(a—b)2 2(a2+b2+c2—ab—bc—ca (a b) (a- b)
(2)@§(b+0)(c+a)2k a* +b* +¢? C}zc(b+c)(c+a) C}an T4+b7+

@z{ (a—b) —k (a_b)2Z}ZO@Z(a—b)Z[M_k}ZO 3)

SLb+c)le+ra)  a*+b’+c - (b+c)c+a)

The necessary condition:

2 2
Taking ¢ = b # a into (3) = ( —b)z[ﬂ } >0 = k<@ 20" (ap
gc a 3) a b (arh) b(atD) u(a,b)
a2
=] +2
5)

{1

u € the domain of the function < f(¢) = 0 has root < A; =u?+2u-2>20 = u>

_LH2 (g4 0)u=p? 12 f(O=r>-2ut+2-2u=0

We have: u(a,b)= )

V3-1
2
The sufficient condition:

f 1

We will prove k = =Minu(a,b) is the best coefficient of inequality (1)

— 2 2 2
Indeed, with k=% we have: (1) < Z(a—b)2 [M—k}zo 4)

e (b+c)c+a)
2 2 2 2 2 2
Letting S _a’tb’+c? kS =4 tb +c” 4. _a"4b 4c” g
2 T cra)bra) U T b edh) e T hro)lato)

WLOG supposing azb2c = § <S5, <S§,

i ’ ? ? ’ 2 2 ( 2 b2+cz)(a+b+20)
Consider § +§, =4 +b"+c” | a"+b"+c” o 14"+ oy
1 * (e+a)b+a) (a+b)(c+Db) (a+b)(b+c)c+a)
(a+b)’ }
S |(2v+20) s o .
Letting y=atb _, S, +S, > 2 k> (22 +*)(v+0) k=2 EC o
2 w(b+c)c+a) [(b+c)+(c+a)T v(v+e)
|-
2

W2 +¢? . \/§—1
S +8 22| =——-k|=2 —k|=20 >~———=k
ARG (2v(v+c) j [u(v,c) J (since u(v.c) 2 )
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As § <§,<§ and S, +S,20,s0 S, 20;5, +S_20;5,+5,20

J3-1
2

From Proposition 2 it follows: with k= then (4) is true Va, b, ¢ > 0.

J3-1
2

Conclusion: k = is the maximum coefficient to make the inequality (1) is true Va, b, ¢ > 0.

Problem 5. (Pham Kim Hung) Given a,b,c >0. Determine the best constant for the

following inequality: (a-+b+c)( L4 Lo d) g DXL 59,4 (1
a a” +b” +c

b c

Solution

We use the following change:

(b-c)’ (c—a) (a-b)’
+ +
bc ca ab

(a+b+c)(l+l+l)—9=
a b c

3 ab +bc + ca _(b—c)2 +(c—a)2+(a—b)2

1 =
a’ +b* +c? 2(a® +b* +¢2)

2
1 k 2

Then the inequality (1) becomes: Z(—— (b-c) 20 ZSa (b—c)" 20 (2)
be 2(a® +b* +c?)

cyc cyc

In which: S, =2a(a® +b* +¢*) —kabe, S, = 2b(a® + b* + ¢*) —kabe, S, =2¢(a® +b* + ¢*) — kabe
Now, it is given that b=c, then (2) becomes:

S, 20 2(a? +26%) ~ kab20 & 2(a—+2b)" + (42 k) ab 20

Taking a= \2b then k <4+/2 . We shall prove the inequality (2) with k = 42

Supposing a2b=>c= S, =5, =S,.. On the other hand:

2
S, +S.=2(b+c)(a® +b* + ) —82abe = abe (a® + 2bc) — 82abe = 4be (a —[2bc) 20
Using the proposition 2, we got the qg.e.d.

Conclusion: k=42 is the best constant of the inequality.

Problem 6. (Pham Kim Hung) Given a,b,c >0. Determine the best constant for the

bc N ca N ab
b2 +c?+ka®> cr+a® +kb? b +a’ +ke?

following inequality: < % (1)

Solution

Given that a=3,b=2,c=2, it follows: kK <3. We shall prove the inequality when k=3.
Indeed, WLOG, supposing a>b>c and a” +b*> +c* =1. We use the following change:

202 + ¢ +3a2) —10bc=5(b—¢)* +3(a® = b* +a® - ¢?)
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)2 2 12 2 _ 2
Thus the inequality (1) < ZS(b ) +31(a2 Zb ta’-c’) 20 ZSH (b—c)*20
cyc +Za cyc

In which: S, =5(1+26%)(1+2¢2)=6(b+¢)* (1+24%) ;
S, =5(1+2¢2)(1+24%)-6(c+a)* (1+26*) ; S, =501+2a>)(1+2b%) -6 (a+b)* (1+2¢?)

a’ +b*

Let x= . Obviously, S. =0 and (a+c) (1+26*) +(b+c) (1+2a) <2(x+¢)* (1+2x?)

We shall prove S, +S, 20. Indeed:
S, +S, >10(1+2¢2)(1+2x2) =6(x+¢)* (1+2x?) 20 (2x-3¢)* 20 (true)
Next we shall prove S, >0. Indeed: S, =5(1+2¢2)(1+24%)-6(c+a)’ (1+2b%)20

3a’ +b% +¢? 6(a+c)2 2(a2—b2) a* +12ac -5b* —9¢?
= > = >
3 +c? +a* 53¢ +a®+b?) 3P+t +a® 53¢t +a’ +b?)

This is obviously true as: 2(a2 —b2)2a2 +12ac —5b% —=9¢2, 3b* + ¢* +a? S5(362 +a’ +b2)
Using the proposition 2, we got the qg.e.d.

Conclusion: k = 3 is the best constant of the inequality.

a,b,c>0 272 22 2 2
Problem 7. Given . Prove that l+a b2 +1+b Cz +1+C a2 Zi @)
ab+bc+ca=1 (a+b) (b+¢) (c+a) 2
Proof
2 272
The inequality (1) < z(“b+bc+c")2+“ " 5 5 (ab + be + ca)
cye (Cl+b) 2
2
o 22 2ab(ab+bc+ca)2+(bc+ca) >5(ab + be + ca)
cyc (a+b)
= 4(ab+bc+ca){ ab >+ be >+ ca 2}+2(a2+b2+cz)25(ab+bc+ca)
(a+b) (b+¢) (c+a)

@(ab+bc+ca)[ 4ab2+ 4bc2+ 4ca2—3}+2(a2+b2+c2—ab—bc—ca)20
(a+b) (b+¢) (c+a)

(a—b)i +(b—c)j +(c—a)
(a+b) (b+¢) (c+a)

2
@—(ab+bc+ca){ 2}+(a—b)2+(b—c)2+(c—a)220

o [l_ab+bc+zca}(a_b)2 _{l_w}(b—dz +[1—Mﬁzca}(c—a)2 >0
(a+b) (b+c) (c+a)

abt+bctca.g _|_ab+bc+ca.

_ ab+bc+ca
2 2 Sl
(b+¢) (c+a)

Letting S, =1~
(a+b)°
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WLOG supposinga<b<c= §,2§, 2§,

2 —
We have: §, =1-abtbetea_a”+lavale=b) o g 55 5
(c+a) (c+a)

On the other hand, b%A, +c2A, =b? [1—“1’”’—”2“’} + 2 [1—6”7”?—”2“’} -
(a+b) (c+a)

:bz_a2+(a+b)(b—c)+cz.a2+(a+c)(c—b):a2[ b2 N c2 }+(c—b)( 2 _L)
(a+b)2 (c+a)2 (a+b)2 (c+a)2 a+c a+b

_ 2 b? c’ _ )2 _ab+bc+ca
- {(a+b)2+(c+a)2}+(c ) (a+c)(a+b)>0

Using Proposition 4 we have (q.e.d). Equality occurs & a=b=c =L

3

Problem 8. Letting that Ja,\b e be length of sides of a triangle. Prove that

3Min{£+é+£,Q+£+Q}2(a+b+c)(l+l+l) (1)
b ¢ a a b c a b c
Proof
WLOG supposing Min{£+2+£, Q+£+£} =£+Q+£, then we have:
b ¢ aa b cl b ¢ a

() e 3(%+%+§)2(a+b+0)(%+%+%) e 3(a’c+b*a+c*b)2(a+b+c)ab+be+ca)

& 2(a20+b2a+c2b)2(a2b+b2c+cza)+3abc
2@ +p + ) =(aPerba+cp) | <(@® +0° +) = (@b +b*c+c2a) +(a® +5° +¢*) =3abe (2)
26° +a* —3b*a=b-a)(26* —ba—a*)=(b-a)’ 2b+a)

We have: +3 2¢° +b° —?>c2b=(c—b)(2c2 —cb—bz)=(c—b)2 (2¢+0)

2a° +c3—3azc:(a—c)(2a2 —ac—cz):(a—c)2 (2a+¢)

= 3[(@3 +b° +c3)—(azc+b2a+c2b)]:(a—b)2 (2b+a)+(b—c) (2c+b)+(c—a)’ (2a+ec)
Similarly, 3[(513 +b’ +c3)—(azb+bzc+c2aﬂ=(a—b)2 (2a+b)+(b—c) (2b+¢) +(c—a)* (2c+a)

On the other hand, &’ +b° +¢° —3abc:%(a+b+c)[(a—b)2 +(b—c)’ +(c—a)2]

It follows: (2) & 23 (2+a)(a=b)’ <13 (2a+b) (=)’ +1 3 (a+b+c)a=b)’

cyc cyc cyc

o Yla-0" | Learp)+Larbra-20bra) 206 1Y (c+a-b)a-p) 20

cyc cyc

o (cra-b)a-b)’ +(a+b-c)b-c) +(b+c—a)c—a)’ =0 3)
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Letting S, =a+b-c;S,=b+c-a;S,=c+a->b

= S, +5,=26>0;S, +S.=2c>0;S5.+S§,=2a>0. Beside, we have:

S8, +8,5.+S.S, =(a+b-c)b+c-a)+(b+c-a)lc+a-b)+(c+a-b)(a+b-c)
=a’-(b-c) +b>—(c—a)* +c> —(a—b)" =2(ab+bc+ca) —(a® +b* +?)
=4ab—(a+b—c)2:(2\/E+a+b—c)(2\/5—a—b+c)

= (Va +vb +Je)a + b —e) (Vo + Ve —Ja) Ve +a —b)

Since \/;,\/E,\/Z are length of sides of a triangle, it follows §,§, +§,S. +S.5,>0.

Using Proposition 5 we have (3) is true = (2) is true = (1) is true.

Problem 9. (Vasile Cirtoaje) Letting that a, b, c are the length of 3 sides of a triangle.

Prove that 3(£+2+£)22(ﬂ+£+2)+3 (1)
b ¢ a c b a

Proof

The inequality (1) < 3(a?c+ba+c*b)22(b2c + c2a+a’b) + 3abe
= 3[((13 +b° +c3)—(a2c+b2a+czb)]s2[(a3 +b° +c3)—(azb+bzc+cza)]+(a3 +b° +¢) = 3abe

& Y (bra)a=b)" <23 2a+b)a=b)’+13 (a+brc)(a=b)’

aye oye aye
& (a-b)*(5a—~5b+3¢) +(b—¢)* (5b—5¢ +3a) + (c —a)* (5¢~5a +3b) 20

Letting S, =5b—-5c+3a;S, =5¢—-5a+3b;S, =5a—5b+3c

WLOG suppose M in{a,b,c} <b< Max{a,b,c}. Consider 2 following possibilities:
*c2b=>a:Wehave S, =5c-5a+3b>0;S,+S,=8b-2a2>0;S, +S.=8c—-2b=>0
Using Proposition 2 we have q.e.d.

*a>b>c: Wehave S, +S, +4S, =18c+12b—12a>12(c+b—a) >0

+1If [a—bl2lc—b| then c>a-b2b-c 20=>2c>b

= 5, +S,.=8c-2b>4b-2b=2b>0 = S, +2S,>S, +2b=5(c—a+b)>0

+ If le—bl2la—bl thenb-c>a-b20=>2b>a+c>a

= S, +8,=8b-2a>4a-2a=2a>0 = S, +2S,>S, +2a=5¢—-3a+3b>3(c—a+b)>0

Using Proposition 6 with oo =1 we have g.e.d.

Problem 10. Given x, y,z>0. Prove that

x2+y2+zz+xy+yz+zx2\/§(x\/y2+z2 +y\/zz+x2 +z\/x2+y2) €Y

Proof

() e 2(x2+y2+z2)—2(xy+yz+zx)22\/§(x\/y2+z2 +y\/zz+x2 +z\/x2+y2)—4(xy+yz+z,x)
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<:>Z(x—y)2 222()@/2()}2 +z%) —x(y+Z))

cyc cyc

2 2
@Z(x_y)ZZZZ x(y—2z) @Z(X—Y)QZZZ Z(x—y)

cye cye «12(y2+zz)+y+z cye cye \[2(x2+y2)+x+y

2 2
Using Cauchy-Schwarz inequality, we have: 22 Zx—y) < 2x—y)

cye w[2(x2+y2)+x+y e Xt

2
So it is suffices to prove that: Z(x— y)2 > ZM S 2(1 - _'Z_ ](x— y)2 >0 (2)
x+y xTy

cyc cyc cyc

<

Letting S =1-———,§ =1-——2_§ =1-

} ] .then (2) & S, (y—2)° +5 (z=%)7+S_(x=)* 20
y+z Z+x

xX+y
WLOG supposing x=y=2z>0, then § ,5 >0
2

2
* ) —xy—2x2+y2—2xy20
x+z y+z

We have szy + ysz =x’+y’ -

Using Proposition 4 we have q.e.d. Equality occurs & x=y=z.

Problem 11. (Komal) Letting that a,b,c >0 are satisfying abc =1. Prove that

l+l+l_L (L—'_i—kij; (1)
a b ¢ a+b+c \a* b> c*)a’>+b*+c?

Proof
3abe 2(a*b* +b*c?* +c?a?)
a+b+c a’ +b*+c?

The inequality (1) < ab+bc+ca—

9abc S 2(a’b* +b*c? +cta?) 3 6abc
a+b+c a’ +b* +c? a+b+c

< ab+be +ca—

N2 2002 _
@ZC(“ b) ZZC(“ zb) (2" +fc+“’ 2ab)(:)Zc(a—b)z(az+b2+2ab—bc—ca)20 )
o @tb+c o7 (aT+b +c )a+b+o) oy

Letting §_ =a(b* +c* +2bc—ca—ab) ; S, =b(c* +a’ +2ca—ab—bc) ;
S.=c(a’+b> +2ab—bc—ca). Then (2) & S, (b—c)*+S,(c-a)’ +S.(a—b)> =0
WLOG supposing a=b 2c, it easily see that §,,5_20.

We have a8, +b>S_ = ab|(a—b)*(a+b)+2c(a® +b* —ab)+c(a®> +b*) | >0

Using Proposition 4 we have g.e.d.

Problem 12. (Vo Quoc Ba Can)

2 2

2
Given X, y,z satisfy xy+ yz+zx=1. Prove that x—+y—+z——2(x2+y2+zz)2\/§—2 (1)

y Z X
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Proof

. . w2 oy 2 2 2 2

The inequality (1) & —+—+Z——x—y—z +x+y+z—\/§22(x +y +z° -1
y Z x

(x-y»° 1 (x—y)° > o[ 1 1
PEN R RS S L ) N C TR LIPE o SR T ~1{>0 (2)

L.Zyc; y 2L.Zﬂ;x+y+z+\/§ Lzy; ; [y 2(x+y+z++/3) }
Letting S :l+ ! -1; Sy =l+ ! -1; 8, =l+ ! -1

2 2(x+y+z+\/§) X 2(x+y+z+\/§) y 2(x+y+z+\5)

Now, the inequality (2) & § (y— 7))+ S, (z -x)% + S (x— »? 20

We have S +5 +S, LN S 3
Xy z 2(x+y+z+\/§)

Xy +yz+zx 3 1 3
= -3+ =—-3+
xyz 2(x+y+z+\/§) XyZ 2(x+y+z+\/§)
S ~-3+ & =333+ & >0
(xy + yz + 20) 2 2(x+y+z+\/§) 2(x+y+z+\/§)
Letting t = ! we have:
2(x+y+z+\/§)’
SS +S.S +S.8 =(t+l—l)(t+l—1)+(l+l—lj(t+l—l)+(t+l—l)(t+l— )
X"y y z X X y y Z Z X
:3t2+2(l+l+l_3j,+i+i+i_2(l+l+lj+3
X y Z Xy h 4 X X y Z
>—4—+—-2

1 1 1 (1 1 1j+3=x+y+z+3xyz—2

Xy yz X Xy z xyz
x+y+z+3xyz-2

XyzZ

We will prove 20 x+y+z+3xz—-220 (3)

If x+y+z2>2 then (3) is obviously true.
If x+y+z<2,letting p=x+y+z = 22p2\/§.
. . . 4p-p’
Now using Schur inequality, we have: xyz ZT' Hence:
-p' _—p’+7p-6_Q2-p)(p-D(p+3)
3 3 3
S +5 +5.>0
X y z

Thus we have , SO Sx(y—z)2 +Sv(z—x)2 +Sz(x—y)2 >0 = (q.e.d)
S§.8,+8,5.+5.5.>0 ‘ '

4 .
pP+3xyz-22p-2+ p 20 = (3) is true

Equality occurs & x=y=z=

1
V3
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Problem 13. (Nguyen Van Thach)

2 2 2 4 4 4
Given a,b,c > 0. Prove that a_+b_+c_23.'{az+b% (D)
b c a a“ +b" +c

Proof

4
The inequality (1) & Z Z a’b 9(a +b2 +eh)
s e a’+b* +c?

4 4 4 4
@Z(Z—z+b2—2a ]+22[—+bc—2 b] [M—3Za2J+(22a2—22abj

2
cyc cyc a”+b" +c cyc cyc cyc

3Y (a-b)*(a+b)?

& (a-b)? ( ] +2) (c—a)’ = AT —————+2. (a-b)’ &Y S (a-b)*20
cyc cye a” + b +c cyc cyc
in which 5, =2+ 22,20 360’ o ¢ 2 % Seta)
et e b oadHbP+crT T dd a ¢ adPHbi+c?

2 2
g o, 2 20 arp?
b* b a a*+b*+c?

Obviously, we just need to consider inequality in case a=2b=>c¢>0

*Casel. b—c2a-bs 2(b-c)2a—c< 2b>a+c. We have:

2 2 2 )
S +S =a—2+b_2+4_a+%+£_3(a+f) +23(b42rC)

a®> B> 4a \F 3(a+b) +3(b+c)
a

2—+—+—+4 5
b c? b a’+b*+c?

3(a+b)2+3(b+c)2_7a2+4b2+7c —6ab — 6bc
a’+b* +c? a’+b* +c?

=10- =0

2 >
5a+sh=b_+%+2_“+c_+ﬁ 2b 3(a+c)’ +3(b+c)’
¢ ¢ b a* a c a’+b*+c?

3a+0)> +30b+0)* _3[Qa=b) + (k- 2c)]

29—
a’ +b*+c? 20a’* +b*+c?)

4c” 8¢ 10b 2a b® 3(b+c)’ +12(a+c)’

a’> a ¢ b ¢? a’>+b* +c?

S +4S, =

2 2 2
sde_y,Be Sa o b7 20 30+0) +a+ve)

a a c c b a’+b*+c?

2 2 _
222_3(b+c) +12(a+c¢)? 10a +19b% +7¢? — 24ac — 6bc >0

a’+b*+c? a’+b*+c?
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2 2 2 2 2 2
5a+45b+ngﬁ+&+@+4_a+b_+a 3(b+c)* +12(a+c)* +3(a+b)
< a? a c b ¢* b? a’+b* +¢?

_30b+0)’ +12(a+c)’ +3(a+b)’

>26
a’+b*+c?

_1la® +20b* +11c* —24ab

0
a’>+b* +¢?

If S, >0 then we have »_S (a—b)* 2(S, +S )a—b)* >0

cyc

If §,<0,5 >0 then .S (a—b)* > (S, +4S,)(b-c)* 20

cyc

If §,,S. <0 then Y S (a—b)* 2 (S, +4S, +S )(b—c)* 20

cyc

*Case 2. a—b=b-c. We will prove §, 20

2 2
Indeed, consider the function f(c)=S§, = a_2 + E + E —%
b b a a +b"+c

Clearly, this function is increasing with ¢, so

2 2 2 2 2
a 2a 3(a+b) 3(a+b) S5a“ +5b° —6ab
+If 2b<a, we have: f(c)= f(0)=—+—— >8- = >0
/ / b> b a*+b? a’ +b? a’+b?
2 2a 4b 3(a+b)?
+If 2b>a, we have: f(c)> fQb—a)= 322422 o >0
/ / b> b a 2a* +5b* —4ab

Thus §,,§,20.Soif §, 20 then we right have g.e.d.

Consider case S, <0, we have:

2¢* 4c 6b b® 2a 6(a+c)’+3(b+0)’

S“+2Sb:?+7+c ¢t b a’+b*+c?
2 2 2 2
2&_2+&_1+%_6(a+;) +23(b-2|-c) 212_6(a+2c) +23(b-2|-c) >0
a c b a"+b" +c a"+b" +c

2 2 5 )
S.+28, =2L2+@+ﬁ+a_+ﬁ_6(a+c) +3(a+b)

a a c b2 b a’>+b* +¢?
2\/§+6 c 2 2 2 2
) T VN TR PR PP ETCIEs VR
a c b a-+b” +c a"+b" +c

= > S (a-b)?=(S,+25,)b—0c)* +(S, +28,)a—b)* 20

cyc

The inequality is proven. Equality occurs < a=b=c.
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Problem 14. (Nguyen Van Thach)

a’® b* ? a’—ab+b> b =bc+c? crP-ca+a’
Prove that —+—+—2>2 + +
a+b b+c c+a

j , Va,b,c>0 (1)
c a

Proof

2 2 )
The inequality (1) < z%—(a+b+c)22(za abl;i-b _a+l27+cJ
a+

cye cye

(a—b)2 (a—Db)* 3
@Z b 2z a+b =2 - [b 2a +b)J>0

cyc cyc

Letting S =l— 3 ;szl_ 3 : _Zl_ 3
“ ¢ 2b+o) a 2c+a) ¢ b 2a+b)

WLOG we just need to consider the case @ =2b = c . Then we have S,,S, 20.
Soif §, 20 then we right have g.e.d.
3 1 3 .3 3 3 3

Consider S, <0, we have: S, +2S, ==— > >
a a+c ¢ 2b+c) a+c a+c 4dc 20b+co)

§e2s,-2el 33
¢ a b a+c 2a+b)

+Casel. b—c2a-bs2(b-c)2a-cs2b>2a+c

3a 3¢ a+c a+3c

We have §, +45, =~ 4+1-—0 3 2(i+z)+i 1__6 3

a ¢ a+c 2b+c) 3l\a

) 2
241
2:9 +(J§ ]_ 6 3

" 3(a+c) a+3c a+c a+3c

>0. Then ) S (a—b)* 2 (S, +45,)(b—c)* 20

cyc

*Case2. b—-c<a-b&at+c22b. Letting f(c)=S, +2§,. Clearly, f(c) is increasing, so

- _ 2
+1f 2b<a then f(c)>f(())_2_§+l_ 3 _a-b_ 3 _2a*-3ab-2b S
a a b 2a+b) ab 2(a+b) 2ab(a +b)

+1f 2b>a then f(0)> fQh-a)=2->pl 3 2 1 3
a

2b b 2a+b) a a 2a+a

Thus f(c) 20, so we have: Y S (a—b)*> 2 (S, +25,)(b—c)* +(S, +2S,)a—b)* 20

cye
The inequality is proven. Equality occurs < a =b =c.

Comment: We can see the use of S.0.S principle in solving three variables inequality, but
what about multi-variable ones? In fact, S.O.S proves to have little help, but we still can
apply it in many cases, and it is usually accompanied by the induction principle and mixing

variables technique. Let’s consider some examples to clarify this problem.
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Problem 15 (Vasile Cirtoaje)

Giving n positive real numbers a,,a,,...,a, satisfying a, +a, +...+a, =n. Prove that:

nZ[L+L+...+aijz4(n—1)(a12 +a,” +.ta,?)+nn-2)" (1)

a 4a, n

Proof

We will prove the inequality by induction. And here we just consider the most complex part,
that is proving the inequality with n+1 numbers when we already knew that it is true with n

or less than n numbers.

Firstly, notice that the inequality is equivalent to:

nz(i+i+...+i)—n(n—2)2 (a,+..+a)*24m-n’@,’ +..+a,’)
a, a, a,

So if the inequality is true for a, +...+a, =n then it is also true for a, +...+a, <n.

Letting f(al,az, ) LHS — RHS .

WLOG supposing a, = max{al,az,...,an} . We have:

f(a,,...a )—f(a e IR a2+"'+a”)
1°°°°"n 1° n—l seeey n—l
2 +..4a)?
:n2 L+...+L_. n —4(n—1)[a22+...+an2—(a2 an) :|
a2 an a2+ +an n—1
n2 (ai_ai)z 4 > n2 (ai_ai)z 4 2 5
4> (a,-a;)" 2 243 (4 -a
(a +..+an)z a,a; Z(al a;) n_lz a,a, Z(a, a;)” (2)

However, we have already had the inequality is true with n variables:

n

(n—l)z(L+---+L)z4(n—2)(a22 +ota, )+ (n-Dn-3)
a2 a

- 1)2 — a)’ 4(” Z)Z(a (” D’ z 4 >4Z(a ~a,)’
Clearly, " (’; 1; , SO nn—lz(ala‘:j) —4Z(ai—aj)220

i4j
Therefore, we only have to prove that f(a,d,...,d)ZO,a+(n—1)d=n. This is not so

difficult and you can easily find out the answers. The application technique is also the

performance of S.0O.S.
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Problem 16 (Vasile Cirtoaje)

Given n positive real numbers a,,a,,...,a, . Prove that

a1”+...+an"+n(n—1)al...an 2a,.a, (a +..+a,) B P U
a, a, a

Proof

The proof below uses Suranyi inequality:

-1 -1
(n—1)(a, +...+a:)—2al (a; +..+a) )Zaf +..+a) —na,..a

n

We will again prove the inequality by induction. And here we just consider the most complex
part, that is proving the inequality with n+1 numbers when we already knew that it is true

with n or less than n numbers.

The inequality & (al" +..+ta) —nalaz...an)z a,..a, {(a1 +...+an)(al+aL+...+aLj—n2}
1 2

n n (a,—a,)’
< (a) +...+a, —naa,..a,)2a;,.a, | ————
J a.a.
o

Now, we will transform the expression al” +...+aZ —na,...a, into the form of S.0.S. This can
be easily carried out via intermediary expression Zal (a;‘_l +..+ a;‘_l). We have:
(n=1)(a,' +..+a —na,a,.a,)
-1 -1
=(m-D(a; +..+a)— Zal(a; +..+ta)") +Za1 [a;‘ +..+a) —(n —l)az....an]

(a,' _aj)2

aiaj

2a"+..+a," —na,..a, +(n—2)2a1...an

2
n n > (ai _a.i) 1 1 2
=a, +..+a, —naa,..a, 2 E al...anTzalaz...an (a,+..+a,) a—+~~~+a— -n” | (q.e.d)
i%;

1 n
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ABSTRACT CONCRETENESS METHOD

1. The basis of ABC method

When using derivative to prove multi-variable inequality, there is one notable technique that
is to investigate the function with one variable while the others are considered as parameters.
However, if difficulties raised when we apply this technique to the symmetrical three-variable
a, b, c, we should transform it into f(a,b,c) which only contains a+b+c, ab+ bc + ca and abc.

Then, we investigate the function with variable abc and 2 parameters a+b+c and ab + bc + ca
follow variable abc with 2 parameters a+b+c and ab+ bc+ca. This is the basis of ABC
method. First of all, we will find the domain of abc in the following statements:

1. Clause 1. Assume me [—oo, _\/5] U[\/g,+oo] and real numbers a, b, c satisfying

. . (6—2m2)X2+m (6—2m2)X1+m
. Then the domain of abc is ;

ab+bc+ca=1
9 9

a+b+c=m

2. Clause 2. Assume me [\/5,+oo] and nonnegative real numbers a, b, ¢ satisfying

{ab+bc+ca:1

(6—2m2)X2+m}‘(6—2m2)Xl+m}

then the domain of abc is [Max {0, 9 ; 9

a+b+c=m
Proof
Consider the equation: X° —mX?+ X —abc=0 (1)
Then two request from two clauses < Find the condition of abc such that

i) Clause 1: Equation (1) has three real roots.

ii) Clause 2: Equation (1) has three nonnegative roots.

Take f(X)=X’-mX*+X —abc = f(X)=3X*-2mX +1

= Variation table

Jm?2 2
We have: f(X)=0< Xlzm_ m _3;X2=m+ m- -3

3 3
X — o0 X, X, + o0
X + 0 - 0 +
£00 / \ /
. f(Xl)ZO m—(2m2—6)X2 m—(2m2—6)X1
1) (1) has three real roots < 2= <abc< 2)
f(X,)<0 ? ’

. . (6—2m2)X2+m (6—2m2)X1+m
So the domain of abc is 9 ; 9
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ii) Notice that if abc>0,a+b+c¢ >0, ab+bc+ca=>0 then a,b,c20.

Hence (1) has three nonnegative real numbers < abc must satisfy (2) and abc = 0.

m—(2m2 —6)X2
9

m—(2m2 —6)X1
9

< Max {0, } <abc<

(6—21712)X2 +m}_(6—2m2)Xl +m}

And the domain of abc is {Max {0, 9 ; 9

Note: * Assume that a+b+c=me [—oo, —\/§]U|:\/§,+oo:| are constructed from the equality

ab+bc+ca=1 and the inequality (a+b+ ¢)? >3(ab+bc+ca)=3 or can be explained from

the condition f(x) has three real roots then f'(X) =3X?-2mX +1=0 should have solutions,

or A'=m> =320 & me|—o0,—3 | U[/3, 4

* From clause 1 we can find out a important result is that instead of using the set (a,b,c) with

3

a,b,ce ; to represent every expression in j ° satisfying ab+bc+ca=1, we can use the set

(a+b+c,ab+bc+ca,abc) with the condition

6—2m*) X 6—2m*) X
a+b+c:m€[—°°,—\/§:|U[\/§,+°°] and abce[( m9) 2+m;( m9) 1+m}

* From clause 1 we can find out a important result is that instead of using the set (a,b,c) with

. . 3 . .
a,b,ce ; torepresent every expressionin | © satisfying ab+bc+ca =1, we can use the set

(a+b+c,ab+bc+ca,abc) with the condition

(6-2m2) X, +m| (6-2m?) X +
a+b+c:m€[—°°,—\/§]U[\/§,+°°],abCG{MaX{O, m9 : m; m9 AL

3. Clause 3. For every set (ao,bo,co) € ? there exist (x5 %05 Y0 )i(20: 20519 ) € i 3 such that
a,tby+c,=x,+x,+y,=2,+2,+1,
ayb, +byc, +cpay =x,x,+x,y, + YoXy = 2020 T 2oty T 12
XoXgYo Sagbycy < 2,201,
The equality occurs if and only if (ao _bo)(bo —co)(c0 —a0)= 0.
Proof

Firstly we will prove the clause for all real set (ao,bo,co) satisty a, +b, +c,=m

and ayb, +b,c,+c,a,=1. According to clause 1 we have:

(6—2m2)X +m (6—2m2)X +m
§= 2 SaObOCOS 1 =
9 9

S




82 Abstract Concreteness Method

We will consider when ab,c, get its edge then what is the shape of a,.,b,,c, ?

Assume that a,b,c, = s. Consider the equation f(X)=X>-mX>+X -5=0 (1)

2 [ 2
We have: f’(X)=3X?%-2mX +1 has two solutions: Xlzm ? 3;X2:m+ :1 3

In the other hands, f (X l)zO, f '(X | ) =0 then the equation f(X)=0 must have double roots X -
we will call the double roots is x,,x, and another rootis y,.
X, tx,ty,=m=a,+b, tc,
Using Viet Theorem we have: {x,x, +x,y, + y,x, =1=a,b, +b,c, +c,a,
XogXgY, =S<ayb,c,
* When agb,c, =S, apply the same argument we can prove the existing of (zo,zo,to)
So we have proved the clause in the case that a,+b, +c,=m and a,b, +b,c,+c,a,=1.

Using the same ideas, the reader can have a proof for the existing in the case: a,+b, +c,=m
and ayb, +by,c,+c,a,=—1. Now let assume that a,+b,+c, =M and ayb,+b,c,+c,a,=%N,
we will prove the existing of the set (xo,xo,yo) and (zo,zo,to) . Indeed,

b, a, +b +c =

a c
consider the numbers (a,,b,,c,) :( o ,—2 satisfying
VIND VINT N

M
JIN]
a,b, +b,c, +ca, =%l

As the proof above (x1’x1’y1)’(Z1’Z1’t1) are exist , then we choose

(XO,XO,y0)=(\/Wx1,\/mxl,\/myl) and (zo,zo,t0)=(\/le,\/mzl,\/mtl). Then:

M
Xy + % + ¥y =NINI(x, +x,+2,)=INI(z, + 2, +1) =2, + 2, +1, =\/|N|—|N| =M =a, +b, +c,

NI

Xy Xy + Xy Yot YoX, =|N| (X, %, + Xy, +9,%) = 2020 + 2ot T142, :|N|(z1z1 +z,0 + tlzl):i|N| =*N

3

Xo XY, =( |N|)3x1x1yl S( |N|) abc,=ayb,c, =( |N|)3alblc1 S( |N|)3 2,248, = 2920t

43

3 .
4. Clause 4. For every set (ao,bo,co)e i 7 we can find two sets (xo,xo,yo);(zo,zo,to)e i
3
or (O,xo,yo);(zo,zo,to)e i 7 such that
a,+by,+c,=x,+x,+ty,=2,+2,+1,
Or qa b, +byc, tcya, =x,x, +X,y, + YoXg =202 T 2oty T1,2,

XoXo Yo S agbycy < 2424t

The equality occurs if and only if (ao _bo)(bo —co)(c0 —a0)= 0.
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a,+b,+c,=0+x,+y,=2,+2z,+1,
Or qa b, +byc, tcpay, =x,y,=2029 + Zoty T2,

0<a,b,c, <z,2,t,
The equality occurs if and only if ab,c, =0 .
Comments: Clauses 3, 4 are not trivial and they are also the roots of ABC method. From these
clauses we can deduce that every symmetric expression f(a,b,c) with variables a,b,c can be
represented as g (A, B, C) through these three quantities: A=a+b+c; B=ab+bc+ca; C=abc.
Hence reduce the number of variables, we can fix A,B and let C free. We hope that the function
g achieves global optima when C reaches its boundary. However we will not need to know

exactly when C reach its edges, we just need to know abstractly what is the shape of a,b,c ?

This sounds like we can find optima of a one variable function without solve its derivative.

Clauses 3, 4 will let us know about that shape of a, b, ¢ when C reach its edge.
5. Clause 5:

Every symmetric polynomial f with variables a,b,c can be represented in the form of

polynomial @ with variables abc,ab+bc+ca,a+b+c and deg¢(abc) < %deg f-

Remarks: The readers may understand the degrees of a polynomial with variable abc such that:
Assume that f (a,b,c)=(a+b+c)abc+ab+bc+ca are a 4-degree polynomial with variables
a,b,c . However when we consider it as a polynomial with variable abc, we consider a+b+c¢
and ab+ bc+ ca are constant, say m and n. Then our polynomial can be rewritten:

f(a,b,c)=¢(abc) =mabc+n which is a linear polynomial with variable abc .

Proof

Since every symmetric three variables polynomial a, b, ¢ can be represented as sum of

basic expression P(n),Q(m,n),R(m,n, p), we only need to prove the representation for

P(n),Q(m,n),R(m,n,p).
P(n)=a" +b" +c"
Q(m,n)za’"b" +a"b"™ +b"c" +c¢"b" +c"a" +a"c" (m=>2n2>2p20)
R(m,n,p)=a"b"c” +a"b"c" +b"a"c? +b"a’c" +c"a"b" +c"a’b"

However, notice that:

* R can be represented by Q and abc: R =(abc)” Q(m— p,n—p)

* QO can be represent by P through the equality: Q = P(m)P(n) - P(m+n)
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Therefore we only need to prove that P can be represented by abc,ab +bc +ca,a+b+c.
We will prove this using induction:

For n=0;n=1, the clause are trivially correct.

Assume that we proved that P(k) can be represented as a polynomial form with variables

abc,ab+bc+ca,a+b+c,Yk £h—-1. Notice that this also valid for Q(m,n) and

R(m,n,p) Vm=n2p>0:m+n<h—-1.Now we need to prove the representation for P(h)
We have: P(h) = (a +b+c)P(h—1)—Q(h—l,1)

Also: Q(h—1,1)=(ab+bc+ca)P(h—-2)-R(h-2,1,1).

Hence: P(h)=(a+b+c)P(h—1)—(ab+bc+ca)P(h-2)+R(h-2,1,1).

On the other hand, using induction supposition, all expressions P(h—1), P(h—2),R(h—2,1,1)
can be represented by variables abc,ab +bc+ca,a+b+c.

This means that our clause also correct for k = h.

In conclusion, our clause has been proved completely using induction.

Property deg(p(abc)ﬁ%deg f was deduced trivially, because the quantity abc has three

degrees with variables a, b, c. Hence when we consider abc as a first degree variable then the

degree of abc are not greater than % the degrees of the polynomial with variables a,b,c.

Il. ABC THEOREM

Through two previous problems, we have enough backgrounds to take an adventure in ABC
World, Abstract Concreteness.

Consider f(abc,ab+bc+ca,a+b+c) as a one variable function with variable abc on | or | *

1. First Theorem: If the function f(abc, ab+bc+ca,a+b+ c) is a monotonous function

then it gets the maximum and minimum values on | in case (a—b)(b—c)(c—a)=0 , and on
i Tincase (a—b)(b—c)(c—a)=0 or abc=0 .

2. Second Theorem: If the function f(abc,ab +bc+ca,a+b+ c) is a convex function then
it gets the maximum values on | in case (a—b)(b—c)(c—a)=0, and on | ¥ in case
(a=b)b—c)(c—a)=0 or abc=0 .

3. Third Theorem: If the function f(abc, ab+bc+ca,a+b+ c) is a concave function then it
gets the minimum values on | in case (a—b)(b—c)(c—a)=0, and on | * in case

(a=b)b—c)c—a)=0 or abc=0 .

Remark: All of three theorems can be proved using the third and forth clauses .
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4. Proof for the Theorems:

We will prove the first theorem using Contradiction Proof Method. Consider

f(abc, ab+bc+ca,a+b+ c) as a monotonous function on | with the only variable abc .
WLOG we will only prove for the case f increase and get maximum value. Assume that f get
the maximum point at (ao,bo,co) where a,,b,,c, pair-wise distinct and obtain M as

maximum value. However there exists and triple (zo, zo,to) satisfying:

M=f (aoboco,aobo +b,c, +coa0,a0b0c0)

< f(zozoto’aobo +bycy +cpa,,a,+b, +c ) =f (Zozoto’zozo T 2ot T 200529 T 2 +t0)

This contradiction is enough for us to conclude that maximum value occur only in case

(a—=b)(b-c)c—a)=0. Consider f(abc, ab+bc+ca,a+b+ c) as a monotonous function on

i * with the only variable abc.

In case f increases and we must find the maximums value then it is very similar to the above

proof. In case f increase and we must find the minimum value. Assume that f obtain the
minimum as m at the point (ao,bo,co) where a,,b,,c, pair-wise distinct and there are no 0
value. Then at least one of two below cases happens:
m=f (aoboco,aobo +b,c, +coa0,a0b0c0)

> f (xoxoyo,aobo +b,c, tcya,,a,+b, +co): f(xoxoyo,xox0 +X0Y0 t YoXg Xy X, +y0)
m=f (aoboco,aob0 +byc, + coao,aoboco)

> f(O,aObO +byc, +cyay.a, +b, +c0)=f(0,x0y0,x0 +x0)
This contradiction is enough for us to conclude that maximum value occur only in case
(a=b)b—c)(c—a)=0 or abc=0.
* The proofs for the second and the third theorem are almost similar. A reminder is that
convex function get maximum, concave function get minimum when variable reach the edge
5. Consequences: We can have some useful consequences from three theorems above:
5.1. First consequence: Assume that f(a +b+c,ab+bc+ ca,abc) is a linear function with
variable abc, then f get maximum, minimum on ; if and only if (a—b)(b—c)(c—a)=0, on

i " if and only if (a—b)(b—c)(c—a)=0 orabc=0.

5.2. Second consequence: Assume that f(a+b+c,ab+bc+ ca,abc) is a quadratic trinomial
with variable abc, then f get maximum on | if and only if (a—b)(b—c)(c—a)=0,on | © if
and only if (a—=b)(b—c)(c—a)=0 orabc=0.

5.3. Third consequence: All symmetric three variables polynomial which degrees less than or

equal to 5 get maximum, minimum on | if and only if (a—b)(b—c)(c—a)=0,on | © if and
only if (a—b)(b—c)(c—a)=0 orabc=0.



86 Abstract Concreteness Method

5.4. Fourth consequence: All symmetric three variables polynomial which degrees less than
or equal to 8 with the nonnegative coefficient of a’b’c’® in the representation form

f(abc,ab+bc+ca,a+b+c) get maximum, on | if and only if (a—b)(b—c)(c—a)=0, on

i *if and only if (a—b)(b—c)(c—a)=0 or abc=0.

Proof

5.1. First consequence: Linear polynomial mx+y is a monotonic function. Therefore

according to the first theorem, the linear function f(a+b+c, ab+bc+ca,abc) ,which is
also a monotonous function is a linear polynomial get maximum, minimum on | if and only

if (a—b)(b—c)c—a)=0,on ; " if and only if (a—b)b—c)c—a)=0 orabc=0.

5.2. 2" consequence: Quadratic trinomial with non-negative coefficient m’x* +nx+p is a
convex function on a continuous region. Therefore according to the second theorem, the
function f (a+b+c,ab+bc+ca,abc) is a quadratic trinomial with variable abc with the
non-negative coefficient also a convex function get maximum on | if and only if

(a=b)b—c)c—a)=0,o0n | © if and only if (a—b)(b—c)(c—a)=0 orabc=0.

5.3. 3" consequence: According to the fifth clause, symmetric polynomial with three

variables a,b,c whose degree are less than or equal to 5 can be represented as a polynomial

fla+b+c,ab+bc+ca,abc) which is 1-degree polynomial with variable abc (since
deg(p(abc)ﬁ%degf =% then deg@(abc)=1). Therefore according to the first consequence,
the polynomial gets maximum, minimum on | if and only if (a—b)(b—c)(c—a)=0,0on | *
if and only if (a—b)(b—c)(c—a)=0 or abc=0.

5.4. 4" consequence: According to the fifth clause, symmetric polynomial with three
variables a,b,c of which degree are less than or equal to 8 can be represented as a quadratic

trinomial f(a+b+c,ab +bc + ca, abc) with variable abc (since dego(abc)< %deg f :%

then deg@(abc)=2). Otherwise the coefficient of a’b’c? is nonnegative then according to
the second consequence , the polynomial get maximum on | if and only if
(a=b)b—c)c—a)=0,o0n | © if and only if (a—b)(b—c)(c—a)=0 orabc=0.

6. Remarks: Almost inequalities can be represented as a symmetric three variables
polynomial; therefore four consequences above are really useful in many cases.

7. Some addition equalities and bonus conditions

Take a =x+ y+z,b = xy+ yz+ xz,c = xyz. Then we have:
71, x*+y*+z°=a’>-2b

72. X +y’+z =a’ -3ab+3c



Diamonds in mathematical inequalities 87

7.3. x*+y*+z'=a’ —4a’b+2b* + 4ac
74. X’ +y +z2° =a’ —-5a’b+5ab’ +5a°c—5bc
7.5. x°+y°+2z°=a®-6a*b+6a’c+9a’b* —12abc +3c* - 2b°

7.6. x'+y' +7 =a’ =7a’b+14a’b* +Ta*c* —Tb’a—21a’bc + Tchb* +Tac?

7.7, (xy) +(yz)” +(2x)" =b* - 2ac

7.8. (xy)’ +(yz)’ +(zx)’ =b* = 3abc +3¢?

7.9. (xy)' +(yz)" +(2x)" =b* —4b2ac+2ac> +4cb

7.10. (xy)’ +(yz)’ +(2x)’ =b° =5ab’c + 5a°bc? +5b¢? - 5ac®

(
7.11. x +y)+yz y+z)+z.x(z+x)=ab—3c

ylx
7.12. xy( +y2 )+ y2(y2 + 22 )+ ax(2 +x%)=a®b— 20" — ac
7.13. xy(® + 7 )+ yz2(v? + 27) + 2x(2® + x°) = a*b—3ab® — a’c + Sbe
7.14. x>y (x+ y)+ y2 22 (y + 2)+ 22x*(z + x) = ab® = 2a*c — bc
7.15. x>y (x+ y)+ ¥’ 2’ (y + 2)+ 2°x*(z+ x) = ab® - 3a’bc + 5ac’ — cb?
7.16. (X y+y 2+ 22 x)xy> + y2* + 2x2)=9¢ + (a® — 6ab)e + b*

x3y2 +y 27+ 2°x )(x2y3 + yzz3 + Z2x3):a4c2 +a’bc® +7b°c* +b° = 5bac

7.17. (x3y+ yz+z x)(xy3 +yz’ + z)c3):7azc2 +(a® =5a°b+ab?)c+b*
7.18. (
(

Ayt vtz i) (ot + oyt ) =

7.19.
=b> —12ab’c —16a’bc* +13b*c? + ca’ —Tca’b +14ca’b* +Ta'c?

7.20. The 3-degree equation u’ —au’ +bu —c=0 has real roots x,y,z

o 27¢* +(18ab—4a*) c+a’b? —4b* 20 (1)
7.21. The 3-degree equation u” —au’ +bu —c =0 has positive real roots x,y,z >0

~27¢* +(18ab - 4a*) ¢ + a*b* - 4b* 20

= {a>0,b>0,c>0

7.22. The 3-degree equation u” —au’ +bu —c =0 has roots x, y,z which are length of sides of
~27¢* +(18ab - 4a’) c +a*b? - 4b° 20

a triangle < Ya® —4ab + 8¢ >0.

a>0,b>0,c>0
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Now we will go through some specifies examples:

Problem 1 [Nguyen Anh Cuong] Give a,b,c > 0. Prove that:

3 3, 3 2 2, 2)\2
1. abc +22ab+ac+bc ) Z.a +b” +c +12(a +b° +c J )
ad+b*+c* 3 a?+br+c? 4abc 4 ab + ac + bc

Solution
1. (1) & P=abc(a® +b> +cz)+%(a3 w02 +¢3)=(a®+b° +¢*)ab +be+ca) >0

P has third degrees so it will get the minimum values when (a—b)(b—c)(c—a)=0 or abc=0.
* In case (a—b)(b—c)(c—a)=0, assume that a = c , the inequality is equivalent to:

(:)(a—b)z[ I 2a+b :|20<:>(a—b)4(a+b)20.

a’b 2 _a’+2ab
+=>
20 +b*  3(24° +b%)

2a° +b° 5_ 2a° +b?

* In case abc =0, assume that ¢ =0, the inequality is equivalent to:

22 ab

3 a’+b?

(:)a2+b2+3(a—b)2 >0.

2. Notice that we can transform (2) to a 7-degree symmetric polynomial with variables a, b, ¢ but
it is only a 1-degree polynomial with variable abc, therefore according to the I* consequence,
we just need to consider two cases:

* In the case (a—b)(b—c)(c—a) =0, assume that a = ¢ the inequality is equivalent to:
2 2
2a° +b° +12(2a2 +b2j @(2613 +b° _§j2(2a2 +b2j i
4a’b 4 \a’+2ab 4a’h  4) \a’+2ab
(a=b)* (2a+b) _ (a—b)* (3> +b* + 2ab)
= . > 5 o (
4a”b (a? +2ab)

* In the case abc =0, the inequality is trivially correct.

a-b)’ [((Zb—a)2 +a2)]20

(a+b)’ (b+e)’ (c+a)’
(Iran Olympiad 1996)

Problem 2. Give a,b,c > 0. Prove that: (ab+bc+ca)[ 1, 4, 1 }z% (1)

Solution

Transform (1) to a 6-degrees symmetric polynomial with a, b, ¢ and a 2-degrees polynomial

with variable abc and positive coefficient:

fla+b+c,ab+bc+ca,abc) =
9[(a+b)(b+c)(c+a)]2 —4(ab+bc+ca)[(a+b)2(b+c)2 +(b+c)(c+a) +(c+a)’ (a+b)2:|(*)
:m(abc)2 +nabc+ p(m=0)<0

in which mn, p are quantities containing constant or a+b+c,ab+bc+ca which we also consider

as constant.
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We can give more detail for this as following: (a+b)(b+c)(c+a) has the form mabc+n so

9[(a+b)(b+c)(c+a)]2 has the form m?> (abc)2 +nabc+p .

4(ab+bc+ca)[(a+b)2(b+c)2 +(b+0)’(c+a)’ +(c+a)2(a+b)2}:4mA where m=ab+bc+ca

are considered as constant, A is a 4 degrees polynomial so its form is also mabc+n.
Therefore the expression (*) has the mentioned form.

Then the LHS function gets the maximum value only in the case (a—b)(b—c)(c—a)=0 or abc =0

* In the case (a—b)(b—c)(c—a) =0, assume that a = ¢ the inequality is equivalent to

(a2+2ab)[%+%}2@(a—b)z{ ath 1 2}20@1)(51—!))220
4a (a+b) 4 2a(a+b) (a+b)

* In the case abc =0, assume that ¢ = 0, the inequality is equivalent to

ab{%+%+%}22@(a—b)2[L—%}ZO@(CI—Z))Z(4a2+4b2+7ab)20
(a+b)” a b 4 ab  4(a+b)

Following is some another example that we can not use ABC Theorem or its consequences

directly until we have some algebraic transformation.

Problem 3. Given a,b,c > 0 satisfying a’+b* +c? =1. Prove that:

a b c
3 3 3
a +bc b’ +ac ¢’ +ab

=23 (1)

(Russia Olympiad 2005)

Solution

Comments: If we transform (1) to a symmetric polynomial then we will obtain a nine degrees
polynomial with variable a, b, c; and third degrees with variable abc. These cases are not in

our consequences.

Therefore we should have some algebraic transformation before think of ABC.

Takex="C1y=%. =% — yiyrrxz=land() o ——+—1 41 5309
a b c xy+z yz+x zx+y

Transform (2) to a second degrees polynomial with variable xyz with the coefficient for xyz*

is non-negative. We just need to consider two cases as usual.

2 1
+

Case 1: x=z.Then 2) & >
xy+x x"+y

>3 then 2xy+x” =1.

2
Replace y by 1_2—;6 then we must prove that: . 22 + i - >3, Vxe [0;1].

This is no longer too difficult with Fermat Theorem.
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Case 2: 7=0. Then 2) & L+l+123 where xy=1.
Xy x )

We have l+12L:>i+l+l !

> —
xy\/Exyxyxyf

Problem 4 [Nguyen Anh Cuong] Give positive real numbers x, y, z. Prove that

\/ iyt +\/2(xy+yz+xz)>1 NG 1

x2y2+y2Z2+22x2 xT 4y +ZZ

Solution
For this problem, thinking about transform it to a polynomial is really a problem.
In this case we should forget about the consequences and apply theorems for it.

As usual denote that a=x+ y+ z,b=xy + yz + zx,c = xyz, use the equality mentioned on

4 2 2
previous part to transform our inequality to : \/a 2a’b+2b” + dac + 22b2b >1+4/2
\/ a’—

b* = 2ac

The function with variable ¢ is simple a monotonous one. According to the first theorem, its

minimum occurs only in cases (a—b)(b—c)(c—a)=0 or abc=0 .

2x* +y? 2(x* +2
Case 1: x=z.Then (1) 4x +§) -+ (x2 xzy)21+\/§ 2)
X 4+2x7y 2x" +y

We can assume that x =1 because of its homogeneous property, then

2 2
> o / R 2( 2y+1 (y*-1) N V2(y-1)
yi+2 2y A+ +2)(297 +1)  y2H2+y(y2 +2) 2y +1)

Notice some evaluation:

\/(y“+2)(2y2+1)S\/5y3+\/5:>2y2+1+\/(y4+2)(2y2 +1) <292 +1+2y% +2

\/(yz +2)(2y+1) 2 y+42 =y’ +2+\/(y2 +2)(2y+1) 2y  +y+2+2

So it suffices to prove that:

2
+1 N
3(y 2) > 2 oyt 13+ (5-42) y2+(5+2v2y) 2
N2y +2yT 2+ yT Ay 42442

4 4
Case 2: z=0. Then () & [*= 2+ |22 51,2 (2)
Xy X" +y
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2, 2)\? 4, 4 2, .2
X"+ + +
We have: x* + y* zﬂzzﬁyz = |2 > y2 >t TV >1, therefore:
2 2x7y 2xy

4 4 2 2 2 2
LHS (2)>(V2-1) |& ;Lyz I 2xy >(V2-1)+2- 4% Y >14+4/2
2x7y 2xy X2 +y? 2xy

Problem 5. Given a,b,ce | and a’ +b* +c¢*=2. Prove that: |a3 +b3+¢3 —abc| 32\/5

(Mongolia MO 1991)

Proof

The expression given is not a normal polynomial. We have two choices in this case; prove
two inequalities or take its square. In this part I will square it since it is still valid for ABC
Theorem. Indeed the polynomial obtained after squaring is a six degrees polynomial with

positive coefficient for a’b’c’® and we must find its maximum. According to ABC, we refer
to two cases:

Case 1: (a—b)(b—c)(c—a)=0
Given x, y: x* +2y%>=2. Prove that: |x* +2y* — xy?[< 22 (1)
2 3

We have (1) & (x3 +2y° —xyz) S(x2 +2y2) 2)
If y=0 then we have the equality.

. . . 6 X 3 2 2 3
When y#0, divide two sides for y~ and replace ; by ¢, then (2) & (r*—1+2) <(i>+2)

2 2 3

We have: (13 —1+2) <(* +2) =1 +4r> + 2<% +60* +1202 +8=(12 +2)

Case 2: abc=0

Give x, y: x> + y>=2. Prove that: |x3 + y3| <22

Indeed, we have: |x3 + y3|£\/(x4 + y4)(x2 + yz) S\l(xz + y2)3 =22

Problem 6 [Nguyen Anh Cuong]

Given non-negative numbers a,b,c satisfying a+ b+ c=2. Prove that:

OS\/a2b+bzc+c2a +\/ab2 +bc? +ca’ <2

Solution
These are no longer polynomial, and to transform it to polynomial is really a problem.

There are no better way in mind, square it and see:

a’b+b*c+cla+ab® +be? + ca® +2\/(61219+192c+c2a)(ab2 +bc? +ca) <4 (D
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Still not a polynomial, we can transform to a polynomial in the next square step but our

polynomial has too big degrees already.

Try to transform it with A=a+b+c=2,B=ab+bc+ca,C=abc:

(1) & 2B—3C+29C” + (8—12B)C + B® <4 & 2,/9C” + (8—12B)C + B’ <4—2B+3C

©4(9C* +(8-12B)C+B*)<(4-2B+3C)’ =9C? +6(4 - 2B)C + (4 —2B)’
& 27C* +(8-36B)C +4B* —(4-2B)* <0

Not it is very nice to apply ABC already, the function with variable C is convex and we are

finding its maximum value. As usual consider two cases:

Case 1: (a—b)b-c)(c—a)=0

Given x,y >0 satisfying 2x+ y=2. Prove that 2y/x* + x>y + xy*> <2
o +x2(2-2x)+x(2-2x)7 <1, Vxe [0;1]

e (x-1D0Bx?=3x+1)<0, Vxe [0;1] & 3x> = 3x+ 120, Vxe [0;1]
Case 2: abc=0

Given x,y =0 satisfying: x+ y=2. Prove that: «/xzy +«/xy2 <2

We have: \/_y+\/_ \/_\/_+\/_) x+y1/2 (x+y)=2

Proposed Problem

Problem 7. Give non-negative numbers a, b, ¢ satisfying: xy+ yz+zx=1.

Prove that: \/E+\/;+\/;£x/§+%xyz

Problem 8. Give positive numbers a,b,c . Prove that:

1 1 1 6
2 T to2 2 oo
2a“+bc 2b"+ca 2c"+ab a  +b +c +ab+bc+ca
Problem 9. [Darij Grinberg- Old and New Inequality]

Give a,b,c as positive numbers. Prove that:

a b c 9
2+ 2+ 22
(b+e)’ (c+a)’ (a+b)’ 4la+tb+c)




Diamonds in mathematical inequalities

Problem 10. [Mircea Lascu — Old and New Inequality]

Give a,b,c as positive numbers. Prove that:

b+c+c+a+a+b24 a_, b n c)
a b c b+c c+a a+b

Problem 11. [Vietnam TST, 1996]

Prove this inequality for all real numbers a,b,c
(a+b) +(b+0)" +(c+a)’ 2%(614 +b*+ct)

Problem 12. [Nguyen Anh Cuong] Give positive a,b,c . Prove that

\/a+b+b+c+c+a +2\/ab+bc+ca 2\/6_’_2
c a b a’+b*+c¢?

Problem 13. [Russia MO] Assume that x, y,z are positive numbers of which sum is 3.

Prove that: \/;+\/;+\/22xy+yz+zx

Problem 14. [Vasile Cirtoaje] Give a, b, ¢ >0 and a” +b* +¢* =3. Prove that:
(2-ab)(2—bc)(2—ca) 21

Problem 15. [Nguyen Anh Cuong]

Give non-negative numbers x,y,z: x+ y+ z=2. Prove that:

OS\/x3y+ yiz+2z’x +\/xy3 +yz + <2
Problem 16. [Nguyen Anh Cuong] Give a,b,c>0 anda’ +b> +c* =1.

Prove that: bc3+ ca3+ ab32§
a—a b-b c—c 2
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Ill. ABC EXTRA
As you have seen in previous part, almost the evaluation of ABC based on abc . Therefore if
the problems come with a condition with abc then it is really a problem with ABC. We will

consider some problems having this condition and try to solve it with ABC.

A trick we might use is that we can destroy the condition in many ways and refer to a

homogeneous inequality. And then we can think of using ABC , specified in this problems.

Problem 1 (Vasile Cirtoaje, MS, 2006)

Given positive numbers a,b,c satisfying abc =1. Prove that:

a’+b2+c2+623 a+b+c+l+l+l) (1)
2 a b c

Proof

The inequality (1) & a® +b% +c? +62%(a+b+c+ab+bc+ca)

e 20a+b+c) +1223(a+b+c)+7(ab+be +ca) (2)

2 2
. .. X
There exits positive numbers x, y,z such that a=—,b :y—,c =
X

2
z
Yz xy

3 3 3\2 3(x3 4 v3 4+ 23 3 3 3 3 3 3
Then(z)@z{uj O i P S A

XYz - xyz x2y2z2

2
s Z(x3 +y? +z3) +12x%y%z? 23(x3 +y° +z3)xyz+7(x3y3 +y°7° +13x3) 3)

Because of homogeneous property (3), we can assume that x+y+z=Lxy+yz+zx=v,xyz=w
We have: x> +y* +2° =1-3v+3w; x*y* +y'27 +2°x° =v? = 3vw + 302

Then (3) & 2(1-3v+3w)” +12w? 23(1=3v +3w) w+7(v> = 3vw +3w?)
=20-39) +9(1-3)w+7(> =3w) >0
The first degrees polynomial with variable w, good condition for ABC - Theorem for (3).
Case 1: z=0,y=1
. . . . 3 2 3 3 2 3
The inequality (3) is equivalent to: 23 +1) 27x° o 2(x* -1 +x* 20
Case2: y=z=1
2
The inequality (3) is equivalent to: 23 +2) +12x223( P +2) x+7(24° +1)

& 208 —3x* —6x +12x2 —6x+120 (2x* +4x* +3x2 —dx+1)(x=1)" >0
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Problem 2. Given a,b,c > 0 satisfying: ab + bc + ca+abc=4.

Prove that: l+l+12a+b+c ()
a b c¢
Proof
There exits x, y,z such that: a= 2x ,b= 2y ,C= 2z
y+z x+z X+y

+ + +
Then (1) becomes: ~— 2+~ % 42 124( x 4y, z j
z y X y+z x+z x+Yy

Because of homogeneous property we can assume that x+ y+z=1Lxy+ yz+zx=v,xyz=w

and rewrite inequality as: 1—z+1—y+1—x24 X + Y + <
Z y X I-x 1-y 1-z

e[xy-2+xz(1-y)+yz(1-x) [ (1-x)(1-y)(1-2)]

> dxyz[x(1-y)1-2)+y(1-) U=+ z(1-x)(1-y)]
(-3 v-w) 24wl -2v+3w) @ 9w’ +4(1-v)w—1v> <0
We can apply ABC now, consider two cases:

In case z = 0, the inequality is trivially correct.

In case y=z=1 (we can consider them as one because of homogeneous property):

z(x+1)+224(1+4)@zx(x+1)+z(x+1)28m2(x_1)2zo
X 2 x+1

Problem 3. Given a, b, c satisfying a=1,b>1,c>1 and a+b+c+2=abc.

Prove that: a+b+c+326(l+l+l) (1)
a b ¢

Proof

+z ,_ x+z _x+
EENE e=2"2

X y Z

There exits positive numbers x, y,z such that a =

where x,y,z are length of sides of a triangle.

1.1 1 X Yy Z
1 +y+z)|=+=+=|26 + + 2
()<:>(x Y Z)(x y Zj (y+z Z+Xx x+y] ()

Because of homogeneous property, we can assume that x+ y+z=Lxy+ yz+zx=n,xyz=p

(2)4:)(x+y+z)xy+y1+zx26( al Yy 4k ]

+
Xxyz 1-x 1-y 1-z
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xy+yz+z,x>6.x(l—y)(l—z)+y(l—z)(l—x)+z(1—x)(1—y)
xyz B (1-x)(1-y)0-2)

s (x+y+z)

yHyztax o x+y+z-2(xy+yz+2x)+3x2

o (x+y+z
(x+y+2) xyz l—xyz—(x+y+2z)+xy+yz+zx

<:>£26(1—2n+3p)(:}
4 n—p

n(n—p)=6(1-2n)p+3p* ©3p> +(6-11n) p—n* <0

Since x,y,z are length of sides of a triangle then we can take x=v+w,y=u+w,z=u+v.
We have: a+b+c=2(u+v+w),xy+yz+z,)c=uv+vw+wu+(u+v+w)2 and
xyz=W+v+w)(uv+vw+wu)—uvw then the expression (1) with variables u,v,w still be a

2-degree polynomial with variable uvw and positive coefficient for (uww)’ and we must find

maximum value. We can apply ABC now, consider two cases:

Case 1: w=0 = z=x+y.Wecan assume y =1.

. 1 1 Xy
Inequality (2) b D 2(x+1 (—+1+ )26( + +1
nequality (2) becomes: 2(x+1) x x+1 x+2 2x+1

1 2% +2x+2 x2+1_3(x2+x+1)
<:>2(3+x+—)26 == === 41| >
x [(X+2)(2X+1) } 2x 2x% +5x+2

(:)(x—l)z S (x—1)

2— o (x—1)? (2x2 +3x+ 2)20 (is always true) = (q.e.d)
2x 2x°+5x+2

Case2: v=w= y=7z.Wecanassume y=z=1,x<2

Inequality (2) becomes < (x+2)(l+2) > 6(1+L)
X 2 x+1

& x+Dx+2)2x+1)23x(x* +x+4) < (2—x)(x=1* >0 (is always true) = (q.e.d)
The problem was solved.

However in many cases, we can not destroy condition and refer the old problem to a

homogeneous problem, and ABC extra was born for these problems.

ABC - EXTRA

i) Given a,b,c are all real numbers or positive real numbers. If we fix abc,a+b+c

(consider it as constant) then ab+ bc + ca have its maximum value or minimum value only

when (a—-b)(b—c)(c—a)=0.

ii) Given a,b,c are all positive real numbers. If we fix abc,a+b+ ¢ (consider it as constant)

then a+b+c have its minimum value only when (a—b)(b—c)(c—a)=0.
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Proof

i) Assume that a+b+c =1 andabc =m (the case a+ b+ c =n can be refer to this cases
through a algebraic transformation)

We will prove that ab+ bc + ca can obtain maximum and minimum value only when

(a=b)(b—c)(c—a)=0 in both cases a,b,ce ; and a,b,ce *

Assume that ab+bc+ca=S. Again we refer to the third degrees equation which have

a,b,c asits roots:
Take f(X)=X’—X?>+SX —m.We have: f'(X)=3X?-2X+5.

141235 1-1-35

Equation f'(X)=0 has two solutions X, = X, = 3
The equation has three roots if and only if f(X2 )>0, f(X1 )<0.
We have:

f(X2 )20 (65 - Z)X2 +8-9m 20, assume that its solution range is Ry

f(X,)<0 (65 -2)X,+S-9m <0, assume that its solution range is Ry
Firstly we prove our theorem for the case a,b,ce | .

Assume that S

min >~ max

S are minimum and maximum values in the set RX1 I RX2 (the union of

these two ranges are not null or f(X)=0 has no solution for all values of §). Notice that

S .S are two solution of (6S—2)X+S-9m=0 or (65-2)X,+s-9m=0 ( these

min * ™~ max
value surely exits or f(X)=0 has solutions when § reaches infinity values), then we have

S £S5 <8, Now let consider a,b,c when § reaches these two values .

The first point we can see is that f(X)=0 still have three solutions since §

min >~ max

S € Ry T R

X, "
S are solutions of (65-2)X ,+S-9m=0 or

min >~ max

(6S-2)X,+s-9m=0, therefore f(Xl)ZO, or f(X2)=O. In this case the equation

The second point, because S

f(X)=0 has double root, or in the other hands, the shape of (a,b,c) is (x, X, y).

Now we prove our theorem for the case a,b,ce | *. At first we must have m>0. Notice that

0¢ R x, N R X, because there are no real number a,b,c such that
a+b+c=1,ab+bc+ca=0,abc>0. This means we can separate RX1 N RX2 in smalls

[xl., yl.] such chat x;y, >0. Let R, are the set of Rx] N RX2 ignored the negative ranges. And

let S, . .S, are minimum and maximum values in the set R, . We have: § . <S<S .

Using the same argument as above we also can obtain the result that S reach its edge if and
only if (a—b)(b—c)(c—a)=0.
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ii) The readers can ready use the same arguments to prove the ABC Extra Theorem 2.
However in the case for a + b + ¢, we can not limit the upper bound for a+b+c when a, b, ¢ = 0.

Therefore in this case we can only have S, . And we will come out with the result a+b+c¢

get minimum value if and only if (a—b)(b—c)(c—a)=0.

Let see some example to know how this theorem can help us in a lot of cases:

Problem 4 [Hojoo Lee] Give positive numbers a,b,c satisfying abc > 1.

1 1 1

Prove that: 1> + +
l+a+b 1+b+c l1+c+a

Proof

Notice that the LHS function decrease when a increase. Therefore it is enough to prove the

inequality when abc =1 (for the case abc =k 21, we have:

1 1 1 < 1 + 1 4 1 <1)

+ + <
14a+b 1+b+c 1+c+a 1+%+b 1+b+c 1+C+%

The inequality (1) &
flab,o)=(0+a+b)(1+b+c)(I+c+a)—(1+a+b)(1+b+c) —(1+b+c)(I+c+a) —(1+c+a) (1+a+b) 20

Notice that the degrees of ab+bc+ca in f(a,b,c) in only one ( f(a,b,c) is only a third
degrees polynomial with variables a,b,c ). Therefore when we fix a+ b+ c then f(a,b,c) has
its minimum value when ab + bc + ca has its minimum value, then (a—b)(b—c)(c—a)=0. We

refer to this problem:

Given x,y > 0 satisfying xzy =1. Prove that: ! + 2 <1 (2)
1+42x 1+x+y

| 2
Replace y with — into (2) we have: ! + 2 <l - 2x(x—1)" (x+1)
x 1+2x HXJFL2 (1+20) (> +x2+1)
X

<0

Hence the proof is completed.

Problem 5 [Bui Viet Anh] Give three positive numbers a,b,c . Prove that:

a b , ¢ 1y abe >
b+c c+a a+b (a+b)b+c)c+a)

2 (1)

Solution

For this problem, even when we fix abc,ab+bc+ca or a+b+c we can not obtain a nice
function (means monotony, concave or convex). However we can see some relation between

a b ¢ _ and abe , they are sum and product of a_. b ,—< .
b+c c+a a+b (a+b)b+c)c+a) b+c c+a a+b
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Therefore we take x= a __b Z

7y_ )
b+c c+a

= 5 , the problem is that how to connect x,y,z.
+a

Here I will give a condition for x,y,z, and with this condition we can convert x,y,z to

a,b,c again. And then we will come out with the equivalent problem:

Give x,y,z =0 satisfying: ! + ! + ! =2 2xyz+xy+ yz+zx=1.
1+x 1+y 14z

Prove that: x4+ y+z+2\/xyz 22.

So we will fix xyz and xy + yz+ zx and refer to the problem:

Give a,b >0 and 2a%b+a® +2ab=1. Find the minimum of: 2a +b + 2a/b .

2
Replace b=1—a:1—a (a<1), we need to prove 2a + 12—a ++2a(1-a) 22 (2)

2a°+2a 2a a
Indeed, the inequality (2) < 1—a+ 2a (1—a)22(1—a)(:)i+ 2a 22
a l-a 2a l-a
In the other hands 2a = 2a > \/Ea 22\/561.
l-a Jd-a)a l-a+ta
1 2a 1 1 4
Therefore: — + > — +22a>2 |—2J2a=2-42>2.
2a 1-a 2a 2a
The proof is end here.
Problem 6. Give positive numbers X, y,z. Prove that
33)63))3Z T3 T 723 X);Z 3(1)
Xy 4+ y'zT+77x 3 xT+y’+z
Proof
Take azy—j,bzx—i,c:ﬂz, the inequality (1) & #+12;
X y z a+b+c 3 ab+bc+ca

where a,b,c are positive numbers satisfying abc =1.

After this algebraic transformation, the problem is quite trivial with ABC —extra .
We refer to the only case:

2 +1> 3

Give positive numbers x, y: xzy =1. Prove that: 2=
2x+y 3 x"+42xy
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2
o 2 2.3 w2 x|

axr L 3 42,2 2x°+1 3 x*42

(x+2)(x=1" _2(x+1D(x=1)°
= >

; & (4x* +10x" - x+2)(x -1 20
X7 +2 3(2x% +1)

The readers might try this problems with ABC —Theorem, and you might see the efficient of
ABC —extra .

Proposed Problems
Problem 7. Given a,b,c > 0. Prove that: %+«3/xyz 2%(\/5 + \/; +\/5)

Problem 8. Give positive numbers a,b,c of which product is 1. Prove that

a’>+b’>+c*+3=a+b+c+ab+bc+ca
Problem 9. Prove this inequality for non-negative numbers a,b,c:

a® +b* +c* +2abc+122(ab + be + ca)
Problem 10. Give positive numbers a,b,c of which product is 1.

2 2
+ +
l1+a 1+b 1+c

Prove that a+b+c2>

Problem 11. [Vietnam MO 1996]

Given a,b,c > 0 satisfying a+b+c+abc=4. Prove that a+b+c>ab+bc+ca

Problem 12 [Le Trung Kien, Vo Quoc Ba Can]

Given a,b,c 20 satisfying ab+ bc +ca+ 6abc =9 . Prove that: a+b+c+3abc =6

Problem 13. Give positive numbers Xx,y, z satisfying: xyz = 1. Prove that

! + ! + ! <1
24x 24y 24z

Problem 14. Give positive numbers a,b,c of which product is 1. Prove that

39 (a? + D) (B2 +1D(2 +1) <8(a+b+0)°
Problem 15 [Nguyen Anh Cuong]
Give positive numbers a,b,c satisfying: (a+b)(b+c)(c+a)=8.
Find the maximum and minimum values of: P=+abc +\Ja+b+c

Problem 16. Given a,b,c satisfy l+%+l:3 . Prove that a +b+c—3£%(abc—l)
a c



Diamonds in mathematical inequalities 101

IV. ABC — OPEN THE WINDOW

In this part, we will again consider a class of problem that the old ABC can not handle. That
is the class in which variables are bounded in close sets. For these problems, there are some
classic ideas to solve that I will introduce again in this part, and later is a new convention in

ABC to handle this close set

Problem: Give x,,x,,...x, € [a,b]. Prove that f(x,x,,...x,)>C

Where a,b,C are constant given.

In these cases, the equality of inequality usually occurs when variables reach theirs edge,

means a or b . In these cases, we will try to prove that

f(xl,xz,...,xn ) > min{f(a, xz,...,xn),f(b,xz,...,xn )} . At last we will obtain the minimum value

for our function, occurring when some variables are equal to a, and the rest get b as their

values . We will consider some example to make this idea clearer:

Problem 1. Give a,b,ce [0,1]. Find the maximum value of: f(a,b,c)=a+b+c—ab—bc—ca

Solution
We will prove that f (a,b,c)<max{f(0,b,c), f (Lb,c)} (*).
Following is a direct proof using algebraic only:
[ £(a,b,c)= £(0,b,¢)|[ £ (a,b,¢)— £ (Lb,e) = c(e=1D(1—a—-b)* <0, from here we have (¥)

Or using a bit more advance view, we can find out the result faster with a notice that
f(a,b,c) is a monotonic function when we only consider variable a. Then we can find out

(*) immediately.
Apply the same thing for the rest variables b,c, we will find out this property :

f(a,b,c)<max{£(0,0,0); £(0,0,1); £ (0,1,1); £ (LL,1)} .

From here we can conclude that the maximum value of f(a, b, ¢) is 1.

The inequality occurs , for example, when: a=b=0,c=1.

Problem 2 [Nguyen Anh Cuong]

Given a,b,ce[l,2].Find the maximum value of a + b + ¢
b+c c+a a+b

Solution

2b 2c
3T 3~
(c+a) (b+a)

We will consider b,c as constant, and a is variable: g”(a,b,c)=




102 Abstract Concreteness Method

Therefore g is a convex with variable @ on | *, i.e. g will get its maximum value when a

reaches its edges.

From here we can deduce what we hope: g(a,b,c)<max{g(1b,c),g(2.b,c)}.

Apply the same thing for the rest variables b,c, we will find out a property:
g(a,b,c)<max{g(1,1,1);2(2,1,1);g(2;2:1);(2,2,2)} .

From here we can conclude that the maximum value of g is % , occurs when (a,b,c) = (2,2,1)

Through two examples above, the readers may have some familiar feeling when meet the kind of

problems again. Now I will represent another method to kill these problems, an ABC approach.

In above parts, we see that ABC can only apply for problems when domain is ; or | *, so

to apply ABC, we must resize the given domainto | or | *

Problem 1. Given a,b,ce [0,1]. Find the maximum value of: f(a,b,c)=a+b+c—ab—bc—ca

Solution

Again we meet the problem in section one, now we need to [0;1] to | *

Notice that if we transform a —>l, we will obtain the domain [1;+oo] for u. Itis still not ; *,
u

we continue the next step , map # — x+1 and we will obtain the domain [0,+oo] for x. So we

have transform @ — —— to pull [0;1] =[0;+ec] . From these ideas we can come out with a solution:
X

+1

1 1 1 . .
b c= where x,y,ze | ©. The expression given becomes:

Take a= ,b= )
1+ x 1+y 1+z

fla,b,c)=g(x,y,2)= I + ! + L ! - ! - !
o o l+4x 1+y 1+z (+x00+y) A+yd+z2) d+2)(0+x

(1+y)0+2)+0+)U+0)+U+0)(1+y)-3-x—y-2z  xy+yz+zx+x+y+z
I+ )1+ y)(1+2) xyz+xy+yz+zx+x+y+z+1

Now we can easily see that g(x, y,z) <1, no need to apply ABC anymore, of if we want we

still can apply ABC to refer to two variables problems.

There are two advantages for us when pull a small domain to | * like this. First thing is that
we can ABC theorem as above problem; second thing is that we can evaluate the inequality’s

variable with O which is always easier.
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Problem 3 Given x, y,ze[L,2]. Prove that: g(x,y,z)=(x+ y+ z)(l+l+ljS10
X

y z

Again we use the resize domain technique then apply ABC for it.

Firstly we resize [1,2] = * by the way: x —>L1 -1=a.

Then take x:a+2,y:b+2,zzc+2, a,b,ce ; ©. We need to prove this problem:
a+1 b+1 c+1
+2 +2 +2 +1 +1 +1
f(a,b,c):(a fot2 ¢ j(“ LA P jsm
a+l b+1 c+1/)\a+2 b+2 c+2

M.N
=S <10
(a+Db+D(c+D(a+2)b+2)c+2)

where M =(a+2)(b+1D)(c+1)+(a+1)(b+2)(c+1)+ (a+1)(b+1)(c+?2)
and N=(a+DD+2)(c+2)+(a+2)b+1)(c+2)+(a+2)(b+2)(c+]1)

Is it a big hurt when the inequality: MN —10(a+ )b +D(c+D(a+2)(b+2)(c+2)<0 can not

solved by ABC theorem easily, because the coefficient of a’b’c® will be negative (the
reader can easily mental calculate it). However the ABC Theorem now has more than it was
be, we can apply ABC Extra to solve this case. Fix abc and a+b+c, and we will se that the

expression obtained is the first degree polynomial with variable ab+ bc + ca. Therefore we

can conclude that the inequality obtain its maximum in the case (a—b)(b—c)(c—a)=0.

Then we only need to prove the inequality: f(a,a,b)=(2 % +2, b+ 2)(2~ atl b+1)£10

a+l b+1 a+2 b+2

:»(2.“2—’”2)(2. a+l —b+1)20(:)(ab+3b+2)(ab+3a+2)20
a+1 b+1 a+2 b+2

So the problem has been proved completely.

Following is some apply problems:

3 3 3
Problem 1. Givea,b,ce[1,2]. Find the maximum of: A =%
abc

Problem 2. [VN TST 2006]

Give x, y,ze [1,2]. Prove that: (x+y+z)(l+l+lj26( i + i + f_ j
Xy z y+z z+x x+y
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VI. THE ABC GENERALIZATION

So we have dealt with two weak points of ABC . The third weak points we can easily find out
is that ABC can only apply for three variables problems, so how about many variables
problems ??? . We will together solve this problem to come out with the ABC generalization.

Firstly, we should be familiar with some concept used in the ABC generalization.
1. ABC-able

a. Definition:

Consider a three variables problem f(a,b,c).

We call f(a,b,c) an ABC-able expression if the f(a,b,c)Z 0 can be applied ABC theorem

to refer to two cases:
i) (a=b)b-c)(c—a)=0.
ii) abc =0 (This condition only occurs when apply ABC-able for variable abc)
b. An approach using ABC-able:
To prove that an expression f(a,b,c) is ABC-able, we will transform the expression
f(a,b,c) to expression g with three variables A=a+b+c,B=ab+bc+ca,C=abc. The
expression f (a,b,c) is an ABC-able expression if g(A,B,C) is a convex function for
variable A,B or C.
Example: Prove this expression is ABC-able

fla,b,c)=a> +b> +¢> +3abc — ab(a +b) —be(b + ¢) — calc + a)

Solution

Take A=a+b+c,B=ab+bc+ca,C=abc, we have:
f(a,b,c)=g(A,B,C)=A> =3AB+3C+3C—-AB+3C=A" —4AB+9C
Consider g(A,B,C) only with variable C. We have: g’=9,¢” =0 therefore g is a convex
function with variable C. Therefore f(a,b,c) is ABC-able.

2. The ABC Generalization

Consider a symmetric n variables function f (al,az,...,an) , Where f has minimum and n>3.

We will consider f (al,az,...,an) as a three variables function g(al,az,a3) and a,,ds,...,a

n

are considered as constant.

If g is ABC-able then inequality f(al,az,...,an ) 2 0 can be refer to two cases :

i) m variables are equal and the rest n —m variables are equal.

i1) One variable is equal to 0 (This condition only occurs when apply ABC-able for variable abc)

The inequality is completely proved if it is correct in two cases given.
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Proof

We will assume that f has minimum as given and its minimum occurs when (xl,xz,...,xn) (*)
If x,x,..x, =0 or x; can only obtain one in two fixed values then our theorem was proved.
If x; can obtain at least three different non-zero values, we assume that (xl,xz,x3) are a set

that its elements are different in pairs and different from 0. We will fix x,,xs,...,x, as

n

constant and consider the function f(xl,xz,x3,x4,...,xn) as the function g(xl, Xy, X, )

As given in theorem, g is ABC-able, so it get it minimum value only when
(x,—x,)(x,—x;)(x;—x,) =0 or x.x,x, =0. This also means that there exists a set (a,b,c)
so that g(xl,xz,x3) > g(a,b,c) or f(xl,xz,x3,x4,...,xn)2 f(a,b,c,x4,...,xn).

This is a contradiction with (*). In conclusion, the ABC generalization has been proved.

3. Problems with the ABC generalization

Problem 1 [Nguyen Anh Cuong]:

4 14, 4 4 2 2, 2 2
Prove that 3(a* +b* +c* +d )21+ 3(a>+b>+c*+d?) Vabed >0 (1)
dabcd ab+ac+ad +bc+bd +cd
Solution

The inequality (1) & f(a,b,c,d) = 3(a* +b* +c* +d*)(ab+ac+ad +be+bd +cd)
—4abed (ab + ac + ad + be + bd + cd) —12abed (a® +b* +¢* +d?) 20 (2)

Notice that if we fix d then f is a three variables symmetric polynomial, more than that f is
ABC-able. Therefore according to ABC Theorem we only need to consider two cases (we
will consider the inequality in the form (1)):

i) a=0: The inequality is trivial.

ii) a=b=x,c=d=y:

3t e yt) o 6P ayt) 3t y) (my)t 2(x-y)

Then (1) > >
2xzy2 x2+y2+4xy 2xzy2 x2+y2+4xy

Apply the inequality (x+y)> >4xy; x*+y* >2xy we will prove the above inequality.

iii) a=b=c=x,d=y:

3(3x4 +y4)>1+ 3(3)62 +y2) - 3()c—y)2 (3x2 +2xy+y2)> ?)(x—y)2

3 =

Then (1) > 3 2 —
4x7y 3x° +3xy 4x°y 3x7 4+ 2xy

Apply the inequality 3x? +2xy >3x* and 3x> + 2xy + y> >4xy we will prove for this case.

In conclusion, we have completed the proof.
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Problem 2 [Nguyen Anh Cuong] Give a,,a,,...,a, 20 satisfying a, +a, +..+a, =n.

Prove that: —+—+ _+——+— 2=l 5,0 T ()
a, a, a a, +a2+...+a

n n

Solution

Take f(a,.a,,..,a,)=LHS(1). Fix a,,ds.,...,a, we will obtain a symmetric three variables

expression which is also ABC-able. Therefore we only need to consider two cases:
i) For a, =0: The inequality is trivial.

ii) m variables are equal to x and (n — m) variables are equal to y, we have: mx+(n—m)y=n.

Prove that: m+n_m+ 22n n-l 2Zn+2\/n—l
X y mx~ +(n—m)y

Refer to:

mx+(n—-—m)y
=

2
m_i_n_,,nj_i_2\/I”l—1|:l’l’l)6‘i—(I”l—l’l’l)y:' 2n+2\/ﬁ

X y nl:mx2+(n—m)y2]

m(n—m)(x—y)’ S 2Wn—1m(n—m)(x-y)

> > <:>[mx2+(n—m)y2—2\/n—1xy:|(x—y)220
nxy nmx* +n(n—m)y

=4

The inequality is correct because: mx> +(n—m) y> > 2ym(n—m) xy =2Jn—1xy .

Therefore the problem was completely proved.

Problem 3 [Nguyen Anh Cuong] Give a,,a,,...,a, 20. Prove that:

2
> (a;—a;)
I<i<j<n a ta,+.+ta,
< —‘"/alaz...an

n3(a1+a2+...+an)_ n

Solution

We have met this problem in S.O.S technique; however this problem can not be solved
completely using S.O.S. Here we will give a better solution, using ABC Generalization.

a, +a,+..+a <.Z< (ai_af)z
Letting f(al’aZ""’an—l’an): 172 " "n —W—2n 1Si< j<n

n a,+a,+..+a,

Here fixing a, +a, +...+a, and z a;a; is not a good idea because the degrees of a,a,...a
J n

I<i< j<n

will be too big. For this reason we will fix a, +a, +..+a,_, and a,a,...a clearly that f will

n—1 n—12

become a quadratic trinomial with variables a,,a,,...a, , or a linear polynomial with variable

n—1

z a;a; . Therefore f is ABC-able with any three variables in the set {ai}

I<i< j<n

n—1
i=1
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Here we prove that the expression is ABC -able with variable ab+bc+ca so we have only
one case to consider: m variables are equal, the rest n —m variables are equal.

Assume that (al,az,...,an ) =", x",..,x",y",y",..y") (m variable x, n—m variable y).

Assume that x > y (x <y are consider similarly). We refer to the problem:

2
mn—m)(x" =y") mx" +(n—-m)y" . m
< -x"y

3

Give x, y 2 0. Prove that: 3 <
n’mx" +n’(n—m)y" n

Due to the homogeneous property, we can consider y=1,x>1 and we will need to prove that:

f(x)=n? (x” +n—m)2 — 3 x" (mx" +n—m) —m(n—m)(x" —1)2 >0
We have referred to a one variable problem, but to prove it is still a big hurt.
Actually we must face a problem is that variable m is dynamic, non-continuous in [0,7] ...
Through the first and second example, we have a notice that m may “prefer” 0,1, n—1, n.

A forsee feeling is that we may always push m to these values, then how easy our work will be ...

And so great it is, this foresee is really correct. I will represent this result to the readers:

Result I1: In ; or ; ©, when two values M, =a+b+c,M,=ab+bc+ca are fixed then
M, = abc get it maximum value when (a, b,c) = (x, X, y) or its permutation then x <y, and if M,

get it minimum value when (a,b,c) =(z,z,t) orits permutation then z2>7¢.

Proof

We will consider the case when M, get its maximum or minimum value when there are two

equal variables and refer to the problem:
M, =2x+y and M, = x* +2xy. Find the maximum value of: M, =x’y.
Replace y =M, —2x, we will have: 3x> —2M x+ M, =0 and

203M, -M2)x+M M
9

M, =y’ (Ml —2)c)=—2x3 +M1x2 = (notice that 3M , _M12 <0)

Therefore, the maximum and minimum value of M, depends only the maximum and
minimum value of x. Here more specify is that M, will get its maximum and minimum value

when x get minimum and maximum values in order:

With a same idea, we also hope for this result:
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Result 2: In ; *, when two values M,=a+b+c,M,=abc are fixed then the value
M, =ab+bc+ca getits maximum value when (a,b,c) = (x, X, y) or its permutation then

x <y, getits minimum value when (a,b,c) =(z,z,t) or its permutation then z>1¢

Proof

In the proof for result 1, we have obtained this equality:

_ 2(3M, -M?)x+M M, oy oM, t2MPx M L 27M, -M}

: 9 P 6x+M, 3 6x+M,

Notice that in | © then 27M, - M 13 <0 so M, get its maximum and minimum values when x
get its minimum and maximum values in order. Also notice that x is a nonnegative solution of

the equation: 2x° — Mlx2 + M, =0. Assume that this equation has three solutions: a<0<b<c.

So M, get its maximum and minimum values when x get values b and c in order.

M
We will prove that b STl <c to deduce that b< y<c.

M
L=ag+b+c=a=—-L~b—c. Replace this value a into the expression:

Indeed have: —
ndeed, we have > >

M M 2 2
ab + bc + ca=0 we will obtain that: (b+c)(—1—b—cj+bc=0<:>—1:2(b +ce +bC).
2 3 3(b+c¢)

M

From here we can come out with a conclusion b < 31 < ¢ and also obtain what we want to have.

Result 3: In ; ©, when two values M, =ab+bc+ca,M, =abc are fixed then the value

M, =a+b+c getits minimum value when (a,b,c) =(x,x,y) or its permutation then x> y.

Proof

M
We have M, =2x +—23 where x is solution of the equation x* — M ,x+2M,=0. This
X

equation has two positive and one negative. Let call them a<0<b<c

We have: a+b+c=0=>a=-b—c ; abc=—(b+c)bc=-2M, = bc(b+c)=M,
From here we can find out that: b <M, <c or b< y<c.

Now we will see M, (b) or M, (¢) are minimum value of M. We have:

Mye=ble+b) _( 2b°c*=Myb+e) (1 2b°c ~belb+e)

2 2 2 2 2 2
b c b°c b c

M, (b)—M (c) =2(b-c)+

So M, getits minimum when x=c2y.
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From these three result, we can upgrade out ABC Theorem as:

ABC Generalization-Extra

Consider a symmetric n variables function f (al,az,...,an) , where f has minimum and n2>3.

We will consider f (al,az,...,an) as a three variables function g(al,az,a3) and a,,ds,...,a

n

are considered as constant.

If g is ABC-able with monotonic property then inequality f(al yAyseenyd,, ) 2 ( can be referred

to two cases:

i) n—1 variables are equal.

ii) One variable is equal to 0 (This condition only occurs when apply ABC-able for variable abc)

The inequality is completely proved if it is correct in two cases given.

* ABC-able with monotonic property means g~ for one of three values abc,ab +bc+ca,a+b+c is 0.

Proof

According to the old ABC Generalization then we can refer to the problem when one variable
is equal to 0, or m variable are equal to a and the rest n —m variable are equal to b.

In the first case, if there is one variable equal to O then there is nothing much to say.
In the second case, we need to prove that m < 1. Indeed assume that m > 2.

Notice that if g is a ABC -able function with monotonic property then the minimum value f
only can be obtained when one of three values abc,ab+bc+ca,a+b+c get its maximum or
minimum values (do not need to consider both maximum and minimum). Let assume that f
get its minimum value when abc get its minimum (the rest cases are very similar).

WLOG, assume that a 2b and x, =a,x, =a,x, =b. Clearly when we fix all rest variables
X, Xs,..., X, then (a,a,b) can not be the point for the function f(x,x,,x;) get its minimum
value; because as we proved in the results this minimum can be obtained at the point (x, X, y)

where: x< y.

This contradiction prove that m can not be greater than 1, and therefore there are n—1
variables are equal.

So we have completely the proof for the upgrade of ABC — Generalization .
We will return the problem 3 that we leaved before.

Notice that in this problem we have used ABC-able for the monotonic property of
ab + bc + ca . Therefore, we only to consider one case when there are n—1 variables are equal,

and refer to the problem (which is the case when n—1 are equal):

FW=n[m-Dx" +1] =n* " [-Dx" +1] = -1 (" =1)" 20
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2
o [-Dx" +1][n-Dx" +1-nx"2 |- (n =D (x" =1)" 20 (%)
Notice two equality: x" —1= (=D +x" 2 +..41)

and (=1 x" +1—nx""> :(x—l)2 [(n—l)x"_2 +(n=2)x"2+..+ 2x+1]. Therefore:

(*) o (x-1° [nz [=Dx" +1][(n=Dx" +(n=2) x> + .4 2x+1 ] = (=D (x" " +x"7 +...+1)2}zo

2
Notice that: [(n—1)x" + 1](# + 1) > (xE + 1)

1 1 1 (5,5 ! )2
[(n—l)xH+(n—2)x”‘3+...+2x+1](—+—+...+—+1)2 X2 +x 2 +o+x2 41
n-1 n-2 2
Therefore: n? [(n—l)x" +1][(n—1)x"_2 +(n=2)x"" +...+2x+1]
2 n 2( w2 a3 1 2
> 1 ln 1 1 (x2+1) (x 2 +x?2 +..+x2+1)
o+
(1+n—1)(1+2 n—2 n—l)
> ln(n_l)l I+ 422+ )
I+2+..+
2 n-—1
n(n-1)

> net1)?

U4+ x2 +x)° =n-D+..+x"2 +x
n

= [n2 [n=Dx" +1][(n=Dx" 2+ (n=2)x" + .+ 2x 1] = (n =1 (x4 x"2 +...+1)2]20

So the proof was completed.

Problem 4. Given a,b,c,d > 0 satisfy abcd =1. Prove that

25(1+a2)(1+62) 1+ 1+d?)<(a+b+c+d)’

Solution

Let considering f(a,b,c):28 (1+az)(1+b2)(1+c2)(1+dz)—(a+b+c+d)6

— 2814 (a+b+0) +(ab+be+ca)’ —2(ab+be+ca)—2abela+b+c)—a®b’c? J(1+d?) = (@a+b+c+d)°

If we consider above function with the variable ab + bc + ca then the inequality f(a,b,c) <0

is ABC -able. Thus we just need to consider the following problem:

Given x, y > 0 satisfy x’y=1. Prove that 28(1+xz)3 1+y?)<(3x+y o
y

3 6
The inequality < 2° (1+x?) (1 +L6j < (3x+%)
X X
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Problem 5. Give positive numbers a,b,c,d satisfying: abcd =1. Prove that

1 1 1 1
+ + + >2 (China MO)
l+a®> 1+b> 1+c¢* 1+d°
Solution
Take x=2- 12>1.Weneedtoprove: 12+ 12+ 122x
1+d 1+a 1+b° 1+c

o U+a)0+p)+0+6) 0+ +(U+e)1+a*) 2 x(1+a?) (1+5%) (1 +2)
e 1+2(a+b+c)’ +(ab+be+ca)’ —4(ab +bc + ca) —2abc(a+b +c)

> x+x(a+b+c)2 +x(ab+bc+ca)2 —2x(ab+bc + ca) —2xabc(a+b +¢) + xa’b*c?

= (x—l)(ab+bc+ca)2+(x—2)(a+b+c)2+2(2—x)(ab+bc+ca)+2(1—x)abc(a+b+c)+x—1SO

The above inequality is ABC —able with monotonic property when we consider the variable

ab+bc+ ca. We only need to consider the case:

Give positive numbers x,y:x’y=1. Prove that: %+% >2
I+x° 1+y
6
= 32+ ! 22 & 32_§+;c —120
l+x? 14 1 I+x° 2 x"+1 2
X6
3(1-x)(1+x) (x—l)(x5+x4+x3+x2+x+l)>0

2(1+x?) 2(x% +1)
oG-+t + P 2 x+ D) =36+ DA +1)]>0

-1 GrD? —x+1D) (3 +2x2 +4x+2) >0

The equality occurs < a=b=c=d =1

Problem 6 [Vasile MS 2005] Give n positive numbers satisfying: a,a,...a, =1.

Prove that: l+L+...+L+ 4n >n+2 (1)
a, a, a, n+a +a,+..+a,
Solution
a,a, +a,a, +a,a 1 1 1 4n
hHhe 1223 314 4 4 +—+ >n+2
a,a,a, a, as a, n+a +a,+a,+a,+..+a,

Consider the variable a,a, +a,a; +aya, , clearly that it is ABC —able with monotonous

property, also we use the minimum value of a,a, +a,a,; +a,a, so the equality variables

should be greater than the rest one. Therefore we only need to consider the inequality:
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Give positive x, y satisfying x""y=1 and x >1, then:

n-l,1, 4n >p+2 o=l 4n >n+2
X y n+(mn-Dx+y X n+(n—Dx+—1

n-1

x" +n—1—nx> 2[(n—1)x" —nx"! +1]
x o™+ (m=-Dx" +1

_n2[ n-2 n-3 _ _1)? _ n-2 _ n-3
R (22 42"+ 1]22(x D [(n=1)x"2 +(n=2x"" +..+1]

X "'+ (n=Dx" +1

X" 42"+ +n—1 S n=Dx">+n-2)x"+..+1
X a "'+ (n=1)x" +1

We need to prove that:

(nx"_1 +(n-Dx" +1
&

(x”_z +2x"3 +...+n—1) >(n—Dx"7 +(n-2)x"" +...+1
2x

nx" '+ (n=Dx" +1 S nx+(n—-1x+1 S
2x B 2x B

n—1. Hence:

Notice that because x=>1 then

LHS > (n=D(x" 2 +2x" 2 4. 4n-1)2m-Dx"2 +(n=2)x"> +...+1

So we have the needed conclusion.

Problem 7. Given x,x,,...,x, > 0 satisfying: L+L+...+L=n . Prove that:

X X X,

-1
_ Ly
X, +x,+..+x, —n<e, (xlxz...xn —1) where e, —(1+ p— <e

(Gabriel Dospinescu and Calin PoPa, MS, 1004)

Solution

Notice that we can rewrite the problem as:

. o 1
Give x,,x,,...,x, >0 satisfying: x,x, +x,x; +x,x, =(n—x——..—x— XX, Xs5.
4 n

n-1
Prove that: x, +x, +x, +..+x, —n<e,  (xx,..x, —1) where e, :(1+ 1 1) <e
n_

Hence if consider the inequality with variable x, + x, + x, , the inequality is ABC —able.

1
+—=n, then :

Therefore our work is only this problem: Give positive numbers a,b :
a

n-1
gab)=(n-Da+b-n<e, (a"'b-1) (*) where ¢, , :(1+n1_1) <e
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a

Repl b=
eplace na—n+1

into (*) , we need to prove that:

n—1 n _1
f(a)=(n—1)a+L—ns(1+ 1 ) ( « —lj where a >
na—n+1 n—1 na—n+1 n

N2 2 2 -
<:>n(n Da“—2n” —2n)a+n ns( n )

a"—na+n-1 n—1

- n(n—1)(a—-1)* S( n )"-1
(a-D(a"2+2a" +c+ (k=Da" " +..+(n-Da°) ‘n—1

— n-l n—1
= 5 ngn D 5 S( n ) . Notice that: a =
a" " +2a"” +..+(mn-Da n—1

n

Therefore: LHS < (I’l—l)n_z . z(nn(i;)ln)3 et (o) = f(n — 1) = (n ri l)n_l (%)

n—1

At (**), notice that f(n_l) , which is also the value of g(a,b) when a — ,b— oo, or
n

n

n—1
exactly is: (L) (F*).
n—1

4. Proposed Problem
Problem 4.1. [Nguyen Anh Cuong] Give a,b,c,d > 0. Prove that:

a*+b* +ct +d?
abcd

+122(a+b+c+d)(l+l+l+l)
a b ¢ d

Problem 4.2. Give positive numbers a,,a,,...,a, satisfying: Zaiaj =1.

I<i<j<n

L, 2,1{ 2 ]2
n-—1 n(n-1)

Problem 4.3. Give x,.X,...,x, satisfying x_ +x; +...+x. = 1. Prove that:

Prove that: al2 +...+a2 t+kaa,..a, 2

6

—_— <1
(n-2)(Vn+1) 20

Problem 4.4. [Vasile Cirtoaje, MS, 2004] Given x,, x,,...,x, > 0. Prove that:

XX et +
n

(x1+x2+...+xn—n) L+L+...+L—n +x1x2...xn++22
X, X, X XXy X,

Problem 4.5. [Vasile Cirtoaje, MS, 2006]
Give x,x,,...,x, 20 satisfying: x, +x, +...+x, =n. Prove that:

(xlxz...xn)\/% (xl2 +x§ +...+x3) <n
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VIl. ABC CYCLIC

The fourth weak point and also quite a hot problem in these days is cyclic problem. For now,
there are no method which is really effectible for cyclic inequality.

1. Cyclic to symmetric with variable transformation

For some cyclic inequality, we only need a variable transformation step to refer to a
symmetric problem. Notice that the variable transformation also should have the cyclic
property, because if we still keep the symmetric property then we can never refer a cyclic to
symmetric. Let consider some example:

Problem 1 [Bodan-Mathlinks]

Give real numbers x,y,z > 0. Prove that: 1> s + Y + < >l (D
2x+y 2y+z 2z+x 2

Solution
e 12 ! + ! + ! >l. Take a=l,b=£,c=— = abc=1
242 2+4% 24X 2 xy
X y <
. . 1 1 1 1
Then the inequality becomes: 12 + + >—

24a 2+b 2+4c¢ 2

The readers can also see immediately that when we transform the above inequality to
polynomial form then it is still 3-degrees with a,b,c, therefore linear polynomial with
variable ab + bc + ca . Therefore fix a+ b+ ¢ and abc, and we need to consider the only case
when (a—b)(b-c)(c—a)=0:

Lt

i

The problem becomes: Give a,b >0 and a’b=1. Prove that: 1>
24a 2+b 2

2 a’ 1
+
24+a 2a’+1 2

Replace b= iz and refer to the problem: 12
a

The left inequality is equivalent to: a(a -1 >0

The right inequality is equivalent to: 4a’ —%+1 >0 (2a-1)° +77a >0

So we have completed the proof. The equality occurs & x=y=z>0

Problem 2. Give a,b,c > 0. Prove that: ﬁ+é+£+ babe >5 (1)

c a a’b+b’c+cta

Solution

;y=2;z=£ = xyz=1.Then (1) & x+y+z+L25 )
c a Xy +yz+2z2x

Take x=

S

This is a simple problem with ABC —extra .
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We refer problem to the only case (x—y)(y—z)(z—x)=0, assume that y =z

= nl=l=x=-L Then () & x+2y+%25 @iz+2y+ .
y Yo+ 2xy y y +2

[y(2y+3)(y-1)" +y+2](y-1)°
=
Y +2)

>0 (is always true). The equality occurs & a=b=c>0

* In the above problems, we have introduced some technique to transform a cyclic to
symmetric problems using variable transformation, and then use ABC to handle the rest. Now
we will introduce another solution for cyclic case. With this idea, we can handle almost cyclic

polynomial of which degrees is less than or equal to 5in | .

We will consider some example:

Problem 4. Prove that: 3(a* +b* +c¢*)+4(a’b+b’c+c’a) 20, Va,b,c

Solution
Here we will deal with a stronger problem: 197(a* +b* +¢*)+280(a’b+bc+c*a)=20 (1)
Take a=2x+7y;b=2y+7z;c=2z+7x. The inequality (1) is equivalent to:
fx,y,2)= 222743(}(4 + y4 + z4) + 240296(x3y + y3x + y3z + z3y +20x+ zx3) +
+92904(x2y2 + 3272 + 7% x? ) +246960xyz(x+y+2) =20

f(x,y,z) is a symmetric polynomial, more than that it also a homogenous polynomial of

which degree is four. We only need to consider one case:
f(x,1,1)20 e 222743x" +480592x° +432768x” +974512x +1018982 >0

which is no longer difficult and will be remain for the readers.

This solution using ABC which is quite clear and nice, however the mystery inside it is that we

have transform variable to refer to a symmetric problem a=2x+7y;b=2y+7z;c=2z+7x.

It is not quite trivial to go to this transformation; we need some small testing and convention
to find out. Our target is that we will make sure that all coefficients for cyclic expression will

be equal after the transformation. More specify here we take: a = x+ky,b=y+kz,c =7+ kx
and find k so that two coefficient of two cyclic expression x’y+ y’z+ 2 x,xy” + yz° + zx°
are equal. For the general problem: x* + y* +z* +m(x3y +ylz+ z3x)20, we need to find k
such that: mk® —(m+ k> +(4—2mk +m=0.

For some case to find a good coefficient for the cyclic pair expression which as x*y+ y*z+z*x,
xy4 + yz4 +zx* and x3y2 + y3z2 + z3x2,x2y3 + y2z3 +z°x° we also need to take:

a=x+my+nz,b=y+mz+nx,c=z+mx+ny
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So for now the readers might also guess that why this idea is only effectible for polynomial of

which degrees are not greater than 5, from 6-degrees or above we have more than two cyclic

expressions , for example with 6-degrees is x’y+ y z+ 2 x,xy° + yz° + zx°,
24yt w4 a2yt 4 y20 4 2% and xyz(xly + y2z+ 220, xyz(ay? + 22 + ox2)
so we may not find a good system to find out m,n.

We will consider some another example to understand better this technique:

Problem 5 [MnF]. Give positive numbers a,b,c . Prove that:

(1302 =10ab—5b +9¢2) (a—b)* + (130 —10bc - 5¢ +9a) (b—¢)* +(13¢? —=10ca—542 +95) (c—a)* >0

Solution

The inequality is equivalent to: [(a—2b)(a—4b)—(b-2c)(b- 4c)]2 +

+[(b=20)(b —4c) — (c = 2a)(c —4a)]” +[(c —2a) (c — 4a) - (a—2b)(a—4b) ] =0

This problem is a challenge problem more than a nice problem. Its author has tried for this
inequality have two separated equality point a=b=c and a =2b=4c. However if we have

known about ABC-cyclic then this is a good problem to apply:
Take a=2x—y,b=2y—z,c=2z—x. The inequality is equivalent to:
Floy.z)=a(xt +y*+2%)+21(x2y? + y22% +22%x2)

“10(Py+x0° +y 2+ v} + x+ 20} = 5ayz(x+ y +2) 20

This is a fourth degrees polynomial and also a homogeneous one in Y, we only need to

consider one case: f(x11)=4x* —20x* +37x% =30x+9=(x—17(2x—=3)* 0.

This problem is more special than the problem 3 in the point that it has two separate equality

point . Sometime this case make it easer to find out the k .

For example we assume that: a=x+ky,b=y+kz,c=z+kx. When the maximum or minimum

occurs we should have two variable in x, y,z equal; let assume that y=z=1 and then:

a=x+k,b=k+1,c=kx+1. From here, combine with this system:

a=2b and a=4c we can easily find out that kz%l,ng or k=-1,x=1.

From here, try in the inequality and we come out with the transformation given in the solution.
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In above examples, all the problem has the domain is ; , however almost the problem will be

in | 7, and more specify is that if its degree is odd then we must consider in | ©. So should

we surrender in these cases? Actually it is not, let consider this example:

Problem 6 [Nguyen Anh Cuong]: Given a,b,c = 0. Prove that

23(a3 +b? +c3)+17(612l)+l)2c+c2a)237(ab2 +bc? +ca2)+9abc

Solution
We again use the idea taking a=x+ky,b=y+kz,c=z+kx. For this problem, the equality occurs
in two separate points, and one of these can be specified in the case a=-1,b=1,c=2 and its
permutation. In this case in three variables x, y,z , there are two variable should be equal; let

assume that y=1z.

Then we will have the system: x+ky=—1;(k+1)y=1;kx + y=2. From here we can find out k

through this equation: 2k* +3k+1=0, solve it to obtain k =—1 or k =—% .

Choose k= —% , and take: a=2x-y,b=2y—z,c=2z—x and the problem will become:

x4+ 3y  + 27 +3xy2 2 xy(x + y) + yz(y + 2) + zx(z + x) which is Shur inequality, can be solver by
many ways or ABC. However the above inequality only valid for x,y,z =0. Fortunately,

_4a+2b+c . _a+4b+2c __2a+b+4c
A e A

are non-negative so the proof should be end here.

The variable transformation idea is really a good point to remember, however it is not a
perfect solution anyway. Following we will introduce a more advance idea which should be

perfect in some meanings.

2. The connection between cyclic and transformation
The readers may sometimes ask yourself if the symmetric is only “the sun” of cyclic
inequality, because if the cyclic inequality is correct than we can refer to the symmetric one

easily. This is correct in some meaning, for example this problem:

{ 2
b_z +b— +— ++3 >\/ +— + + \/b +§+ﬁ is correct, then the following symmetric
c

2 2 2 2 2
problem is also correct: \/Z—2+b—+c— +\/b—+c—+— +2\/§>2[\/%+2+£ +\/2+£+2)
c

2 2 2 2
c” a a’> b P c a a b

However the reverse question, if the symmetric one is correct then how about the cyclic one. A

quick thinking come out with the answer is NO. For example:
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a’>+b’ +c’ +3abc>ab(a+b)+bc(b+c)+calc+a) is correct but its cyclic inequality is not
correct: a’ +b> +¢* +3abe>2(a’b +b%c + c2a) is not valid for (a,b,c)=(0,3,2).
However I claim that every cyclic inequality has its equal symmetric. And it is enough to

solve the equal symmetric form to prove that the cyclic one is also correct. I will represent

this technique and its application as following:

SYMMETRIC TRANSFORMATION

Symmetric transformation technique for cyclic:
Give a function with variable a,b,c satisfying: f(a,b,c) = f(b,c,a) = f(c,a,b).

If we take g(a,b,c)=f(a,b,c) f(a,c,b); h(a,b,c)= f(a,b,c)+ f(a,c,b) then g,h are

gla,b,c)=0

symmetric inequality. Also the inequality f(a,b,c) > () are equivalent to:
h(a,b,c) =0

The idea seem simple but let see its power when we combine it with ABC :

Problem 6. Give a,b,c >0 satisfying: a+b+c =3. Prove that: P=a’b+b’*c+c’a<4

Solution
Take: f(a,b,c) = a’b+b’c+cla—4
And: gla,b,c)= fla,b,c)f(a,c,b)=9C* +(39—-18B)C +B* —12B+16
h(a,b,c) = f(a,b,c)+ f(a,c,b) = ab(a+b)+bc(b+c)+ca(c+a)—8
Where: B =ab+ bc + ca;C = abc. What we need to do is prove:
i) g(a,b,c)=0 ii) h(a,b,c)<0

We will prove the second one first, since this is quite simple. The readers can also see that

h(a,b,c) <0 very quickly using ABC .

However here we suggest a shorter solution using Schur:

a’ +b’ +c* +3abc 2 ab(a +b) + be(b +¢) + ca(c + a)

& a’ +b’ + ¢’ +6abe +3[ab(a+b) +be(b + ) + ca(c + a)| = 3abe + 4[ab(a + b) + be(b + ¢) + ca(c + a)

:(a+b+c)3 24[ab(a+b)+bc(b+c)+ca(c+a)]

(a+b+c)’ 27

S abla+b)+be(b+c)+calc+a) <L 2 T<8 = h(a,b,c)<0
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Now the heavier part is the second part, in this part I have represented it in the form

ab+bc+ca,abc to apply ABC for it. Here we will try to prove that g is a monotonic function

with variable C by using derivative and prove that the derivative is positive or negative.

Let consider it:

Take: &(C)=9C? +(39—18B)C +B* —12B+16=9C2 +(39—18B)C +(B-2)" (B +4)
o’ (C)=18C +39-18B

First notice that if B S% then everything is good for now, because 39—188>0 so w(C)>0.

Hence just consider the case when B > % .

Notice that for every fixed value of B, o’ (C)=18C +39—-18B=0 has solution C _188-39 8318_ 39 ,

or has no solution.

105

—183_39)=B3 —9B? +27B-= .

For the first case, we have: ®(C)> 0)( T

1
And now it is not so difficult to prove that B® —9B* +27B —% 20 for B> %

In the case ® (C)=18C+39—-18B=0 has no solution, means w(C) is monotonous, we refer

to the original problem with the case (a —b)(b—c)(c—a)=0 or abc=0.

i) Given a,b >0 satisfying: a+b =3, prove that: a°b < 4

This can be done quickly using AM — GM inequality: a’bh = 4-5 —-b<4

ii) Given a,b >0 satisfying: 2a+b =3, prove that: a’b+b’a+a’ < 4.
Replace b =3—2a, the inequality < 3a’ —9a® +9a—4 <0 (is true for 0<a S%)

We have completely finished our proof. This proof is not the best solution for this problem,

but it should be an effectible solution for these kinds of problems.

A question come out immediately is that is a’b+b’c+c’a get it maximum and minimum
value when there are two equal variable or one variable is equal 0 when we fix

a+b+c,ab+bc+ca ? This is a very possible foresee, because for the above problem the

equality occurs when there is a zero variable. Let consider this problem:
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Problem 7 [Nguyen Anh Cuong]. Give positive numbers a,b,c satisfying:

8(a’b+b’c+c’a)
(a+b+c)’

a>+b*+c* =2(ab+bc+ca). Find the maximum value of: P =

Solution

The first remark is that this is a homogeneous cyclic inequality. We will use these properties

step by step to come out with final solution:
Firstly, due to the homogeneous property, we can take ab+bc+ca =1.
The problem becomes: Give positive numbers a,b,c satisfying: a+b+c=2,ab+bc+ca=1.

Find the maximum value of P =a’b+bc’ +ca’ .

Still the same idea to the first problem, we will take Q = ab® +bc* + ca® . However here the
problem ask us to find the maximum and minimum value ourselves so it is hard to define g

and /. However this can not make us surrender, we still go on with this idea.

Take t = abc, as what we proved for the first part of this article, we have te [O, 2;47} .

We have: P+Q=a’b+b*c+c’a+ab* +bc* +ca’ =(a+b+c)(ab+bc+ca) —3abe =2 -3t

PQ:9(abc)2 +[(a+b+c)3 —6(a+b+c)(ab+bc+ca)}c+(ab+bc+ca)3 =9t* —4r+1

2—3t—~-27t7 +4t 2-3t+~-2717 + 4t

P,Q can obtain one of these two values 5 ; 5

To find out the maximum value, we should consider the case:

2—3t+~-27t% +4¢

2

P=f@®)= for te [0,2;47] We have f’(¢) =0 have the unique root t:%.

Therefore f = max{f(O), f (%),f (%)} . From here we have f = %

when abc = % , when a =0.04020492...;b =0.78243211...;¢c =1.17736297...

Hence our speculation was wrong. How pity is it ! We can not find out a beautiful thing such
as the symmetric world. Indeed the equality for cyclic inequality is always a troublesome but
also very amazing and joyful. You can also think more about this article to find out that why
almost cyclic inequalities get its maximum or minimum values when three variables are
completely different. We will stop the research for now; following is some example and

application problems using the symmetric transformation technique.
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Problem 8 [Nguyen Anh Cuong] Give nonnegative a,b,c satisfying a+b+c=4.

Prove that: 3(a’b+b’c+c’a)+36>5(ab? +bc* +ca?)

Solution
Take f(a,b,c)=3(a’b+b*c+c’a)-5(ab® +bc® +ca®)+36
And: h(a,b,c)= f(a,b,c)+ f(a,c,b)=72~- 2(ab(a +b)+bc(b+c) +ca(c+a))
gla,b,c)= f(a,b,c).f(a,c,b)=441C* +(4312-1176B) C +64B> —240B* —288B +1296

We will again use the same technique as the problem 7 to solve this problem.

Firstly prove that h(a,b,c)>0. As the first problem,

=16 <36 hence h(a,b,c)>0.

3
ab(a+b)+be(b+c) +ca(c +a) < W

Secondly is proving g(a,b,c)>0.

Rewrite g(a,b,c) as®(C)=441C* +(4312—1176B)C + (B —3)*(64B +144)

Soif B< ﬁ’;é =1—31 then we will have what we need immediately.

Consider B >1—31, we have: ' (C)=882C +4312-1176B, so using the same idea with the
problem 7 we need to prove three things:

i) 0)(—1289— 44) =648 —1024B + 16?4 p- 33200

>0 when le—

3 :

—_—

this is quite easy and we will skip it (this is the case where there is no equality)
ii) Give a,b =0 satisfying: 2a+b=4. Prove that:
3(a*p+b2a+a*)+3625(a’h +b*a+a’) & 1824 +a’b+b%a

Replace h=4—-2a and we have: 3a’ —12a” +16a—18<0 where: 0<a <2, again remain for

the readers (this is the case where there is no equality)

iii) Give a,b >0 satisfying: a+b=4. Prove that: 3a’h+36>5ab”.

Replace a=4—b and we have: 8b° —44b> +48b+36>0< (b—3)*(8h+4)>0
In conclusion, the inequality was proved completely.

The equality occurs when (a,b,c)=(0,3,1) and its cyclic permutation.




122 Abstract Concreteness Method

Problem 9. [Vasile Cirtoaje]

2
Give real numbers: a,b,c . Prove that: (a2 +b? +c2) > 3(a3b+bc3 +c3a)

Solution

A very famous problem of Vasile Cirtoaje, a very amazing result in cyclic inequality world ,
a very strong result with the equality occurs at three separate points. And let see how the

power of symmetric transformation versus this powerful problem.

Firstly, because of its homogeneous property we need to have this condition a+b+c=1.
2,2, .2)° 3 3 3
Take f(a,b,c)=(a>+b>+c?) =3(a’b+b°c+c’a) and
2
g(a,b,c):f(a,b,c)+f(a,c,b)=2(a2 +b? +c2) —3[ab(a2 +b2)+bc(b2 +c2)+ca(c2 +a2)]
h(a,b,c)= f(a,b,c)f(a,c,b)=63C* +(21B* =57B +12)C + 49B* —68B> + 42B* —11B +1

Proving g(a,b,c)>0 is in the border of ABC and will be remained for the interested readers.

Here we will give the proof for h(a,b,c)=0.

Take w(c) =63¢2 +(216% —=57b+12) ¢ +49b* —68b° +42b% —11b +1

We have: @ (¢)=126¢+21b* —=57b+12 . We will consider three cases:

=0

) m(—zuﬁ +57b—12j_ 3969b* —4914b* +2277b> —468b+36 (6367 —396+6)°
126 84 84

ii) Two equal variables: Give the real numbers x, y . Prove that: (2x2 +y? )2 >3(x* + X7y + y*x)
Give x=1 and we refer to the problem: y* -3y’ +4y> -3y+1>0 & (y—l)2 (y2=y+1)20

iii) One variable is equal to O: Give the real numbers x, y . Prove that: ()c2 +y° )2 >3x’y

2
This can be done quickly using AM — GM inequality: (%x2 +%x2 +%x2 + yz) > %ﬁy >3x7y

Therefore the problem has been proved completely.

A remark about the power of this technique. Why this technique is powerful? The answer is
that because the equivalent through every transformation. The only trouble point is that with
which value of b then ®(c) will has solution or not. Actually this also can be solved by
ABC, because the derivative expression is also a linear polynomial with abc . This remark is
to see that, in some meanings, this technique is a possible approach to solve almost cyclic

polynomial inequalities no matter what.
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Proposed Problems
Problem 5.1 [VDQ-MnF] Give a,b,c >0 . Find the maximum value of k such that:

a b c kabc k
—4—+—+ 23+—
b ¢ a (a+b)b+c)c+a) 8

Problem 5.2. Find the maximum value of k such that:

2 2 2
R > k(4424 £) valid for Va,b,c >0.
C a

Problem 5.3 Give positive a,b,c and a positive real number p. Prove that :

2 b 2 2 3
a + + ¢ >min| 1, 5
a+ pb b+ pc c+ pa (1+p)

Problem 5.4 [Nguyen Anh Cuong]

Give nonnegative real numbers a,b,c such that: a+b+c =35. Prove that:

16(a*h+b3c+c’a) +640 > 11(ab* + be® +ca®)

Problem 5.5 [Vasile Cirtoaje]

Prove that: 4(a+b+c)3 227(61[92 +bc? +ca’ +abc) , Ya,b,c>0

Problem 5.6. Give a,b,c > 0 satisfying: abc =1.

Prove that: a’b+b*c+c*a > abe

Problem 5.7 [Nguyen Anh Cuong]

i) Give nonnegative numbers a,b,c satisfying: a+b+c=3.

Prove that: (ab+bc+ca)(a2b+b2c+cza) <9

ii) Give nonnegative a,b,c satisfying: ab+bc+ca =3.

Prove that: (a+b+c)(a2b+b2c+cza) >9

Problem 5.8 [Nguyen Anh Cuong]

Give nonnegative real numbers x, y, z. Prove that:
i) 2(x5 +y° + z5)+9(x3y2 +y°7% + z3x2) 211(x2y3 +y°2 + 12x3)

ii) 2()(5 +y5 +z5)+x4y+y4z+z4z23(xy4 +yz4+zx4)
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3. Cyclic to Symmetric using auxiliary inequality

In two previous parts, we have been familiar with cyclic inequalities and we solve it directly
in many ways. That is truly the strongest problems. However in these days people do not
always like it. We can use auxiliary inequalities to transform a cyclic inequality to a

symmetric inequality to apply ABC for it.

To make this idea clearer, let consider this example:

Problem 11 [Nguyen Anh Cuong] Give positive numbers a,b,c satisfying a+b+c =3.

[ 2 2, 2
Prove that: (a®b+b2c+c?a)(ab+bc+ca) <9,/4F0 +C° +b3 &

Solution

Firstly let prove the auxiliary inequality:

9

Give positive numbers a,b,c satisfying: a+b+c =3. Then: a’b+b’c+c’a<—7——.
ab+bc+ca

This is actually the problem given in the symmetric transformation part, the poof is remained
for the readers. Here we will apply this inequality to transform the first cyclic problem to a

9

symmetric problem. So (a’b+b%a+c?a)ab+be+ca) < —2——
ab+bc+ca

[ 2,2, 2
Our work is prove that: 9 % 29.

This one is trivial by using: 3(a? +b>+c?)=(ab+bc+ca)’.

(ab+bc+ca)=9

And we can end the proof here.

Problem 12 [Nguyen Anh Cuong] Give positive problems a,b,c satisfying: a+b+c=3.

Prove that: £+Q+£2\/@+2
b ¢ a 3

Solution

This time we still use the same ideas, we need to have a good lower boundary for ab® +bc* +ca’.

Also in the proposed problems in symmetric transformation part we have this result:
Give nonnegative a,b,c satisfying: ab+bc+ca=3. Then (a+b+c)(ab®> +bc” +ca’)>9.
Or rewrite as a homogeneous form is that: (a+5b+ o) ab? +bc? +ca®) > (ab+bc+ca)’.

(ab+bc+ca)2

So with the condition a+b+c =3 we have this inequality: ab® +bc* +ca’® > 3

2 2 2, 2
We only need to prove that: (ab +3bacb—£ ca) > |4 +b3 nal Y,
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Consider the problem with variable abc, clearly this inequality is ABC —able .
We only need to consider two cases:
Case 1: c =0, the inequality is trivially correct.

Case 2: a=b = x,c =y, the inequality is equivalent to:

2
242 f +2 | T+
x xy 2x° +y (x+2y) > 2x”+y +2 where x,y are positive real
3x%y 3y 3

numbers satisfying 2x+y=3. Replace y=3-2x,x¢ (0,1.5) we have:

—3>2x? —4x+3 -1

(6—3x) \/2x2+(3—2x)2 3(2—x)
> 42 2T
33— 2x) 3 3-2x

PREC D €l o (32G-D +1+4x-3)x—1* 20
3-2x  2x? —4x+3+1

The proof can end here.

Remarks: Through these two problems, the readers may also understand what that idea for
this method is. We will try to find good upper and lower boundary for cyclic expression using
(can use symmetric transformation) to transfer a cyclic problem to a weaker but nicer to

handle symmetric problem.
Let review two evaluation we have used in above two problems:

2 5
(ab +bc + ca) <a’hibletcla< (a+b+c) *

a+b+c 27(ab + bc + ca)

And another evaluation, which is exercise 5.02 and 5.03 in the symmetric transformation part.
(a+b+c)a*b’c? <a’b+b*c+c’a< 2;"7(a+b+c)3 —abc (**)

Also notice that we refer to the symmetric problem simply because we want to use ABC to
refer to the case where one variable is O or two variables are equal.. Therefore let consider (*)

and (**) in these two cases:

2 5 3
“ When c=0.b=1, (e <a? < 1ng (49 e 0 02 < HOFD
a+1 27a 27
@ _ ,_4a+)’ _(a+1)’
Notice that 0 < <a” < < , therefore in the case our inequality very near

a+1 27 27a
to 0 when our variable reach O this evaluation should be:

2
(ab +bc + ca) <a’b+bc+cla< 4(a+b+c)3—abc
atb+c 27
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2 5
e When b=c=1, (1) o 20T oy (et
a+2 27(2a+1)

(**%) & (a+2)-a® Sa2+a+1S%(a+2)3—a

2 5
Notice that (a+2)-3a’ SMSa2+a+1£MSi(a+2)3—a when a <1
a+?2 27(2a+1) 27
2 5
And wﬁ(a+2) a? Saz+a+1£i(a+2)3—asM when a >1.
a+?2 27 27(2a+1)

Therefore for a particular inequality, we may prefer the different evaluation to get the most

effectible inequality. However remember that we should use in pair to have the best results.

i) For inequalities have equality occurs when three variable are equal and reach very near
2
(ab + bc + ca)

zero when there is a variable reach 0: ———— " < a’b+b*c+c’a< i(a +b+c)3 —abc
at+b+c 27

ii) For inequalities has equality occurs when three variable are equal and when apply ABC
using the minimum value of abc or ab+bc+ca (a<b=c):

2 5
(ab +bc + ca) < i’ bletcia< (a+b+c)
at+b+c 27(ab + bc + ca)

iii) For inequalities has equality occurs when three variable are equal and when apply ABC

using the maximum value of abc or ab+bc+ca(a>b=c)

(a+b+c)Ja’b*c? Sazb+bzc+czas2;"7(@+b+c)3 —abc

The reasons above are also the way for the readers find out the best evaluation for yourself
when you obtain a new evaluation.

Beside that we also have a very interesting evaluation based on Vasile inequality which was
mentioned in the symmetric transformation part.

. . . 3 3 3 2, .2, 2)?
Given real numbers a,b,c . Then we have the inequality: 3(a’b+bic+cia) <(a® +b2+c?)

This inequality doesn’t evaluate directly the expression a’b+b’c+c’a, however we still can
have its evaluation easily using the equality:

a’b+bc+c’a :(a+b+c)(azb+bzc+cza)—abc(a+b+c)—azb2 —b*c* —cta?

Therefore we have two good evaluations:

(@*>+b* +cH* +3abc(a+b+c)+3a’*b? +b*c? +c*a?)

iv) a’b+b*c+c*a<
3(a+b+c)

_(a+tb+0) —4(a+b+c)*(ab+bc+ca)+T(ab+bc +ca)® —3abc(a+b+c)
3(a+b+c)

These inequalities look really messy but are better than all the inequalities I have given in
almost cases. Also despite of its shape, ABC can handle it quite easy because of there is only

one abc inside its form.
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2 2 2 2 2 2
Problem 12. Give a.b.c 2 0. Prove that: 1204 2 e ), 2 brbetedss
(a+b+c¢) a +b’ +c

Solution

12(a2 +b? +cz) (a+b+c)ab+bc+ca)—3abc —ab* —bc* —ca’
ER=" + >5

(a+b+c)’ at+b3+¢3

A

77 +b+c)’ —abc and we need to prove this inequality:

Apply the inequality: a’b+b*c+c’a<

i(a+b+c)3

12(a2+b2+cz) (a+b+c)(ab+bc+ca)—2abc—27 o5 (0

2 3 3 3
(a+b+c) a +b’ +c

The above problem can be handled using ABC because it is actually a five degrees

polynomial. We need to consider two cases:

2 ala+1)-*(a+1)’
Case 1: b=1,c=0, then: (*) & 12(a +1)+ 27 >5

(a+1)° a’+1

2 2 _ 3
2a +1)>1:>12(a +1)>6and1+27a(a+1) dath) |,

This is true since 2 = 3
(a+1) (a+1) 27(a” +1)

Case 2: b=c=1, then:

4 3
12(a% +2) . (a+2)(2a+1)—2a—E(a+2)

2 3 25
(a+2) a’+2

*) =

12(a% +2) —4a’ +30a> +33a+22
(a+2) 27(a +2)

8(a—1)° . (Bla+32)(a -1)°

> & (185a* ~1564* - 252a +304)(a—1)* 20
(a+2) 27(a’ +2)
Therefore the problem has been solved.

Remarks: in this problem when there is two equal variables, the most trouble case is when a =1 .
Therefore apply the above inequality is reasonable. The value 12 still can be reduced to smaller

values, such as 10.5 ... However for the following problem, we will need another convention.

Problem 13 [Nguyen Anh Cuong]

7\/3(612 +b? +cz) a’b+b’c+cta

Give a,b,c >20. Prove that: t——
(a+b+c¢) a +b’ +c

=28 (1)
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Proof
7 3(a2+b2+cz) (a+b+c)(ab+bc+ca) 3abc —ab® —bc? —ca’
() e >8
a+b+c a’+b’+c’

(@*>+b*+c*)?* +3abc(a+b+c)+3(a’b* +b*c* +c*a?)
3(a+b+c)

Using the inequality: a’b+b’c+c’a <
And we need to prove that:

28

2
7 3(a2+b2+cz)+3(a+b+c)2(ab+bc+ca)—12abc(a+b+c)—(a2+b2+cz) —3(a2b2+bzcz+c2a2)
a+b+c 3a® +b° +c) a+b+c)

The inequality above is clearly ABC —able, we need to consider two cases :

Case 1: ¢=0,b=1, a<1 (because the inequality is still symmetric when ¢=0)

73(a? +1) 3ala+D)’ -(a? +1)° 2342 g 3@ +1) 30’ +a? +3a-a' -1

a+1 3(a +1)(a+1) - a+l 3(a* +1)(a+1)
We have \/ a +1 \/7 \/ a +1 \/7 7\/3 a +1 7\/_ and 3a3+a2+3a—a4—1>0
a+1 a+1 a+l = 2 3’ +1)(a+1)

3(a2+1) 3a*+a’+3a—a* -1 S 7J6 .

Add two inequalities side by side we have: >
a+l 3(a® +1)(a+1) 2

Case 2: b=c=1

7W3(a? +2) 3(a+2)’ Qa+D-12ala+2)-(a’ +2)" 23(242 +1)

>8
a+2 3(a® +2)(a+2)
N 7\/3(612 +2) _7>1_—a4 +6a° +5a%* +12a +5
a+?2 - 3(a* +2a° +2a+4)
14(a-1)° S (4a% +8a+7)(a-1)"

s >
(a+2)(«/3(a2+2)+a+2) 3(a® +2)(a+2)

e (a-1)° |:42(613 +2)—(44? +8a+7)( 3(a?+2) +a+2)}20

The rest work is to prove that: f(a)=42(a3 +2)—(4a® +8a+7)(\/3(a2 +2) +a+2)20 will

be remained for the readers.

The proof end here.
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Remarks: In the above problems, we only find the evaluation for the expressions
a’b+b’c+c’a, ab® +bc® +ca’. Actually that is enough to do already, because all the rest

cyclic expressions can be represented through: abc,ab +bc +ca,a+b+c,a’b+b*c+c’a.

We will not give a proof for the above result, however the interested readers may find out
quickly using inductive. Instead of that, we will give some equality that the readers may use

when solving problems. As normal, let assume that a=x+y+z,b=xy+ yz+ zx,c=xyz:

x3y+ y3Z+Z3x=a(x2y+y2z+zzx)—b2 +ac
y+ytzrztx=(a® -b)(x2y+ y 2+ 22x) —ab® +be+a’c

Syt 4y 4 =b(x2y+yzz+zzx)+bc—azc
x5y+y5z+z5x=(a3 —2ab+c)(x2y+yzz+zzx)—azb2 +a’c+b’

xtyr 4yttt =(ab—c)(x2y +yiz+ zzx)+4abc—a3c—b3 —3c?
Proposed Problems

a’+b3+¢3? 8abc

Problem 14. Prove that: > > 5
ab+bc+c’a (a+b)(b+c)c+a)

>4, Ya,b,c>20

Problem 15. [Nguyen Anh Cuong] Prove that:

\/£+2+£+\/wzﬁ+1, Va,b,c>0
b ¢ a a’>+b* +¢?

Problem 16. [Nguyen Anh Cuong] Prove that:

a’* b ? 4(ab+bc+ca

2
b2 C2 a2 a2+b2+czj 277 Va,b,CZO
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§4.19. MIXING VARIABLES METHOD

Main points:

I. Introduction

II. Inequalities with three-variables

1. Unconditioned inequalities

2. MV method for conditioned inequalities

3. Trigonometric MV method in triangles

III. Using MV method with functions

IV. Three-variable inequalities involving boundary
V. SMYV theorem - inequalities with four variables
VI. MV via convex function

VII. Undefined mixing variables —- UMV

VIII. MV with mean value

IX. Inequality general induction (IGI)

X. Entirely mixing variables - EMV

1. EMV with the boundary at 0

2. EMV for inequalities with triangles

XI. Some special mixing variables techniques
XII. General mixing variables theorem (GMV)
XIII. Review & Proposed problems

. INTRODUCTION

* Dear reader, in our knowledge, for most inequalities, especially symmetric or permutation
inequalities, equality occurs when variables are equal. A typical example is AM —GM
inequality, for example, for n = 3:

Example 1.1. Let x, y, z = 0. Then x+y+zZ3~%/E.

Equality occurs if and only if x=y=2z = 0.

* There are many such inequalities so we usually believe that equality occurs when variables
are equal. This erroneous observation is understandable since it requires advanced mathematical

ability in order to construct a symmetric or permutation inequality so that equality occurs at a

state that all variables are not the same. Let us consider the following example.
Example 1.2. (VMO)
Let x,y,z be real numbers such that x> + y? +z>=9. Then 2(x+y+2z)—xyz<10.

In this case, equality occurs for (x, y, z) = (2; 2;—1) or any cyclic permutation.
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* You might be surprised if you know that there are inequalities in which equality occurs

when all variables have distinct values. For instance

Example 1.3. (Jackgarfukel) Given a,b,c >0 . Prove that

a b < S%\/a+b+c

+ +
\/a+b \/b+c \/c+a

In this case, equality occurs when a = 3b > 0, ¢ = 0 or any cyclic permutation. We may ask

why is (3, 1, 0)? Intuitively, we see there is something special about the fact that there is a
variable which is 0. We observe that a, b, ¢ are non-negative, thus a variable which has value

0 is called variable which has value on the boundary (of the domain).

* Another interesting point is that for some special inequalities, equality occurs for more than
once (excluding cyclic permutation). These inequalities are beautiful and difficult. Here, we

introduce a well-known example:

Example 1.4. (Iran TST 1996) Given a,b,c >0. Prove that

(ab+bc+ca)[ 1 >+ 1 >+ 1 2}2
(a+b) (b+¢) (c+a)

FNgN)

Equality occurs when eithera =b=c>0ora =5 >0, c =0 (or any cyclic permutation). If
you investigate on this example, you will see that this problem is actually consistent with the

above examples.

* In summary, in the world of inequalities, the equalities usually occur in one of the

following forms:

+ All variables are equal; we will call this “extreme value is at center”.

+ Some of variables are equal; we will call this “extreme value is symmetric.

+ One of variables is on the boundary; we will call this “extreme value is at the boundary.”

Mixing variables method (MV for short) is designed to solve such inequality by transforming
the inequality to a simple inequality after deducing the number of variables. In some cases,
after deducing the numbers of variables, we shall obtain a one-variable inequality which can

be solved by investigating on its behavior as a function.

* We now present main techniques of MV method through some specific examples. This
chapter is organized as following: in the first part, we shall consider 3-variable inequalities,
then 4-variable inequalities and in last section, we will consider the general MV for n variables.
In the last section, we begin by introducing some “classical results”, and then we obtain some
modifications and finally some general inequalities. We would like to transfer the natural idea

of how to solve problems. Afterwards, readers can solve inequalities yourself.
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Il. INEQUALITIES WITH THREE-VARIABLES

* Assume that we need to prove f(x,y,z)>0 for real numbers x, y, z satisfying some
properties. We then process the following two steps:
Step 1: (2 variables are equal)

Estimate f(x, y, z) = f(¢, t, z) for a suitable # which depends on the relationship between x, y, z,

2

2
+ +
fofexample’lzxzy;t=\/xy;t= : 2y

Step 2: See if f(t, t, 7) 2 0.

Notice: In some cases, it is much easier to normalize variables of the inequality before applying

the above steps.

1. Unconditioned inequalities

For unconditioned inequalities, we often use the average quantities such as

2 2
t= x-; Y = \/E;t =,/x -5 Y . Let us consider following problems

Problem 2.1. Given a,b,c >0 . Prove that x+ y+z23-3/xyz (1)

Proof
Method 1: The inequality (1) & f(x,y,z)=x+y+z-3-3xyz, Vx, 5, 2>0

+
Step 1: Prove that: f(x,y,z)> f(t,t,z) where t=x—2y. From: > > xy we have:

Flayz)-fltnz)=x+y+z-3-Yoz - 20+ 2-3-3z | =33z = Ymz) 20
Step 2: Prove that f(t,t,z)=2t+z—3~%/220.
Indeed, we have: f(t,1,7)20 < (2t+2) =2712220 (t-2)* (8 + 2) 20 (ans)
Conclusion: f(x,y,z)> f(t,t,z)>0
Method 2: The inequality (1) < f(x,y,z):x+y+z—3~%/EZO, Vxyz>0.
Step 1: Prove that: f(x,y,z)> f(t,t,z) where t:\/g. We have: 2t<x+y then:
f(X,y,Z)—f(l,l,Z)=x+y+z—3~%/xy_—[2t+z—3-%/EJ:x+y—2t20
Step 2: Prove that f(t,t,z)=2t+z—3-3/220.
Indeed, we have: f(t,t,z)ZO = (2t+z)3 —27t2z20<:>(t—z)2(8t+z)20 (ans)

Conclusion: f(x,y,z)> f(t,t,z)>0
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Method 3: MV method for homogeneous inequality

3
Step 1: If x+y+z=k >0 then (1) & (x+y+z)° 227@1@(%+%+%) >07.%.2.2

From that if we assume that x+ y+z=1 (*), then (1) & f(x,y,z)=1-27xy7>0

X+

Step 2: We also notice that after replacing x and y by ¢ = Y condition (*) still holds, i.e.

t+t+z=1, thus, it is enough to consider the behavior of xyz.
X+ ?
According to AM -GM , WS(TyJ =%, therefore xyz<t’z = f(x, y, 2) 2 f(t, 1, 2)

Step 3: Let z=1-2¢ we have: f(t,1,2)=1-27t>(1-2t)=(1+6t)(1-31)> >0.

Under the condition (*), equality occurs if {;C_); & x=y :% & x=y=z =%.
=

Hence, in general, equality occurs if x =y =z > 0.

Method 4:

Step 1: If xyz=k> >0 then (1) @%+%+123~3£~l-5

We then assume that xyz=1 (*), thus (1) & f(x,y,z2)=x+y+z-3>0

Step 2: We also notice that after replacing x and y by ¢ = \/E condition (*) still holds, i.e. t.t.z =1

thus, it is enough to consider the behavior of x+ y+ z. According to AM —GM ,

x+y=2\xy=2t, therefore x+y+z22t+z = f(x, y, 2) 2 f(¢, ¢, 2).

:(t—1)22(2z+1)20‘
t

Step 3: Let z=-L we have: ftt,z)=2t+ 1 _3

t? t?

xX=
Under the condition (*), equality occurs if { ly S x=y=1 x=y=z=1.
=

Hence, in general, equality occurs if x =y =z > 0.
* Remarks:

a) Through the above example, we can prove inequality f(x,y,z)>0 by proving the
following two inequalities f(x,y,z)> f(t,t,z) ; f(t,t,2)=0.

b) We can easily apply MV method to an inequality which is in a normalized form. When
considering an inequality which is not in normal form, we should choose a suitable MV

method in order to transform the inequality to the simplest form as possible.
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* Because AM —GM (n = 3) is very simple, MV method might not be impressive to some of
readers. However, you will be convinced by the effectiveness of MV method through
following examples.

Problem 2.2. Let a,b,ce R . Prove that (a2 + 2)(b2 + 2)(c2 + 2) >9(ab + bc + ca)
(APMO 2004)

Proof
Since the left hand side is even function with respect to a, b, c, it suffices to prove the
inequality for non-negative real numbers a, b, c.

Letting f(a,b,c):(a2 +2)(b? +2)(c? +2)=9(ab+bc +ca) fora, b, c>0.

We now consider the following difference:

d=f(ab.c)~ f(Nab Nab.c)=(Va —B)’ [ 2(Va +b) > +4(Va +b) ~oc]

If we assume that ¢ = min{a, b, c} then it is obvious that d > 0 or f(a,b,c)> f (\/E,\/E,c)

It remains to prove that f(¢, ¢, ¢) = 0. By representing f(, t, ¢) as a quadratic trinomial of ¢
f(tt,c)=%+ 2)” ¢ —181c+(26* =12 +8), we have

2 2
AN=09)"=(2+2) (2t =1> +8)=—(¢> =1)" (2¢* +111> +32)<0 = (1,1, ¢) = 0
This completes our proof. Equality occurs ifa =b=c = 1.
* Remark: In symmetric inequalities, we can assume either a<b<c¢ or a=b>c, and in

cyclic inequalities, we must assume either a = min{a, b, c} or a = max{a, b, c}.

Problem 2.3. Given real numbers a, b, c. Find the minimum value of

f(a,b,c):(a+b)4 +(b+e) +(c+a) —%(04 +b* +cY)

Solution

WLOG, assume ala+b+c¢)>0. Consider the difference

f(a,b,c)—f(a,u,u)=[i(b2 +c2)+3a(a+b+c)+%(b+c)2}(b—c)2 >0

2 2 )78
Thus f(a,b,c)Zf(a,b;c,b;c).If b+c=0 then f(ab,c)=3a*>0

If b+c#0, we standardize b+c=2. We now have f(a,1,1)=2(a+1" +16—%(a4 +2)=g(a)

It is easy to see that g(a)=0 by investigating on the behavior of g(a). Therefore f(a,b,c) =0

Equality occurs if and only if a=b=c=0

Problem 2.4 (Vasile) Given a,b,c >0 such that ab+bc +ca=1. Prove that:

21 + 21 + 21 = ) 2
2a°+bc 2b"+ac 2c¢"+ab (a+b+c)
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Proof

Letting f(a,b,c)= LHS — RHS . We will prove that: f(a,b,c)> f(a,t,1) , t="2 er ¢
1 o1

First of all, we know 5 22—
2a°+bc  2a° +t

>, therefore we only need to prove

2b21+ac ’ 2621+ab = 2;22+at & (b-0)*(2b* +2¢° +8bc +a* =Sa(b+¢)) 20

Supposing a =min{a,b,c} = 2b* +2c¢* +8bc+a’ —5a(b+c) =2b +2¢* +3bc —4a* +5(b—a)c—a) =0

= f(a,b,c)> f(a,1,t). We now need to prove f(a,t,1)>0< a*(4a’> —Tar+6t*) >0 which is true

The problem is solved. Equality occurs if and only if a=b=¢,c =0(t 20) and its permutations

* Remark: The above problem is an example of inequalities whose optimal value is not at the
centre. For MV method, the most important part is “mixing”, it does not matter whether
optimal value is at the centre or not. This is the distinct feature of MV method in comparison
with traditional method. In general, it is not effective to apply classical inequalities for

problems whose optimal value is not at the centre.

2. MV method for conditioned inequalities

MYV method for conditioned inequalities is very different with the MV method we use in
previous section. For example, with the condition ab+bc+ca=1, if we want to prove
f(a,b,c) = f(a,t,t), the variable t is not an “average quantity” of b, ¢ but a quantity such
that 2ar +¢* =1. In general:

To prove that f(a, b, c)=20 where a, b, c¢ satisfies g(a,b,c)=0 we need to prove

f(a,b,c) 2 f(a,t,t) where t satisfies g(a, ¢, t)=0. We present some examples below:

Problem 2.5. Given a,b,c >0 such that a+b+c=1. Prove that

\/a+(b—c)2 +\/b+(c—a)2 +\/c+(a—b)2 2\/5

Proof

Let LHS = f(a,b,c). Supposing a=min{a,b,c}.As a+b+c=1, so aS%.

We haveya+(b—c)* >+a . Furthermore

Jb+(c—a) +\c+(a=b) 22(+0)+Qa-b—c) o b-c)(3-84)20

Therefore LHS >~z +v2(=a)+(1=3a)’ >3 < aBa—1)* (4=34)>0 which is true

The problem is solved completely. Equality occurs < (a,b,c) = {%,%,%} ;{%,%,0} )
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Problem 2.6. (Phan Thanh Nam) Given a+b+c > 3. Determine all real numbers & satisfying:

(@> +k)B* +k)(c*+k) = (1+k)° (1)

Solution

Step 1: First, we give some remarks to simplify the problem. Choose ¢ =0, a=5b> max{\/m ,%}

which implies k£ > 0. Moreover, if k >0 satisfies the condition of the problem, so does every

kK> k, since (a +K)b> + k)2 +k)=[(a® +k) +k =k [ (0> + k) + k' =k |[(c* + k) + k' =k |

> (3fa? + B + e +k) +k’—l<)3 > (Ja+r)’ +k’—l<)3 =(1+k)’

Therefore, it suffices to find the smallest real number k satisfying (1).

We now show that the following statements are equivalent, for all k£ >1:
@) (1) holds true for all real numbers a, b, c satisfying a+b+c=>3.
(ii) (1) holds true for all nonnegative real numbers a, b, ¢ satisfying a+b+c=3.
(iii) (1) holds true for all nonnegative real numbers a, b, ¢ satisfying a+b+c=3.
(iv) (1) holds true if a=b=x,c=3-2x, for allxe [0,1].
Indeed, the direction (i) = (ii) = (iii) = (iv) is obvious, thus we only need to show the
reverse one. We prove (iv) = (iii)
Assume that a, b, ¢ are non-negative real numbers such that a+b+c =3.

By symmetry, we may suppose that c 2 a,b = 0<a+b<2.
Letting f(a,b,c)=(a*>+k)(b*> +k)(c* +k)—(1+k)’. Set x =“—J2fb then xe[0,1] and ¢ =3-2x
2
We have: f(a,b,c)— f(x,x,c)=(a—b)’ [Zk —(“—;b) —ab}(cz +k)>0
b\’ b\’
since 2k —(ﬂ) —ab> Z[k —(ﬂ) } >0
2 2
Besides, (iv) implies that f(x,x,c) 20, thus f(a,b,c) =0, which means that (iii) holds true.
The direction (iii) = (ii) is trivial for if a, b, ¢ is non-negative then the LHS of (1) increases
as a function of a, b, c. Finally, to prove (ii) = (i), we may replace (a, b, c) by (|a|,|b|,|c|)
Step 2: Consider k >0, we will find all k satisfying (iv)
We have: f(x,x,3—2x) = (x=1)2[ 6k> +(9x> —6x +3)k + 4x* —4x* =3x? —2x—1]
Letting g(k) =6k> +(9x* —6x+3)k +4x* —4x® —3x* —2x—1 then g is a quadratic expression in k.

Since xe [0,1] , it follows that 4x* —4x> —3x*> —2x—1<0, hence g has 2 roots with opposite

2
signs, where the positive one is y = w + é\/3(1 1-5x)(x+1)" .

It is easily seen that g(k)>20& k >y (since k>0).

Therefore, we only need to find the maximum value of the function y=y(x) on the domain xe [0,]]




Diamonds in mathematical inequalities 137

PG N B
J3(11-5x)

This equation has a unique root in the interval [0;1] which is

We have: y(x) :%{1 } ;Y ()=0=10x> = 27x* +12x+1=0

139

2T — arccos
Ja1 (41\/5

Xo = cos j + 2 =~ (,6631865028
5 3 10

Moreover, y(xy) > max{ v(0), y(l)} , hence y attains its maximum value on [0,1] at the point x,,.

So all real numbers k >0 satisfying (iv) are k =k, = y(xo) =1,109926818 .
Because ky >1, these are all values k such that (i) holds true.

Conclusion: All values of k satisfying the condition of the problems are k >k, = y(x,) =1,109926818 .

Problem 2.7. (VMO) Let x, y, z be real numbers such that x* + y? +z? =9.

Prove that: 2(x+ y+2z)—xyz<10.

Proof

[2, 2
Let f(x,y,z)=2(x+y+z)—xyz and t= %

Consider d:f(x,y,z)—f(x,t,t):Z(y+z—2t)—x(yz—t2)
Since y + z — 2t <0and yz—1> <0, if x <0 then d < 0. We now suppose that x = min{x, y, z}.

e If x<0then f(x,y,z)< f(x,2,t). We will to show that f(x, ¢, 1) < 10

2
Replacet=4’9_Tx = f(x,t,t)=2x+2\/2(9—x2)—%x(9—x2)=g(x), xe[-3,0].

. . . ’ 3x2 5 4x
Considering function g'(x)==2- -2 X -0 = x=-1€[-3,0]
22 J1g-2x?
Based on the table on the right hand side X |-3 —1 0
F(xy.2) < f () =g(x) <10, Yxe [-3,0] 8 + 0 -

10
v,2)=10 @x=-1,y=2z=2.
f(xy,2) X y=z g _6/ \6\/5

*Ifx>0=y>0,z>0.

Without using MV method, we consider the following two cases:

3 _ 2, .2, .2 3 3_ 27
If x25 then f(x,y,2)=2(x+y+2)—xz<23(x* +y? +2%) - 3 = \/f—a<10
If xS% then f(x,y,z)=2(x+y+z)—xyz£2( 2(y2+zz)+%)ﬁ2(\/§+%)<10

The problem is solved completely. Equality occurs if a =b=2,=c =-1or its permutation.

Comment: The conditions of above problems are with average quantities; therefore MV method
is pretty much similar to Section 1. Now, we will consider problems with special conditions
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a,b,c20
Problem 2.8. Given

. Prove that 1 1 + 1
ab+bc+ca=1

(a+b)2 T (b+c)2 (c+a)2

>9
4

(Iran TST 1996)

Proof

Let LHS = f(a, b, ¢) . Supposing ¢ > 0 is a variable such that ¢* +2ar =1. Consider:

1 1 1 1 2
e T o Ty @rer @y

We will prove d >0 by transforming d into the form of (b—c)*A where A >0

We have: 1* +2at =ab+bc+ca < (a+1)* =(a+b)(a+c). Therefore

b+c—-2t=(a+b)+(a+c)—2(a+t)=(a+b)+(a+c)—2(a+b)a+c)
2
=Wa+b—-+a+c) = (b-0)

(\/a+b +\/a+c)2
Sod:(2t—b—c)(2t+b+c)+ 1 1 2
(b+¢)*(21)? (a+b)* (a+c¢)* (a+b)a+co)

_ —(b-0¢)*2t+b+c¢) N (b—rc)*
Na+b+Ja+c)’(b+0)*20)?  (a+b)*(a+c)?

—(b-0) 1 3 2t+b+c
(@a+b)*(a+c) (a+b+Ja+c)(b+c) (1)

Now, let us assume a =min{a,b,c}, thus a<t and 2t+b+c<(Na+b+~a+c)?,

(a+b)*(a+c)* <(b+¢)*(21)*. Therefore d >0 or equivalently f(a,b,c)= f(a,t,t)

2
On the other hand, replace a = 15; into f(a,t,t)and after transformation, we get

2 2)?
f(t,t,c)= (1_4t 2)((11_‘?) ) +% 2%. The problem is solved.
t +t

Equality occurs if and only if a=b=c= !

or a=0,b=c=1 and its permutation
\/5 p

Problem 2.9 [Le Trung Kien, Vo Quoc Ba Can]

Given a,b,c >0 such that ab+ bc + ca + 6abc=9. Prove that a+ b+ c+3abc>6

Proof
Letting f(a,b,c)=a+b+c+3abc. Supposing 2at+1> +6at* =9 (0<r<3)
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Consider the difference: d = f(a,b,c)— f(a,t,t) = (b+c—2t)+3a(bc — %)
With the given conditions, to transform (b+c—2¢), (bc— t?) into A(b—c)? is really complicated.

We will deal with this in a more “sophisticated” way

The condition ab + bc + ca + 6abc = 2at + t* + 6at* < z a+1(b+c—2t)=t2 —bc
a

b+c=2t<0 4, b+c-2t20
Notice that if s <t <~/bc . This can never happen. Therefore
12 —be <0 2 2 —bc20

2
So d=(b+c—2t)+3a(bc—t2)=(b+c—2t)(1—63a

]. Now, let us assume a =min{a,b,c},
a+1

2

then a <1 which implies 1— >0. Thus d 20 or equivalently f(a,b,c)= f(a,t,t)

6a+1

_42 _ 2
! - and after transformation, we have f(a,1,1)= SCDli G l)gt D +6>6
2t +61 2t + 6t

Replace a =

The problem is solved completely.

Equality occurs if a=b=c=1 or a=0,b=c =3 or its permutation

3. Trigonometric MV method in triangles

Trigonometric inequalities related to triangles are also 3-variable inequalities. We present few

examples to illustrate the power of MV method for this kind of inequalities:

Problem 2.10. Given AABC. Find the minimum value of (1 + coszA) (1 + coszB) (1 + coszC)

Proof

Supposing C=min{A,B,C} = 0<C S% (*). Letting f(A,B,C) =(1+cos? A) (1+cos? B) (1+cos® C)

We will prove that: f (A, B,C) > f(ALzB, A;B ,C) (1). Indeed, we have:

2
(1) <:>(1+coszA)(1+coszB)2(1+cos2 A;B) & sin? A;B[6COSC—COS(A—B)—1]ZO 2)

Because of (*) we have: 6¢cosC—cos(A—B)—-1>23-1-1>0= (2) is true = (1) is also true,

or equivalently f(A,B,C)Zf(ALzB,A;B,C)=g(C) = %(fi—cosC)2 (1+ cos?C)

It is easy to see that g(C)Z%. From (1):>f(A,B,C)216%45

125

Equality occurs < AABC s an equilateral triangle. Thus min f = o4
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Problem 2.11. Given a non-obtuse triangle ABC .

Find the minimum value of P = sinA+sinB+sinC
c0sA + cosB + cosC
Solution
Supposing A=max{A,B,C}, we have %2 A 2% . Letting x=cos B ; C.xe [0,1]
sin A +2cos A x cos %
P=f(x)= o fx)= ~<0 = f(x)is decreasing in [0,1]
cosA+2sm§x (cosA+2sin%x)
sinA+2cosA sin%—l
= f(x)= " =g (A). We also have g’ (A) = =<0
CcOSA + 251“5 (cosA + 2sin%)

= g(A) is decreasing [%,%) = g(A)Zg(%)=1+%:>P21+%

n V2

Equality occurs if and only if: A= %;B =C= 1o its permutations. Thus min P =1 +7

Problem 2.12. Given a non-obtuse triangle ABC . Prove that:

(sinAsinB)2 +(sinBsinC)2 +(sinAsinC)2 9
sinC sin A sin B 4

Proof

WLOG, we assume that %2 A 2%. We can rewrite the above inequality in the form

fz(A,B,C)Z%+2(sin2A+sinzB+sin2 C)

where f(A,B,C)= sinAsinB n sinAsinC " sinBsinC
sin C sin B sin A

.2 B-C -2 42 A
B+C B+C) S 5 (4s1n Asin 5 IJ
Consider the diff :d=f(A,B,C)—-f| A, , = - -
onsider the difference f( ) f( > > ] A SnBsinC >

4sin* Asin? A
Since E>A2%,we have 2

> 216sin4%21.Hence d=>0

sin Bsin C

We also notice that sin® B + sin® C < 2cos

2% , so we only need to prove:

f2 (A,B;C,%)Z%+2(sin2 A+sin® B+sin®C) (:)cosA(cosA+1)(2cosA—1)2 >0

I
2

Equality occurs & AABC is an equilateral triangle or an isosceles right triangle.

This is true because > A2 % The inequality is then solved.

. . 1
Comment: If we use the formula SmBSlnC = and ZCOt B.cotC =1 then the above
sin A cot B+cotC

. o . 1 1 1 9
inequality is equivalent to (Iran 1996): (ab + bc + ca){ + + } >=
(a+b)? (b+c)’ (c+a)’ ]| 4




Diamonds in mathematical inequalities 141

Ill. USING MV METHOD WITH FUNCTIONS
In this section, we will study MV method with functions; this is an important technique in

MYV method. In section II. in order to prove f(x, y, z) = f(¢, t, z) we consider the expression
d=f(x,y,z)— f(t,t,z) then we show that d > 0. It is a suitable if f is a simple polynomial or
polynomial  fraction. However with more complicated function, such as
f(xy.2)=x"+y"+z% (for k>0) we need to evaluate intermediate quantity by
investigating the behavior of the function. In details, assume that we need to prove f(x, y, z) =

y+z

f(x, t, t) where t= , let us consider function g(s):f(x,t+s,t—s) for s > 0. We then

prove that g is increasing for Vs = 0, thus g(s) = g(0).

We would like to emphasize that this is a difficult and sophisticated technique in MV method.

The following examples illustrates the beauty as well as the power of MV method

Problem 3.1. Given k> 0 and 4, b, ¢ =2 0. Prove that:

(bi(;)k +(Cfa)k +(aib)k 2min{2,2ik} (*)

Proof
Step 1: It is enough to show the inequality under the case 2 :2% Sk :% -1
n
We leave it as a food for thought for readers to find out the reason.
a=b,c=0
Notice: For k :%—1 equality occurs for a=b=c>0or |b=c,a=0
c=a,b=0

Step 2: Without lost of generality, we assumea+b+c=1and b = c 2 a.

b+c b—c

Let r= and m= , it follows that b=t + m, c =t — m, a = 1— 2¢. Therefore:

(*) e f(m)=(1_2t)k+( L+ m )k+( r—m )k22 where k=103 _|
2t 1-t—-m 1+m—t In2

&mechWCMWC%—12m20¢md12b+c=%ﬂms.JZ%.

N |—

Let us consider function f(m) where me [0, 3t — 1] and € [%,%} is a constant.

krm) ™ kG-m)™ o k+m)™ | kG-m)"
(1-r-m)"" Q+m-0*" (-r-m)"" Q+m-0*"

We have f'(m)=

<:>g(m):[ln(t—m)—ln(t+m)]—%[ln(l—t—m)—ln(l—t+m)]20
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oy 1 1) 1+k( 1 1
Then: = + + + >
en g(m) (t—m t+m/ 1-k\l—t—-m 1—-t+m 0=
-2t MEYS 2(1-1)
(t—-mt+m) 1=k Q-t-m)U—-t+m

—t 1+k 1—1t¢
> -+ . >0 (1)

t"—m 1-k (1—t)2—1n2

>0
)

Since k& =M—1 ,ﬂ >2. Therefore, it is enough to prove that
In2 1-k
S 20-1) >0 ulm)=—t+41* =3 +3tm* —=2m* 20

?=m* (1-1)° -m?

Now u’(m)=2(3t-2)m<0 ‘v’teB é} = u(m) > u(3t - 1) =23t - )2t — 1)> > 0.

= (1) holds = g’(m) > 0 = g(m) is increasing = g(m) > g(0) =0 = f'(m) =20

k k
= f(m) is increasing = f(m) = f(()):(_1 _2t2t) _,_2(1_;) ‘

k k
Step 3: We shall prove that f(0)=h(t)=(%) + 2(1—;) >2,Vte [O,%}

k-1 kel )
h'(t)z%_%.%soﬁzkﬂtn S[(l—t)(l—2z)]k 1 )
(1-9)"" 2 £

In the last inequality, the left hand side is an increasing function with respect to ¢ and the

right hand side is a decreasing function with respect to 7, and since 1<l 3 then it is sufficient

2k k-1
to show that: 2" (%) S[(l—%)(l—%)} .

It is easy to see that the above inequality holds, thus A(?) is decreasing.
Therefore h(t)Zh(3) 2 which completes our proof. Comparing ¢e B ﬂ and te [O,%}

Remarks: To see the beauty of above inequality, we consider some special cases

b 4_C Zi
c+a a+b 2

a) For k = 1, we get Nesbit inequality: bf— +
c

There are 12 ways to prove the inequality, e.g.

a_, b y_C +3_a+b+c+a+b+c+a+b+c

b+c c+a a+b b+c c+ta a+b
=(a+b+c)( L, 1, 1 )2(a+b+c) 9 =2
b+c c+a a+b (b+c)+(c+a)+(a+b) 2

b)Fork:%,weget:\/ a +\/ b +\/ € _>2

b+c c+a a+b
Here is a solution using AM — GM inequality:

z / Z Z 2(a+b+c)
b+c 2’a(b+c a+b+c a+b+c

cyc
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2 a \* b \* c V.3
©) For 3 we have b+c c+ta a+b 2k

This is a nice inequality although constant & :% is not the best. Here is a solution

2
3

_ . b+c  b+c 3 (b+c)2 ( 2a ) 3a ( a ) 3
+b+c=a+ + >3- > >—=
“ c=d 2 “ = b+c a+b+c = g b+c 2%

[\

Problem 3.2.Letk>0,a, b, c>0and a + b + ¢ = 3. Prove that:

(ab)* +(be)* +(ca) Smax{3,(%)2k} (nH

Proof

Without lost of generality we may assume that b > ¢ (we shall choose a = min{a, b, ¢} or a =
max{a, b, c} in a suitable way).

Let t:b_-;c and m =b—£C it follows that b = t + m, ¢ = t —m. Then we can rewrite (1) as following:

f(m)=a* I:(t+m)k +(t—m)k:|+(t2 —mz)k Smax{3,(%)2k}

Now consider f(m) on me [0, f]. After some manipulations, we get:

£ (m) =ka* [(t +m) (= m)k_l} —2km (1> —m? )k_1

Fmz0e gim=a [(-m)™ —(+m)"™ ]-2m>0

It is enough to consider that case k > 1 (for k < 1 the inequality is trivial).

Since g"(m):akk(k—l)[(t—m)_k_1 —(t+m)_k]>0, g’(m) is increasing, it follows that g’(m) = 0
has at most one solution in (0, ¢). Because g(0) = 0, g(¢#) = + oo there are two possible cases
g (m)>0 ,Vme (0; ] or g (m)=-0+ ,Yme [0, 1].

& f'(m) > 0,Vme (0; 1] or f'(m) = -0+ ,Vme [0, 1]
< f(m) goes up or f(m) goes down and then goes up.

In both cases, the maximum value occurs in the boundary, this means f (m) < max{ 7(0), f (t)}

Form=1=c=0= f(t)=(ab)" S(a—;b)Zk =(%)2k

Form=0=b=c=t= f(0)=2t*a* +1* =2t* 3-20)" +1* =n(1)

We have: 7' (¢) =—4k (3—26)"" ¥ + 2k (3=26)" t*" + 242!

k-1 k
h’(r)zo@—2(3;2f) +(3;2f) +120 6 u(x)=x* —2x* +120 for x=3;2t

We get: u'(x)= [kx -2(k - 1)]xk_2. It follows from that fact that u’(x) has at most one solution

in R™ that u(x) has at most two solutions in R”, one of which is x = 1. By the way, we now
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suppose that @ = min{a, b, c}. It is enough to consider the case r = 1 or equivalently x < 1.

Since u(x) has at most one solution in (0, 1) then A’(r) has at most one solution in (1,%).

Notice that #°(1) = 0, h'(%) >0. Therefore h(¢) is increasing in [l,%} or h(t) has a form (-0+)

for te [1,%} . In both cases, the maximal value of 4(¢) occurs in the boundary, this means that

h(t)Smax{f(l),f(%)}=max{3’(%)2k}

* Remarks: We do not assume a = min{a, b, ¢} from beginning to point out that by applying
mix variables method, we do not need to assume any orders between the variables.

Furthermore, after proving

f (a,b,c) < max {(%)Zk ,f(a,t,t)} for 1=2%¢

2
&)
3\ +b
f(a,b,c) Smax{(z) ,f(t,t,c)} for r=4 5
we can continue in a different way as follows.
For a, b, c fixed, consider the following sequence defined by:
b +c b +c
(ag.04.¢y)=(a,b.c); (aZn—l’bZn—l’CZn—l)=(a2n—2’ = 2 et 2 2n—2j Vne Z*
+b +b
and (a,,.b,,.c,,) Z(azn_l 5 L Dan-1 > an-l ’CZn—lj Vne Z* . Then we have:

2k
f(a,b,c)Smax{(%) ,f(an,bn,cn)}, Yne Z*

Since a + b + ¢ = 3 then sequences {a,}.{b,}.{c,} converge to 1, it follows that:

£ (a.b,c) < max {(%)Zk A 1,1)} — max {(%)M ,3} (ans)

* Comments: We shall generalize the above technique to obtain some well-known MV methods,
namely, strongly mixing variables (SMV for short) and undefined mixing variables (UMYV for
short) which will be introduced in the next section. By using the continuity of function, we

obtain more generalized methods than SMV and UMV.

On the other hand, after having (*), we have some special ways to obtain the solution; this
will be introduced in the section on 4-variable problems. In the section on 3-variable

inequality, we use only simple approach.

Here is another example, in which we use geometric mean.
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Problem 3.3. (Pham Kim Hung) Given q, b, ¢ > 0 such that abc = 1. Prove that:
a) 810+a2)(1+62)(1+c?)<8(a+b+c)’

b) 64(1+a*)(1+63)(1+c*)<(a+b+0)°

Proof

a) Letting f(a,b,c)=8(a+b+c)* —81(1+a>)(1+5>)(1+¢?). We then assume that a > b.

Consider function g ()= f (ta,%,c) where te [\/E, 1] We have:
a

8/(t)=32(a—£j(m +%+c)3 —SI(a—%j(m +%)(1+02)

t? t
Since te [\/E, 1} it follows that g’(f) = 0 provided that: 32(d + )’ 281d(1+c?) for d=ta +%
a

Indeed: 32(d +¢)* 2324 (d? + 2de +3¢2)232d (33 +3¢?)>81d (1+¢2) since dc>4.

Thus g’(t) > 0 for te {\/Z, 1} therefore g(¢) is increasing in {\/Z, 1} = g2 g(\/gj,
a a a

this means that f (a,b,c)> f (s,s5,¢) where s=+/ab .

Finally, we prove that f(s, s, ¢) >0 for s°c = 1. Let s= , we get:

o

f(s,s,c)=f(f,f,csz(%+cj4 —81(1+%)2 (14¢2)

2 9 9 5 3
=(@j (&;5 +16¢2 +24c* +96¢2 +87¢> +78¢2 +99¢? +120¢2 —21c+94\E+47) >0 (ans)

This completes the proof. Equality occurs if a=b=c=1.

b) Define f(a,b,c)=(a+b+c)’—64(1+a>)(1+5°)(1+¢?)

Suppose a = b = c. Consider the function g(7) = f(ta,%,c) where fe {\/Z, 1] We have:
a

5 2
gt)=6 a-b (ta+é+c) 192(a-b ) 124 +ab+ 2= (1+c?)
) " £ £

5 2
Since te[\/z,l}, ¢’(1) 2 0 if the inequality (ta+?+c) 232(t2a2+ab+b—2j(1+63) holds true.
a t
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b2

5 4
Setting d=t2a2+ab+—2,we have: (ta+%+c) 23(m+%+c)
t

2
=3(d+2ab+2mc+2-%) >3(d +6)> 272d >32d (1+¢*) (since c<1)
Hence g’(¢) 2 0 for te [\/E,l}, which implies that g is an increasing function on [ Q,l]
a a

In particular, g(1) > g(\/zj , which means f(a,b,c) = f(s,s,c) where s=+/ab .
a

1

Je

Finally, we show that f(s, s, ¢) = 0 where s’c = 1. Substituting s = , we obtain:

DY T SR T O TR A 1YV e
f(S’S’C)_f[\/E’\/E’C] (\/;+c] 64(1+c\/zj (I+c¢?)

=c® +12¢* e —4c? +32c\/;+112+£>0 since ¢ <1. The proof is completed.

ce

Problem 3.4. (Phan Thanh Viet) Given a, b, c 20, a + b + ¢ = 1. Determine the greatest

positive real number k satisfying: \/a +k(b—-c) + \/b +k(c—a)® + \/c +k(a—-b)* < \/g (D)

Solution

o Step 1: Let a=1,b=c=0. Then (1) implies that k Sl—%.

3

We now show that inequality (1) holds true for k =1 5

Define f(a.b,c)=+la+k(b—c)> +\b+k(c—a)* +c+k(a—b)’

Without loss of generality, we may suppose that a=b>c.

We prove f(a,b,c)< f(a,t,1) (2) where z:b;“ Letb=t+s, c=t—s.

Since a+b+c=1, a=1-2t. Then the conditions a=>b>¢ >0 implies 1>3t+5>45>0.

Consider f(a,b,c)= g(s)=~/1—-2¢+dks’ +\/t+s+k(3t—s—1)2 +\/t—s+k(3t+s—1)2 ,
where se [O;%J and re [O;%}. Note that (2) is true if we have g(s) < g(0), so it suffices to

show that g(s) is an decreasing function. We have:
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4ks 1+ 2k — 6kt + 2ks —1— 2k + 6kt + 2ks
+ +
V=2t +4ks>  2t+5+kGt—s—1)>  2ft—s+k(Bt+s-1)°

g'(s)=

Since 1-2r+4ks> >t —s+k(B3t+s—-1)* & (1+5—31)3kt +3ks +1—k) >0 , to obtain g'(s) <0

we only need to show that 1+ 2k — Okt + 2ks + —1-2k+ 6kt +10ks  _ 0

2t+s+kGr—s—1)7 Aft—s+kGr+s—1)°

& (14 2k — 6kt —10ks)* (t + s + kBt —s —1)?) = (1 + 2k — 6kt + 2ks)* (t —s + k3t + s —1)?)
& h(s) =1-24k*t =30kt + 72k *t* + 144k *ts + 144k >t — 432k °t* + 6k — 32k *s — 8ks + 40k > s
+16k3s —16k> +80k>s? + 48k >s® —96k3ts + 432k >1® +144k>%t%s — 240k>ts > 0

We have: h'(s) =144k*t —32k* —8k +80k>s +16k> +160k>s +144k>s*> =96kt +144k>t? — 480k *ts

B (s) = 80k > +160k> +288k>s — 480kt > 0 vse[o;ﬂ (since ze[o;ﬂ)

Hence h'(s) < h'(%) <0, which implies h(s)> h(%) > (0. We may now conclude that g’(s)<0

It follows that f(a,b,c) = g(s) < g(0) = f(a,t,t) where t = bJZrc _

* Step 2: It remains to prove the inequality for the case b=c:

Ja +\20-a)+k(1-3a)* <3 & 20-a)+k(1-3a)* <(V3-a)’
& k(1-3a)* <(1-+3a)> & (1-~Ba)* [ k1 +~Ba)> -1]<0

The last inequality is obviously true since (1+\/£)2 < (1+\/§)2 = %

NG

Therefore, the greatest real number k satisfying the condition of the problem is & :1—7.

Comment: From understanding the method to applying the method skillfully is a long way.
The most important thing is that you need to be willing to deal with the problem to the very
end, do not stop when you confront complicated calculations. Successes will make you more
confident. We now present a problem in which the solution might frighten some of you,

however we hope you will be calm to see hidden beauty of the problem

a,b,c>20 b b
Problem 3.5. Given . Find the maximum value of S = —¢ >+ ¢ >+ ca >
a+b+c=3 3+¢ 3+a 3+b

Solution

WLOG, supposing a =2 b = c.
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- 22
cls—1) N cls+1) 8=t

Puta =s+1t, b =s —tthen we can rewrite S as: f (1) = 3 5 3
3+(s+1)" 3+(s—1) 3+c

We now investigate f(¢) for 7€ [0, s — c]. We have:

2 2 2 2
£ = —c _ 2¢(s? —¢2) + c + 2c(s> —1?) 2t
3+(s+1)° [3+(s+t)2]2 34 (s—0)° [3+(s—t)2]2 3+c

_dost | Sest(s? —12) (u+v) 2t
uy uv? 3+c

-, Vte(0,5—c) where u=3+(s+0)>,v=3+(s—1)".

If f'(r) <0, Vt € (0, s — ¢) (we shall prove it later), then:

s? 2s(3-25) N 2
34 2 3 2 2 2
s +c 3+s 3+(3-2s)

F(<Fl0)=—25_4 —g(s) (1)

Consider g(s) for se [1;%} . We see that:

245 —125>  18-245-6s> _108(s’ =35 +4)(s—1* (=5’ =35 +6)
2 2 2
[3+G-29)7]  (3+s?) [3+G-29)7] (3+52)°

Obviously s*—3s5+4>0 and —s° —3s+6=(—\/3_32_3_sj(s+\/§+3)

g’ (s)=

2
thus g’(s) is positive in (1, s9) and negative in (so;%) for s, = \/3732_ 3 =1,372281323...
Hence for every se [l;%} we always have: g(s)<g (so)zll\/i# )

In (1) and (2), equality occurs if £ = 0 and s=s,, or equivalently if a=b=5, and c=3-2s,.

J33-3
2

=0.757924546... when a=b= =1,372281323...,

So, the maximum value is 11\/2+45

c=6-+/33 =0.255437353...

Finally we prove f'() < 0, Vt € (0, s — ¢). We shall prove

2 2
for e (0, s — c) that: ¥ <L (3) and Bess =1 2(“+V)s L @
u 342 Uy 3+c¢

Prove (3): It follows from ¢+ 2s=1 and s > 1 that cs<1. Moreover:

u=3+(s+1)°>4,v=3+(s—1)”> >3+¢> which yields (3).
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Prove (4): Using AM — GM inequality we have:

u’v? =[3+(s+t)2}2[3+(s—t)2}2 216(s2 —tz)

2, .2 2\3
and 2cs(u+v)(3+cz)=4cs(3+s2+t2)(3+c2)£(4cs+3+s 3+t +3+c j

Using ¢ = 3— 2s, together with 1 < s — ¢ = 35 — 3, we yield:

des+3+ 52 412 +3+02<4(3-25) s 46452 +(35=3) > +(3-25)> =12+ 6(s = 1) (s —2) <12

then 2cs(u + v)(3 + ¢?) < 4°.

: 8¢‘s(s2 —tz)(u+v):4_

2.2 2.2

52—;2.2cs(u+v)(3+cz)<4 1 43 1
uv u-v 3+¢? 4* 3+¢

Thus

It follows from (3) and (4) that f’(r) <0, YVt e (0, s — ¢).

Hence Max S = wi# =0.757924546...

* Remark: We can also apply the above technique to the following problem:

Problem 3.6. Leta, b, ¢ >0 and a + b + ¢ = 3. Find the maximum value of:

S(a,b,c) = sz + zca + Zab where k > 3 is a constant.
a“+k b °+k c"+k

Problem 3.7. Leta, b, ¢ >0;a + b+ c =3 and S(a,b,c)=—2¢— 44 _ab
a”+k b +k c"+k

Find all k such that S (a,b,c)<S(1,1,1) =ﬁ

Firstly, since S(1,1,1) 25(%,%,0) then k£ = 3. Using similar approach as in 3.4 we then need

to consider the casea=b>cand §_ :max{%,S(so,soﬁ—so )}
where s is the greatest solution of the equation 6s” + (7k — 9)s*> — 18ks + k* + Ok.
Thus we must find all k > 3 satisfying: S(s,,5,.3—s,) Sﬁ

The possible value of k is [3, ko] where ko = 3,2690313... (solution of an equation with high
degree). We also notice that in the most of inequalities concerning to find the best value of a

constant (which is complicated), we must use MV method.
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IV. THREE-VARIABLE INEQUALITIES INVOLVING BOUNDARY

In the previous section, "mixing variables" means "two variables are equal”, and now, in this
section, "mixing variables" should be understood as "moving one variable to the boundary".
For example, if we want to prove f(x, y, z) = 0 for x, y, z = 0, we hope that f(x, y, z) = f(0, s,
1), for suitable s, ¢ corresponding to a, b, c. Finally, it is enough to show that f(0, s, ) = 0.

We now begin with Schur inequality.

Problem 4.1. Let a, b, ¢ = 0. Prove that al+b}+c +3abe>a’ b+c)+b*(c+a)+c?(a+b)

(Schur inequality)

Proof

In II., we have already proved it by using MV method when two variables are equal. We also

observe that equality occurs either a = b = ¢ or a = b, ¢ = 0 (and any cyclic permutation).
Let f(a,b,c)=a’ +b> +c’ +3abc—a’ (b+c)—b* (c+a)—c* (a+Db)
We hope that f(a, b, ¢) = f(0, a + b, ¢). Now we consider:
d=f(a, b, c) - f(0, a+ b, c) =ab(5¢ —4a — 4b)
We then find that it is impossible to get d = 0 for every a, b, c.

Unfortunately it is not true! But why not d = 0. We now observe that f(a, b, ¢) is decreasing

if two variables are touching (which occurred in IL.), now if we replace (a, b, ¢) by (0,a +b,c)

variables are moving far from each other. We now replace (a, b, c) by (O,b +%,c +%) and
consider: d, = f(a,b,c)- f(O,b+%,c+% =ala+b-2c)(a+c-2b)

We now can assume that d, > 0. Indeed, by symmetry, we may assume that d , = max{d o4y, d(_}
So,if d, <0 then 0>d d,d, =abc (b+c- 2a)2 (c+a- 2b)2 (a+b- 2c)2 , a contradiction!
Thus d, > 0 then f(a, b, ¢) = f(0, s, 1) where s=b +%,z =c+ % Finally, we see that

£0,5,8)=1> +5° —t*s—1s> =(t+5)(t—5)* 20 this completes our proof.
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a,b,c>0

ab+bc+ca=1 atb bt+c c+a

Problem 4.2. (Hojoo Lee) Given { (*). Prove that 1 + 1 + 1

Proof

We notice that equality occurs for a = b =1, ¢ = 0 and any cyclic permutation.

If ¢ = 0, then we must prove: A = 1ol 155 forab=1.
a

b a+b 2’

Lets=a+b= s>2Jab=2.Then A = s+l:(i+l)+§>2 s.1,32_5
s \4 5 4 s 2

Let f(a, b, c):aib+bic+c-|1-a'we hope that f(a,b,c)zf(a+b,ﬁ,0)

(due to ab + bc + ca = 1). Consider: f (a,b,c) - f(a+b,—aib ’0)

1 1 1 1 1
= + + - +a+b+——m——
atb 1-ab b+1—abj [a+b “ 1 J

+b+
a4 a+b a+b “

+b

1 1 1 _ 2+a2+b2 2+(a+b)2
= >t 71 2 = 2 2) 2
1+a’® 1+b 1+(a+b) (1+a®)0+5%) 1+(a+b)

=[2+a2 +b2][1+(a+b)2:|—(1+a2)(1+b2)[2+(a+b)2}
(1+a2)1+6)[1+(a+b)?]

_ 2ab—a2b2[2+(a+b)2] _ ab[2(l—ab)—ab(a+b)2]
(1+a2)(1+b2)[1+(a+b)2] (1+a2)(1+b2)[1+(a+b)2]

Then d = 0 provided 2(1 — ab) = ab(a + b)?. Therefore, assume that ¢ = max{a, b, c},

we get: 2(1— ab) = 2¢(a+ b) = (a+ b)* > ab(a+ b)> = d >0 = (ans)

* Remark: Problem 4.2 is interesting but it is a corollary of a well-know inequality, namely

Iran TST 1996. Indeed, since ab + bc + ca = 1 then it follows from Iran TST 1996 that

2

(1+1+1 IR R DR dlatb+c) 9,25

a+b b+c c+al  (4+p)? (h+e) (c+a)? (a+bD)b+c)(c+a) 4 4

duvetoa+b+c=(@+b+c)ab+bc+ca)=(a+b)b+c)c+a).

It is natural to raise a question that whether Inequality Iran TST 1996 can be solved by

forcing one variable to the boundary or not? This can be answered by considering the

following problem.
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Problem 4.3. (Le Trung Kien) Given a, b, ¢ 2 0, ab + bc + ca =1 (*). Prove that

1 1 1 s

1
+ + 2+—
\/a+b \/b+c \/c+a \/5

Proof
First of all, consider the case ¢ = 0, we need to prove

A= 1 +L+L22+L,whereab:1

Ja+b b a2

We leave this simple exercise for readers.

. 1 )
> -+
Now, we will prove f(a,b,c)> f(O,a+b, —7

Note that f(a, b, ¢) in 4.3 is quite complicated therefore it is difficult to use MV method by
considering the difference. Fortunately, f(a, b, c¢) can be expressed in terms of x=a+b and ¢

as following:

1 _ 1 Netra+Jbro
\/a b \/b+c \/c+a \/a+b \/(b+c)(c+a)

1 \/20+a+b+2\/c +1 \/20+x+2\/c2+1 3
2

f(a,b,c)=

= =g(c)
Va+b Ve? +1 f Ve +1 e
l—cx—c? —eve? +1

We have: g’(c) = <0

\/(c2 +1)3Q2c+x+2Vc? +1)

Therefore, g(c) is decreasing. Note that: cx=ca+cb<ca+cb+ab=1&c< l .

X
Thus: g(C)>g( x/_+—+‘/ :>f (a,b,c) > f(o’aJ’b’a_}rb)

The problem is then solved. Equality occurs & a=0,b=c=1 or its permutation

Remark:

* The technique of transforming expressions of a, b, c¢ into expression of a+b,c if
sophisticated. Note that a conditioned inequality of three variables is equivalent to an
unconditioned inequality of two variable. The above technique helps us to utilize the given
condition when transforming it to inequality of 2-variables. Based on this idea, we have a

“surprised” proof for Iran TST 96 inequality.
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With the condition ab+bc+ca=1.Let x=a+b, we have

2 2
1 —+ 1 —+ 1 zz%_,_x +2¢ +4gx—2:
(a+b)” (b+c)” (c+a)” x (c2+1)

g(c)

This is a function of two variables.
4[cx2 +Bc?=Dx+c’ - 3c]

Differentiate g(c) we have g'(c)=— 3
(c? +1)

Consider following cases:
Case 1: c=>1,then: c2x2>1

2
X
We have 1=ab+bc+ca£7+cx(:) x% >4 —4cx , therefore

ex? +Bc?-Dx+c’-3c2cd—cx)+Bc? —Dx+c’ =3c=c> +c—c*x—x20

© g'(c)<0. So: g(c) < g(%)= f(O,a+b,ﬁ).

2

Case 2: c¢<1. Again, we have: X224 -dex s>

4x
Consider the second derivative of g(c):
a[(5¢2 1) x> +12¢(c> = x+3c* —18¢? +3]
3
(c?+1)

g'(c)=

We will prove: g7(c) <0 & h(x) = (5¢7 =1)x? +12¢(c? = Dx+3c* —18¢> +3<0

Since h(x) is a quadratic function with positive coefficient, we have h(x) < max{h(O),h(%)} .

Also h(0)=3c* ~18¢> +3<0; L) =3¢t ~6c* - —4<0
C

Therefore h(x) <0< g”(c) <0, so:

g(o) < max{g(i),g(“i)ﬁcz )} & f(a,b,c) < max{f(O,a+b,ﬁ),f(t,t,c)}

We now only to prove the problem when there are two variables with the same value or one
variable is 0. The first case is proved above. In the second case, we assume ¢ = 0, thus the
condition becomes ab = 1. We have

L Ly LoD ab(a—b)(8a7 +85% +15)2 0

(a+b) b a 4

The problem is now solved completely.
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* We will now show examples that MV method where variables are equal cannot be applied.

Applying MV method where one variable moves to the boundary is suitable.

Problem 4.4. (Jackgarfukel)

Given a, b, ¢ 2 0. Prove that a4 b +—=< Si
\/a+b \/b+C x/c+a 4

Proof

We now consider when the equality occurs. It is easy to see that if a = b = ¢ then the equality

does not occur. We may assume that ¢ = 0, then (*) becomes —4 __1+b S%\/a +b (1)

NJa+b
2
Leta+b=1. We get (1) & 1—b+\/ZS%<:>(\/E—%) >0 (ans)

Thus equality occurs for a = 3b > 0, ¢ = 0 (and any cyclic permutation).
Without lost of generality, assume that a = max{a, b, c}.
Normalize so that a+b+c=1.

4*C and s=9=C€ thusa=t+s,c=t—s b=1-2t

Let t= 5

Then (*) & f(s)=—L%S 122t ,1-5<3 (9

+ + <
Js+1-t 1-t-s 2t 4
We shall prove that f(s) < max{f(0), f(r)} for se [0, t]. We have:

’ 1 r+s 1-2¢ 1
()= - T+ - and
Vs+l=1 (541212 20—1-s)2 2t
f(s)= 1 -+ 3(1:+5) =+ 3(1_2t)5 . By using b=1-2t>0 we obtain
(s+1-1)2 4(s+1-1)2 4(-t—s)2
)= 9 15Gws) | 150-20) _18+435-3% | 1530-20)

45+1-03> 8(s+1-07 8(-1-5)> 8(s+1-07 §(-1-5)
Because f”(s)>0 Vse[0, ¢] then it follows from Rolle theorem that equation f’(s) = 0 has at
most two solutions in [0, 7]. On the other hand, it is easy to prove that f’(0) <0 and f’(¢) > 0,
therefore f’(s) may change its sign at most once (0, 7), moreover f’(s) is as the following
possible cases: f'(s) > 0, Vse (0, 1) or f'(s) <0, Vse (0, r) or f(s) with form —0+ on (0, 7). We
then obtain f(s) < max{f(0), f(r)} Vse |0, 1].

Now from f(O)S% and f(t)S% we have f(s)Smax{f(O),f(t)}S%

* Remark: Similarly, we can prove the generalization of above problem:

"Leta, b, c 2 0 and k¢ (0, 1). We have:

a4y b ¢ _<C(a+b+c)" where C, =1+k—k>",
(a+b)" (b+c) (c+a)
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Problem 4.5. (Phan Thanh Nam) Given a, b, ¢ = 0. Prove that:

(@ +0>+¢*) 2 4a+b+c)a-b)b-c)c—a)

Solution
Define f(a,b,c)=(a>+b>+c*) —4(a+b+c)a—b)b-c)c—a).
Without loss of generality we may suppose that ¢=min{a,b,c}. If a=b=c then the
inequality is trivial since f(a,b,c) =0, hence we only need to consider the case b>a >c.
We then have:
f(a,b,c)— f(a,b,0) = (a2 +b* +c2)—(a2 +b*) +4(b—-a)c(a> +ab+b* =3c*) =0
Finally, f(a,b,0)=(a’>+b*)* —4(b* —a*)ab=(a” +2ab—b*)* >0, hence the proof is completed
Equality holds if (a,b,c) = ((\/g — l)t,t,O) where 1 >0 (and its permutations).

* Applying MV method when one variable moves to the boundary is essential when

considering cyclic inequalities. But what’s about symmetric inequalities?

Problem 4.6. (Pham Kim Hung) Given a, b, c 20, a + b + ¢ = 3. Prove that:

(a3 +b° +c3)(a3b3 +b3c? +c3a3)S36(ab+bc+ca)

Proof

Without lost of generality, we may assume a = b = c. Put
f(a,b,c)=36(ab+bc+ca)—(a3 +b03+ 3@ + 033 +3d?)

= f(ab+c,0)=36ab+c)—[a® +(b+e) Ja (b+e)
We shall prove that: f(a, b, ¢) = f(a, b+ ¢, 0). Indeed, we have:
36(ab +bc +ca) =36a(b+ c) +36bc 236a(b +c)
= f(a,b,c) = f(a,b+c,0)
(@ +0° + )b +b°¢3 +c3a3)S[a3 +(b+c)3:|a3 (b+c)’
Thus it is enough to show the case ¢ = 0, or equivalently
36ab>a’b® (a® +b*) = 36> a’b? (a® +b°)

Letting f = ab we rewrite the inequality as: 1> (27 -91) <36 &1 +4 >3

3 3 3 3
Using AM — GM inequality, we have: ¢’ +4:%+%+423-3 %-%~4:3t2

Equality occurs whenc=0anda+b=3, ab=2 < a=2,b=1, c =0 or its permutations.
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V. SMV THEOREM - INEQUALITIES WITH FOUR VARIABLES

We begin with a well-known problem:

Problem 5.1. IMO SL, Vietnam) Leta, b,c, d=>20,a+b+c+d=1.

Prove that: abc + bed + cda + dab < 1 + %abcd (1)

27
Proof
Since equality occurs for a=b=c=d :i or a=b=c= % ,d =0 (or any cyclic permutation),

normal evaluation is not suitable for this problem.
Letting f(a, b, ¢, d) = abc + bed + cda + dab — kabcd where k =%. We have:
f(a, b, ¢, d) =ab(c +d - ked) + cd(a + b)
Hence, we hope that f(a, b, ¢, d) < f(¢, ¢, ¢, d) where t:a—;b. Since 0 < ab < 7, we need to
have c+ d — kcd =2 0. Otherwise, if ¢ + d — kcd < 0 then we have:

c+d+(a+b)}3 _1

f(a, b, ¢, d) =ab(c +d - kcd) + cd(a + b) < cd(a+ b) < [ 3 7

a+b a+b

Thus, we may assume that f (a,b,c,d)< f( 5 >

,c,d). This means that we can use our

then we have:

method without any additional assumptions for a, b. By the symmetry, if s = %

f(a,b,c,d)Sf(t,t,c,d)sf(t,t,s,s)=f(t,s,t,s) <
+

< r(t+s t+s )< (t+s t+s t+s t+s)= (llll)zi
‘f( 2 DS )T ey T = @)

* Remark:
a) In this proof, we split our inequality into two cases: one solved by MV method, one is

obviously true. We also make the proof more clear by supposing the existence of

(ao,bo,co,do) such that f (ao,bo,co,d0 ) >%. Moreover, we also suppose that:

f(a,b,c,d)Smax{%,f(a—;b,a—;b,c,d)} (1)

Problem 5.2. Given a,,a,,...,a, 20 such that a, +a, +...+a, =n. Prove that

(n—l)(al2 +a; +...+a§)+na1a2...an > n?

It is simple when n =2 or n = 3. We now prove the inequality when n = 4:

Given a,b,c,d >0 such that a+b+c+d =4 then we have:

3(a? +b2+c2 +d?) +4dabed 216 (1)
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Proof
WLOG, assumea<b<c<d.Let f(a,b,c,d)=3(a’>+b*+c>+d?*)+4abcd -16.

Consider the difference: f(a,b,c,d)— f(a,b,#, ¢ ;d) = (% — abj(c - d)2

2
Since a<b<c<d we have ab <+ abcd S(Wj =1.

Therefore: f(a,b,c,d)> f(a,b,%, ctd

). Replace c+d =4—-a—-b, we need to prove:

(4—a—b)2J
+—
2

c+d c+d

f(a,b,T, 5 +(@4—-a-b)’ab-16=0

)=3(a2+b2

Let x:a+b

,y=ab the above inequality is equivalent to A(y) = (2x> —8x+5)y +(3x— 2)°>0

If 2x> —8x+5>0 then this is true. If 2x> —8x+5<0 then because y < x?*,

h(y)=(2x* —8x+5)x> +(3x=2)" =2(x—1)>(x* =2x+2) 2 0. Thus (1) is true

Equality occurs & a=b=c=d=1o0or a=0,b=c=d :% or its permutations.

Remark:

Solutions of problem 5.1 and 5.2 with n = 4 are simple and beautiful. However, we cannot see

how the method used in these solutions can be applied to other inequalities with 4 or more

variables. We now present a general method:

1. SMV [Strongly Mixing Variables]
Theorem 1 [SMV]

Let De ]R”,Dz{xz(xl,xz,...xn)lxi Z(X,Zx[ Z(X,Zx[ =ns=c0nst} and s, =(s,s,..,s)e D

* Consider the mapping 7: D — D as following
Given a:(al,az,...an)e D,a#s,, we select a pair of i# j (depends on function f below)

such that a, #a ;, then replace a,,a; by its average.
J ! J

e f:D—R is a continuous function such that: f(a)> f (7 (a)),Vae D.
Then: f(a)2f(s,),Vae D

(The proof of this theorem will be presented in the next section).
Based on SMV theorem, consider problem 5.2 with n >4

Let f(a,.a,,....a,)= (n—l)(al2 +a; +...+a§)+na1a2...an —n? and assume that a,<a,<..<a,.

n

. a,+a a,+a n-1 n
Consider: f(al,az,...,an)—f(al, 22 N RN R 22 "):(az—an)2[7—1a1a3...an_lj

2An—1)

n

If

a,+a a,+a
2 a,a,..a, , then f(al,az,...,an)Zf(al, > =, 05,0, > n|
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=201 200 |

n_z)n—3

We also have n=a, +a, +...+a, 22a, +
n—3

nl‘l—z (n _3))‘[-3

2(” _ 2) 2n-5

2(n=1) n"*(n-3)""°

S4n-Dn-2)" 2"t n-3)""3
R S 4= (n-3)

We will prove that:

)2("'2) > (n=3)"2 (n—1)">

Using AM-GM: (n—2)>""* z(%

n—1
Thus, we only need to prove 4(n—3)n—-1)"">n""'(n-2) & 4(1 —l) 141 520
n n—

n-1 4-1
This is true because 4(1—l) 24(1—l) :£>1
n 4 16

a, +a a, +a
Therefore f(al,az,...,an)zf(al, 2 5 =, dy,..d, |, 2 ”j. By SMV theorem, we only need
to consider the case a, =n—-(n—-1)x,a, =a;=...a, =x where 0<x<

n—1
The inequality becomes: (n —l)[(n —(n-Dx)’ +(n- l)sz +nx" (n=(n-1Dx)-n*>20
o (n=Dx" —nx""! —n=-1"x*+2(n-1" x+2n-n> <0
Let g(x)=(m-Dx" —nx"? —(n—l)2 x2 +2(n—1)2x+2n—n2 <0. We have

g () =n(n-x"" —n(n-x"? =2(n-1" x+2(n—-1" = (n=1)(x— [ mx"> = 2(n —1) |Hence

g’ (x) has two real solutions x=1 and xzn‘%fM >1.
n
1)}

)=0 so g(x)<0.

It is easy to see that g(x)< max{g(l), g( n
n —

On the other hand g(0) = g(

n—1
The problem is solved completely.

n

Equality occurs < a,=a, =..=a,=1or a,=0,a,=...=qa, =

n—-1
Through the above examples, you might see the power and fineness of SVM. Now we will

consider problem 5.1 using SMV theorem.

WLOG, assume that a<b<c<d.

Consider f(a,b,c,d)=abc+bcd +cda+dab—%abcd=ac(b+d)+bd(a+c—%ac)

From the given conditions, we have: a+c¢ S%(a +b+c+d) =%,
b

1,1 4 176 ( b+d +d)
theref -4 =2>2—-2>8>2— < — c,—
ere orea+c P 8 7 = f(a,b,c,d)< f|a, > ,C, >
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By SMV theorem, we only need to prove with the case a=1-3t,b=c=d =¢

Replace a=1-73r, we have 3ar® +7° S%+%at3 o 1-3)4r—1" 11r+120
Equality occurs & a=b=c=d :% or a:b:c:%,d =0 or its permutations.

Through the application of SMV with two problems, one with n variable and one with 4
variables, you can see that it is simple with 4 variables while MV method with n variables is
really complicated. Therefore, SMV is a perfect choice for inequalities with 4 variables
(given that MV method is applicable), and on the other hand 4-variable inequality is the one
use SMV the most. Let reconsider the problem 2.2.1 to affirm this:

c+d)

Based on the solution, we see that the condition guarantees f(a,b,c,d)= f a,b,%, 5

is that ab<> .
2
And if a £b<c<d then we have ab<1. However, we also notice that ac>ab and ac <1.

Thus we can use SMV and then just prove the problem where three variables are equal.

In general, for all symmetric 4-variable problems, if we have f(a,b,c,d)= f(a,b,%, C—;d)

b+d b+d

for a<b<c<d then we also have f(a,b,c,d)= f(a, ,C,T), therefore do we only

need to prove the case where three variable are equal. This property is not always true for
inequalities with n variables, even it is true then the proof is not simple. In the following, we

thus only introduce applications of SMV in inequalities with 4 variables.

Problem 5.3. (Phan Thanh Nam) Givena, b, c, d>0and a+b+c+d=4.

Prove that: abc + bed + cda + dab + (abc)2 + (bcd)2 + (cda)2 + (dab)2 <8

Proof
Letting f(a, b, ¢, d) = abc + bcd + cda + dab + (abc)2 + (bcd)2 + (cda)2 + (dab)2

Assume a > b > ¢ > d. Consider the difference: f (a_—zi-c,b’aT-i-c,d) - f(a,b,c,d)

= (agc)z{(b+d)+{(a'£c)2+ac}(b2+d2)—2b2d2}

2
2(a;b) (b+d +4abed —2b%d*) 20 (since abed > bd>)

Therefore: f(a,b,c,d)Sf(aT—i_c,b, a;c’d).

By SMV theorem, we only need to prove with the case a=b=c=x,d =4-3x, 0<x<

ST

X +3x2(3=3x)+3x (4 -3x)? +x° <8 (x - 1)? (28x* —16x° —12x> —8) <0
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It is easy to prove: 28x* —16x’ —12x> —~8 <0 with 0<x<

[SSIEN

Thus, the problem is solved. Equality occurs if and only if a=b=c=d =1.

Problem 5.4. Given a,b,c,d 20 such that a+b+c+d =1. Prove that:

4 4 4 4,148 >L
a +b" +c +d"+ 77 abcd_27

Proof

Assume a>b>c¢>d. and let f(a,b,c,d)=a* +b* +c* +d +%abcd—2—l7

Consider the difference d =f(a,b,c,d)—f(azc,b,a;C,d) =[%(a—c)2 +3ac—%bd}(a—b)2

Since achd:dzo:f(a,b,c,d)Zf(a—“,b,a“,d).

2 2
By SMV theorem, we only need to consider the case a=b=c =1-d Wwe have:
_(-a)' 4 1484(1-d)’ 1 _2d(4d-1)"(19d +20)
flab.e.d)==g+d"+ =g 27 729 =0
Equality occurs & a=b=c=d =% or a=b=c =%,d =0 or its permutations.

Problem 5.5. Givena, b, c, d>0and a + b + ¢ + d = 4. Prove that

(1+a>)(1+62) 1+ 1+d%) =2 (1+a) 1 +b) (1+) (1+d)

Proof
Let f(a,b,e,d)=1+a?)(1+6>)(1+c)(1+d?)-(1+a)1+b) 1 +c)1+d)

And assume that a <b<c<d . We will prove:f(a,b,c,d)zf(a—;c,b,azc,d).

Indeed, since a+c¢ <2 we have

2
(1+a2)(1+cz)—{1+(a+c)2} =(a—c)2 (%—MJZO

2 16

2
Using AM - GM, (1+a)(1+c)$(1+a—_2"c) .

Therefore f (a,b,c,d)> f(aT'i‘C’b’ a;—c ,d)

Now we only need to consider the case a=b=c=x,c=4-3x:
3

Frnoxnd—30)=0+x) [1+4=307 =1+ (5-3x)

=(x® +3x* +3x2 + D (9x? = 24x+17) = (x® +3x> +3x +1)(5-3x)

=0x® —24x7 +44x° —72x° +81x* —68x> +54x> —36x+12
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—(9x® —6x° +23x* —20x° +18x2 —12x+12)(x=1)*

[ Gr=D? + 20t 4552 2x =17 41022 +3(x=2)* |(x=1)? 20

The problem is thus solved. Equality occurs if and only if a=b=c=d =1

Problem 5.6 [Tukervic inequality] Given a,b,c,d >20. Prove that

at +b* +¢* +2abcd 2 a*b? +b*c* +c*d* +dPa’ +aPct +bPd (1)

Proof
Assume that a>b>c>d . Let f(a,b,c,d):LS(l)—RS(l)

=a* +b* +c* +d* + 2abed - > —b*d? —(a* + ) (b? +a?)

= flab,e.d)— f(Nac,bac,d)=(a—c) ((a+e)* —p*—a*)>0

By S.M.V, we only need to consider the case a=b=c=t¢.

The inequality & 3t* +d* +2°d >3t* +3t°d*> & d* +d +°d >3t*d”
This is true due to AM — GM.

Equality occurs & a=b=c=d or a=b=c,d =0 or its permutations

Problem 5.7 (Pham Kim Hung) Given x,y,z, >0 such that x+y+z+¢t=4.

Prove that: (1+3x)(1+3y)(1+3z)(1+3¢) <125+ 131xyzt

Proof
Let f (x,y,2,¢)=1+3x)(1+3y)(1+32)(1+31) —131xyzt

WLOG, we assume x> y=>z2>t. Consider the difference:

2
f(x,y,z,z)—f(x;Z,y,x;Z,z)= (x‘4Z) (131yr=9(1+3y)(1+31))

Since x>y>z>t we have y +¢<2, this leads to 9(1+3y)(1+3t) =131yt

Therefore f(x,y,z,t)< f(%,y, x-;z ,t).

By S.M.V, we only need to consider the casex=y=z=a212r=4-3a:

(1+3a) (1+3(4-32))<125+131a> (4= 3a) = (a—1)" Ba—4)(50a+28) <0
This is obviously true.

Equality occurs if x=y=z=t=1or x=y=z¢ =§,t =0 or its permutations.

* Now, we would like to conclude the section on MV method for “specific” inequalities
(inequalities with 3 or 4 variables) to move on a new section with n-variable inequalities. You
will see that, this is much more difficult. However, the main methods are developed from

inequalities with 3 or 4 variables.
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VI. MV VIA CONVEX FUNCTION

Convex function plays an important role in the theory of inequalities. We now recall some

basic definitions:

1. Definition: Function f: [a, b] — R is called convex if:

Flx+(1=0)<f D+ =0 £ (). Vx, ye[a.b]. vee[0.1]

2. Properties:
2.1. Assume that f has second derivative in interval (a, b), then f is convex on [a, b] if

f7(x)=0, Vxe(a,b).

2.2. If f is convex on [a, b] then f is continuous on [a, b]. On the other hand, if f is

r42) S 110)
2 ) 2

continuous on [a, b] then fis convex on [a, b] if f( ,VXx,y€(a b)

2.3. Jensen inequality: Assume that f is a convex function in [a, b]. Then we have

x1+x2+"‘+xnj< f(xl)+f(x2)+"'+f(xn)

n

(1) f[ V X5, X3,.... X, € [a, b].

n

(ii) Let x; be n numbers in [a, b ] and A, be n non-negative numbers with Z}‘i =1, we have:
i=1

f(?ulxl +A,x, +...+?»nxn)S?»1f(xl)+7u2f(x2)+...+?unf(xn)

We now show you how to apply convex function, property 2.2 and Jensen inequality, in
MYV method.

Problem 6.1. Let x, y, z be real numbers such that x+ y+ z=1. Prove that

Yoz <P (Poland 1992)
1+x> 1+y> 1+ 10
Proof
Consider f(t)z1 ! - then (1) & f(x)+f(y)+f(z)$3f(%j.
+1
: ” 2:(3-12) ”
We now prove that f concave or —f is convex. We have: —f (t):—3 then —f”(¢)>0,

(1+¢2)
Vte [0, \/g] . Thus if x,y,ze [0,\5] then done. In the remaining cases, for the simplicity,
we can assume x =2y >z. Since x + y+z=1and x, y, z & [0, 1] then z < 0 which yields f(z) < 0.

x2+y+z
1+ x

If y <% then < % + % +0 =% thus it is sufficient to prove that y 2%
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If 02z2—% together with yZ% then: n

Hence, it is enough to consider z < —%

Y .z 1.1_3_7_9

1 X
If —L>2>-3 then: + <l,1 3_7
27 ¢ on 14y2 1422 22 10 10°10

1+ x2

If z< -3 then: 2x 2 x +y=1-2z =4 so x = 2 and therefore:

X Yy Z 2,1 _9
+ + <=+4+=+0=—=(ans).
1+x* 1+y* 1+z2 5 2 10

Remark: If two of x, y, z are in [O,\/g] then using MV method, they are equal. Using convex
function in applying MV method is a good choice but it is suitable when the inequality has form

f(x)+ f(x,)+...+ f(x,)). Otherwise, we need more trick. Let us explorer more details.

Theorem: Let f: [a, b] — R be a convex function. Then we have:
f(x)<Max{f(a), f (b)},Vxea,b]

Proof: Since f is continuous then f attaints its maximum value at x; € [a,b].

Consider |x0 - a| < |x0 - b| =x, =2x, —ac|a,b]

a+x1

)sz(xO)

it follows that f(a)= f(xo). The case |x0 —b| S|x0 —a| is similar.

From the definition, we have: f(a)+ f ()c1 ) > 2f(

2
Problem 6.2. Given a=>b>c¢>0. Prove that: 2(\/;—\/;) >a+b+c—3-3abc
(USA TST 2004)

Proof
Let f(b)=a+b+c—3-Yabe —2(Ja-e)

Since f”(b)=z;?—zlm>0 , we have f(b)<max{f(a),f(c)}.In addition:

Fla)=2a+c-3-Yarc —2(Na-e) ==(c+3-Ya’c —adac) <0 (AM - GM)
f()=a+20-3-Yac® —2(Na=e)" ==la+3-Jac? —4Jac)<0 (AM - GM)

The problem is thus solved. Equality occurs & a=b=c

The generalization with n variables of the above problem can be stated as following:

Problem 6.3. Given a, 2a, 2...2a, 20. Prove that

(n—l)(\/a_l—\/Z)2 2 a +ta,+..+a,-n-Yaa,..a,
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We now introduce two problems which are quite difficult to solve.

Problem 6.4. Let 0 <p < g, and x; € [p,q],i =1,2,..,n be real numbers. Prove that:

2
2 _
(x, +x, +...+x,l)(i+i+...+iJSn2 J{%}M

XX, X, pPq

Here we denote by [x] the greatest integer number lest than or equal to x

Proof

Since x, € [p.q], itis easy to see that the maximum value attains if X; € {p.q} forevery i.

We now assume that there are k numbers x, which equals to p and there are n — k numbers

which equals to g. Then the left hand side is equal to: [kp +(n— k)q}(% +”—;kj
2 2 P 4 2 (P_Q)z 2 1[.2 2
=k*+(n—-k) +k(n—k)(—+—j=n +k(n—k)~———=n +—[n —(n—2k)]
q P pq 4

Since k is a integer number then n* —(n—2k)" <n? (nis even) and n* —(n —2k)* <n® -1 (n is odd)
This completes our present proof.

For every i, we denote the left hand side by f (xi) a function of x,, we now prove that:
f(x;)<max{f(p).f(q)}. And equality holds if x,e{p.q}.

We have: f(x)= Ax+2 +C. We can use derivation tool and easily to point out that equality
X

occurs for x, €{p,q} . Here is a different approach.

Note that: f(xi)—f(p):(xi—p)(A—xinj;f(xi)—f(Q):(xi—C])(A—ﬁ)

Since then if f(x,)>max{f (p), f(g)} then x,&{p.q} and A—%>0,A—X—Bq<0

=B <A< B, contradiction p < ¢. Thus f(x;)<max{f(p),f(q)}.

X, p x,q

Let us consider the case of equality: Assume that f (x,)=max{f (p), f(q)} for x,&{p.q}.

If f(xi):f(p) then A=—L > B , therefore f(x[)—f(q)<0 (a contradiction).
X, p XxXq

If f(x,)=/(q) then A:x_Bq<%’ therefore f(x,)— f(p) <0 (a contradiction).

Thus f (xi ) :max{f (p),f(q)} which is equivalent to x, € {p,q}
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Remarks: (Generalized problem): Let a, € [a, A] NS [b,B] for0<a<Aand0<b<B.

(a2 +..+a2)(p} +..+b2)
ab +..+ab,

2
Ones can easy see that an upper bound of T is 1 /M + "a_b by Polya.
4\N ab AB

It is natural to ask what the upper bound of AM-GM inequality is?

Find the maximum value of 7 =

Problem 6.5. (Phan Thanh Nam) Let 0 < p < ¢, and n numbers x, € [p,q] .

X, X, x,
Prove that: T=—+—=+..+—<n+
X, X, X,

[n}(P_Q)Z

2] pq

Proof
If follows from the above properties of function f(x)= Ax+2 4 C that for every i, by
X
replacing x; by p or x;, by g T is increasing. When T is constant, x,x,,...,x, € {p,q} .

After finite replacing, we get x,X,,...,x, €{p.q}. If x,=x,=..=x,=q then T=n is the
minimum value. In order to obtain the maximum value, we just assume the existence of

x; = p. Without lost of generality, we can suppose that x, = p. After replacing x,=q we

substitute x, = p . At the end of this process, we obtain

T=Q(£+1j (if n is even) and T=”—_1(£+1j+1 (if n is odd)
2\g p 2 g »p

2
or equivalently 7=n+ [Q}M, vn
21 pq

Equality occurs if x,,=q, x,,, =p.

Comment: You can see that the idea of “mixing variables” turns up early even with classical
approach. Although classical inequalities are not powerful tools, however we can “stand on
the shoulder of the giants”. We have seen two important MV methods in previous sections
(centre and boundary). In special cases when optima is at the centre, convex functions give us

another interesting MV method which will be introduced in the next section.
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VII. UNDEFINED MIXING VARIABLES - UMV
MYV method with convex functions is useful in many problems. However, its disadvantage is
that it can not be used when functions of variable are not explicit or differentiation if too

complicated. Undefined mixing variables method is designed to deal with this issue

UMYV - Undefined Mixing Variables Theorem: Given

D c{x:(xl,xz,...xn )e R"1x, 20,Vi :1,...,n} , D is closed and bounded. Let A be the set of
elements in D such that ¢ coordinates are 0 and the rest are equal (#>0).

e 2 mappings 7,,T,:D— D such that: For each element a= (al,az,...an )e D\ A, select 2
indices i# j such that g, =min{a, >0,r=1,...,n} and a; =max{a,,a,,..a,}, then replace

a;,a; by o,Be (ai,aj) (corresponding to 7;) and o’ <a, <a; <P’ (corresponding to T,).
e f:D—>R is continuous such that: f(a)> mjn{f (Tl (a)),f(Tl (a))} ,Yae D

then f(x)2min{f(y)},vxe D

yeA
The theorem seems to be very abstract; however the essence is quite simple.

We begin to see applications of UMV with the following problem.

Problem 7.1. [Le Trung Kien] Given a,b,c>0. Prove that:

a’+b> +¢* +9abc+4(a+b+c)=8(ab+be+ca) (1)

Proof
Let f(a,b,c):a3 +b° +c +9abc+4(a+b+c)—8(ab+bc+ ca)

First of all, we consider the difference (i.e. see if two variables are equal):

(b—c)2
4

f(a,b,c)—f(a,b;'c,b;_c) =(3b+3c-9a+8)

We can not conclude anything. We now try to see if a variable is zero:

f(a,b,c)—f(a,b+c,0) =—(3b+3c—9a+8)bc

Since (3b+3c—9a+8) is either non-negative or non-positive, therefore

f(a,b,c)ijn{f(a,b;C,b;'c);f(a,b+c,0)}

Using U.M.V: f(a,b,c¢)>min{f (x,x,x); f(,,0); f(2,0,0)}

a+b+c,y:a+b+c,
3 ’ 2 ’

where x= z=a+b+c
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Now: f(z,0,0)=z+4220 ; f(x,x,x)=12x> = 24x> +12x=12x(x—1)> 20
f(y,y,0)=2y3—8y2+8y=2y(y—2)220 = f(a,b,c)ZO.

Equality occurs < (a,b,c) :(0, 0,0);(1,1,1);(2, 2,0).

Comment: You can see the power of UMN variables through above example. When normal

MYV techniques does not work, combination of these techniques actually solves the problem.

Problem 7.2 [Le Trung Kien] Given a,b,c,d 20 such thata+b+c+d=4.

Prove that: 2(\/24- b+\/z+\/z)2abc+bcd+cda+dab+4

Proof

Let 2(\a ++b + e ++Jd ) = abc — bed — cda — dab — 4 . Consider the difference:

. f(“’b’c’d)—f(“—y,“b,c,d) 22(\/;+\/Z—\/2(a+b))+(c+d)(—(azb)2 —ab]

2

=(a_b)2 c =(a_b)2(c+d—X)

{ +d— 5 8 }
4 (Va+5) (Na+b +2(a+b)) 4

e f(a,b,c,d)— f(a+b,0,c,d)

= a —+a -(c =a 4 -c—d|=a -c-
=2(Va +vb~a+b)-(c+d) b{m(\/;-k =) d} b(Y —c—d)
It is easy to see that: 4 2 5 8
Jab(Ja +b +a+b) (Va+4b) (Va +b +2(a+b))

c+d<Y

= f(a,b,c)Zmin{f(a—;b,a+b,c,d);f(a+b’0,cad)}

or equivalently Y > X thus { >

c+d=>X

By U.M.V theorem we have
f(a,b,c,d)Zmin{f(1,1,1,1);f(%,%,%,0);f(2,2,0,0),f(4,0,0,0)} -0

The problem is then solved. Equality occurs < (a,b, c,d) = (1,1,1,1);(4, 0, 0,0) .

Now we turn back to Problem 5.2

Problem 7.3. Given a,,a,,...,a, 20 such that a, +a, +...+a, =n. Prove that

(n—l)(al2 +a22 +...+af)+na1a2...an >n?
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Proof

Let f (a,,ay,...,a,)=(n=1)(a? + a2 +...+ a>) + naya, ...a, . We have

2
a,+a, a +a nla —a 2(n-1)
f(al,az,...,an)—f(%,%,ay...,an): ( 14 2) ( nn —a3a4...an)

f(a,ay,...,a,)— f(0,a, +a,,a,,...,a,) = —na,a,

(Z(nn— 1)

—a3a4...an)

a +a, a +a,

= f(al,az,...,an)anjn{f(T,T,a3,...,anj,f(O,al +a2,a3,...,an)}

By UMV, we only need to prove when there is at least one number inq,,a,,...,qa, is 0 and the

rest are 1. These cases are simple enough to prove.

Remark: Examples of using UMV in inequalities with 3 variables, 4 variables and n
variables, we would like to state that UMYV is independent of the number of variables. This is
because UMV uses arbitrary pair of variables. This feature of UMV helps us to solve many

complicated problems.

Problem 7.4 (Pham Kim Hung) Given q,,aq,,...,a, =20 such thata, +a, +...+a, =n.

Find the minimal value of S=a} +a; +...+a. +a,a,..qa, (L+ L + L)

a, a, a

Solution

L _ 2 2 2 1 1
et f(a,a,,...a,)=aj +a; +...+a, +aa,..a,| —+—+..... +—
a, a a
1 2

Consider the differences

a+a, a, +a
. f(al,az,....an)—f(g,g,.ay....,an)

2 2
(al a2)2 1 1 1
= 2—a,a,..... ——+ + ... + wk
. [ aa, an(% 1 aﬂﬂ( )
-+ -+
= f(al,az,....an)Zmin{f(O,al+a2,a3,.... a")’f(alz(h’alzaz’ o ,an)}

Thus, by UMV we have: f (a;,a;.-.a,)>Min f (2,2, 0 0...,0)

n—1 2
Therefore, the minimum value is min {271, L 1 +( 2 1) " }
n— n
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VIIl. MV WITH MEAN VALUE

Here is another technique in applying convex function by using MV method.

Theorem 1: Let f : [a, b] > R be a convex function. Then:

fl@)+ )= f(x)+ fla+b-x),Vxe[a,b]
Proof
Since xe€[a,b] then x=ta+(1-1t)b for te[0,1]. Then: a+b—x=0~-t)a+tb
Using the definition of convex function, we have:

FO+ fla+b=-x)=flta+Q=0)b]+ FI(1=1)a+1b]
<[ @+1=0) f B+ [A=0 F (@ +1f D)= £ (@) + £ (b)
Theorem 2: (Jensen inequality) Let f : [a,b] — R be a convex function. Then

X X, +otx

2y =nf (T)

vV x,,X,,...x, € [a,b] , we have: f(x1)+ f(x2)+...+ f(xn)z nf (

Proof

XN Xyt

eStep 1: If x,=x,=...=x,=T L (*) then the inequality holds.

n

n

* Step 2: If (*) does not hold, without lost of generality, we can assume that x, >T > x,.

By replacing (x,,x,,..x,) by (T,x, +x,—T,..,x,) function f is increasing. Moreover, after
processing Step 2, the number of variables which is equal to T is increasing, therefore, (*)
holds after at most (n—1) steps.

Comments: In n-variable inequalities (n > 4), mixing variables to the arithmetic mean value is

better than mixing variables to the center. Indeed, let us consider more examples.

Problem 8.1. Leta,,a,,..a, >0 and aa,..a, =1. Prove that:

For k = 4(n — 1) we always have: L+L+...+L+ k 2n+k (1)
a, a, a, a +a,+..+a, n
Proof

For n =1, n = 2 the assertion is trivial, we now need to prove under the case n > 3.

Proposition 1: Let f(al,az,...an)=l+i+...+L+%
a, a, a, a, +a,+..+a,

n

.Then we have:

a,a
() If a,<x<a, and a,a, <1 then f(al,az,...an)Zf(x,%,ay...,anj
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(i) If (l—al)(l—az){kala2 —Zai {Zai +a,a, +1H20 then f(al,az,...an ) > f(l,alaz,a3,...,an)

i=1 i=3

(iii) If a,,a, 212 a, then f(al,az,...an)2min{f(l,alaz,aS,...,an),f(l,az,a1a3,a1ai,...,an )}

Proof:
(i) We see that

_ 44y 1, 1 _1__x k _ k
f(a,.a,,..a,) f(x, P ,a3,...,anj a1+a2 . a1a2+A+a1+a2 o,
X
(x—al)(x—az)[(A+al+a2)(A+x+“'jz)—kala2J n
= where A=Zai
xalaz(A+al+a2)(A+x+%) i=3

. a,a, 2
According to AM — GM: (A+al +a, )(A+x+—] >n*>24(n-1=k 2 ka,a, = (ans).
X

(ii) From the above inequalities, we put x = 1 then: f(a,,a,,..a,)— f(1a,a,,a;,....,a,)=

1- 1- k —(A+a, + A+ +1
= ( al)( aZ)[ 4 ( & aZ)( 4 )] which yields the assertion.
a,a, (A+a1 +a2)(A+ala2 +1)

i=1 i=3

(iii) We consider two following cases: (1 —a, ) (1 —-a, ) {kala2 - Zai (z a,+aa, + IH >0

Case 1: If kaa, ZZai [Zai +a,a, +lj then from (ii) we get f(a,,a,,..a,)>f(Laa,.q,,...a,).

i=1 i=3

n n
Case 2: If kaa, < Zai [Z a,+a,a, + IJ since a, <1<a, then we have:
i=1 i=3

n n n
zai+ala3+l Zai—al—a3+1 Zai—al—a2+l Zai+a1a2+l
_ =l _ =3

213 =
d +1>-= +1
aa, aa, a,a, aa,

= ka,a, SZal. [Zai +a,a, +1}. Again by using (if) we have: f(a,,a,,..a,)>f(La,,...aa;,...a,).

i=1 i#1,3

Remark: Proposition 1 helps us to reduce the number of variables to one.
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Proposition 2: Inequality (1) with variables a,,a,,..a, >0 and a,a,...a, =1 can be deduced to
the case where there are n — 1 variables which are equal and < 1.

Proof:

* Step 1: Reduce to the case where there are n — 1 variables which are less than or equal to 1.

Assume that at least two variables are greater than 1, without lost of generality, we may

assume a,,a,. Using Proposition 1 (iii) we can replace (al,az,...an) by another such that f is

unchanged, and moreover, the number of variables which are equal to 1 is increasing at least

1. Hence, we obtain our conclusion after at most (n — 1) steps.

* Step 2: Deduce these variables are equal.

Assume that there are a, <a, <...<a,_, <1 such that its geometric mean value equals to x.

If they are not equal, then a, <x<a,_ . Using Proposition 1 (i) we can replace (al,az,...an_l,an)

a,a ) . . .
by (x,az,...,ﬁ,an]. Then f is not decreasing and then number of variables which are
X

.. . . aa,_ a .
equal to x is increasing at least 1. On the other hand, since —Lnl <71 <1 then a, <x, this
X X

means that we can apply this step again and again.

Now we prove the one-variable problem: f (x, X,y X, 1 jz f(1,1,...,1) forx<1

xn—l
Letting g(x)=f(x,x,...,x,%): n-1 + x"! ++ for xe (0, 1]
X X (n—l)x+%
X

After some calculations, we get:

() _n—1
g (x)——7+(n—l 5 5

[(n—l)x+1} 22 [(n=-Dx"+1

X n—1

k|n-1-1"1
)x" 2 — [” x" } =(n_1)x"—1[(n—1)xn—l}z

Since k = 4(n — 1) then g’(x) <0 for xe (0, 1], it follows that g(x) = g(1) which completes our proof.

Problem 8.2. Let a,,a,,...a, be nreal numbers such that a,.a,...a, =1. Prove that:

n

(1+le)(l-ﬁ-d;).,.(l-i-dj)ﬁm(al '|‘Cl2 +...+an)2"_2
n
Proof
The cases n = 1, n = 2 are trivial. We now consider the case n > 3.
It is sufficient to prove f(a,,a,,..a,)>0 or prove g(a,,a,,..a,)>0,
where f(al,az,...an)=k(a1 +a, +...+an)2n_2 —(1+af)(1+a§)...(1+a§)
g(a,.ay,..a,)=Ink+(2n—-2)In(a, +a, +...+an)—ln(1+a12)—ln(1+a§)—...—ln(1+a5)
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Proposition 1:

() If a, 212a,,a, then: f(al,az,...an)anin{f(l,alaz,a3,...,an),f(al,l,a2a3,...,an)}

. n . a,a,

(i) If a, =max{ai}i:l and a, 2x2a, 21 then: g(al,az,...an)Zg X, p Ay,.nd,
Proof

(i) Consider f(a,,a,,..a,)- f(La,a,,a,,...a,) =

= ks> —kuz"_z+[2(1+a12a§)—(1+a12)(1+a§)](1+a32)...(1+a§)
(where s=a,+a, +..+a,,u=1+aa,+..+a,)
=k(a, +a, —1—a,a,) (s + s> u s +u> )+ (1-a?)(1-a2)(1+a2)..(1+a2)
=—(1-a,)(1-a,)[ k(¥ + 5> ut v u®?) = (1+a,)(1+a,) (1+a2)..(1+a?)]
Similarly, we have: f(a,,a,...a,)- f(a,.1,a,a,,....a,)=
=—(1-a,)(1=a,) [k (s> + 5> vt 4P ) = (144, ) (1+a, ) (1+a7 ) (1+a2)..(1+a?) ]

(where v=1+a, +a,a, ta, +..+a,)
From the above equalities, we see that:

o If k(523 +32"_4u+...+u2"_3)—(1+a1)(1+a2)(1+a32)...(1+a§)20 )
then f(al,aQ,...an)Zf(l,alaz,aS,...,an).
o 0f k(22 5P g 4P ) (14 a,) 1+ a; ) (1+a? ) (1+a2)...(1+a2) <0 (3)

then f(al,aQ,...an)Zf(al,l,azaS,...,an).

Therefore, it is necessary to prove either (2) or (3).

For example, we assume that (2) not hold, we shall prove that (3) hold.
It is enough to show that u = v and (1+a1)(1+af)S(l+a3)(1+af)
This is followed form some simple calculation

u—v=a,+aa,—a, —a,d, :(l—az)(a1 —a3)20
(1+a1)(1+a32)—(1+a3)(1+a12)=(a3 —al)(ala3 +a, +a, —I)SO

This proves Proposition (7).

(i) Because of the presence of function /n we must use derivation tool instead of applying the

above method. Consider: g(t)=Ink +2(n—1)ln(m1 +%+a3 +...+anj

2

_1n(1+t2a12)—ln(l+j—§j—ln(1+a§)...—ln(l+af) where te{ %,1}
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a
2(n—1)(a1 —jj 2al ——%
We have: g'(1) = ! - =

a 2
2 a
ta, +—+a,+..+a 2.2 -2
1 " 3 n (1+t al)(1+ 2}

ta +22
a 42
_2 a _a_2 n_l _ ! t
= 1 l2 a2 az
ta1+7+a3 +...+an (1+t2a12)(1+t22j
. a, a, .
Since te|,|—.,1| then a, ——220. Therefore, denote by T the last factor, it is enough to
a, ¢

a
show that 7 > 0 in order to show that g is increasing (in { —2,1})
a,

2

a a
Denote c=\/(l+t2af)(l+—§}d =1a, +72
t

We have: T>0e—12=1 > d o (y_1)c2 242 +d(a,+..+a,)

d+a,+..+a, (? "
Since ¢ > d (Cauchy-Schwarz inequality) then it suffices to prove that (n—2)c> a,+..+a,
And it is true since ¢>aa, 2a, 2 max{aS,...,an}

ada,l 1 a, aa, ( a, . a,a,
Choose t, =max|x,—=(-— , we get t €| [—,1|,t,a, =max)x, ,——=minjx,—=
X a a, X ty X

1

Since g is increasing in { /a—z,l} then g(1) = g(#y) (ans).
a

This completes the proof of Proposition (ii).

Turn back to our problem. We say that (a,,a,,..a, ) is substituted by (b,,b,,..b, ) if

f(al,az,...an)z f(bl,bz,...bn) or g(al,az,...an)z g(bl,bz,...bn) .
Proposition 2: We always deduce to the case where there are (n —1) variables which are

equal and = 1.

Proof
* Step 1: Deduce to the case where there are n — 1 variables which are equal and > 1.

Assume that there exist a,,a, <I. It is easy to see that at least one of which is greater than 1,
without lost of generality, we can assume that it is a,. By using Proposition 1 (i), we can

substitute (al,az,...a ) by (l,alaz,aS,...a ) or by (al,l,azaS,...an). We observe that the

n n

number of variables which are equal to 1 is increasing, thus, we cannot substitute over n —1

times.
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* Step 2: We now claim that we can substitute n —1 variables which are greater than or equal
to 1 by their GM. Indeed, assume that a, >a, >...2a, , 21>a, and put x="Ja,a,..a, , >1.If
there exists at least one variable which is different from the first n—/ variables then

a1>x>an_1. 1@,

By using Proposition (ii), we can substitute (al,az,...a a) by

alaz . alan—l . . n-1 .
X,d4,....——,a_|. Since >a 21 (because a, is the greatest number in {a.; =, this
3 X n X n—1 1 iJi=]

means that a, >x) then our substitute is valid. After at most n — 1 times, the first n — 1

variable are equal to x. We now turn to the one-variable problem.

Consider the following function h(x)= g (x, Xyuey X, 3_1 j

X

=lnk+2(n—1)ln[(n—l)x+ ! }—(n—l)ln(l+x2)—ln(1+ 1 jfoerl.

x"! 22
n—]—L_l _2(1’l—1)
n — 2n-1
We have: h'(x)=2(n—-1) X _2(n lz)x_ X
(l’l—l)x+$1 1+ x 1+ 212
Xn_ X n—

(n=Dx"+1  (1+x>)(1+x

_2(n—1)[(n—1)(x"—1)_ ¥, }_2(;1—1) (n=1)(x" -1) |
x (n=Dx"+1 14+x* 1+x"7? X 2-2)

Since x > 1 then A’(x) = 0 provided: n—l1 > X" 41
(n=Dx"+1 (1+x2)(1+x>72)

n—1 > 1 > x" +1
(n=Dx"+1 x"+1 (1+x2)1+x>2)

The above inequality is easy, for example:

Thus, for x > 1 we get h’(x) = 0 or equivalently i(x) is increasing,
it follows that A(x) = (1) = 0 (ans).

Equality occurs if a, =a, =...=a, =1 forn = 3.

Remarks:

* The above problem is an open problem by Pham Kim Hung and our proof is the first
presence of it.

* By considering simultaneously functions f, g, it is able to expand MV method.
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IX. INEQUALITY GENERAL INDUCTION (IGl)
One of the mixing variable technique ((n — 1) equal variable), which was introduced by Pham
Kim Hung in his book “Secrets in Inequalities” we should mention is the IGI. We may think

about the ideas of this technique as follows. Suppose that we want to prove an inequality in n

variables  a,,a,,...,a, with the constraint a,a,...a, =1, where equality holds when the
variables are all equal. Because of the condition of the variables, we cannot apply the
induction method directly. However, if we modify the constraint to a,a,...a, =21 then we may
assume that a, =min{a,,a,,..,a,} to obtain a,a,..a, , =21 and we may then use the

hypothesis for these n-1 variables to reduce the problem to the case where n-1 variables are

all equal. Following are some typical examples for this technique.

Problem (Pham Kim Hung). Given q,,a,,...,a, >0 and a,a,...a, =1.

Prove that: ! -+ ! - +...+;k2min{l,ik} , Vk>0
(1+a)) (1+a,) (1+a,) 2

Solution
* We prove a more general result:
If k>0 and q,,a,,...,a, are positive numbers whose product 21 then:
1 1 1

n
+ ot >minl1, 1
(+a)*  (+a)" (I+a,)" nun{ (1+¥ﬁha2man)k} M

¢ Induction on n.

If n=1 then (1) is obviously true! Suppose (1) holds true to n (n=1), we show that it is also

true for n+1.

be positive real numbers whose product is 5" where s>1,

1 n+1
t——————> L——L
a+agk+a+agk+ +a+aﬁgk mm{ a+@k}()

Let a,,aq,,...,a

n+l

we need to prove:

We now fix s. First, let us simplify the problem.

* Clause: Let k, = In(n+1) (which means n—+1 =1)

In(1+s) (14 5)0

Suppose (2) holds true for k =k, then so is every k >0. Moreover, we only have k, 2n in

the case n =k, =s =1 and then (2) is also true.

n+l
Proof: The fact that (2) holds true for k =k, means that z; >1= ntl

= (1+a)* (1+ s)*o

& &

gf 1 gi 1 ko { n+1} ko

2 ok | Lk RN

If k >k, then: = d+a) >| = (+a;) > ) = !
n+1 n+1 n+1 1+ s)*
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n+l n+l 1
If k <k, then: > >1
’ §(1+ai>k §<l+a,.>"°

Moreover, if k, 2n then n+1= (1+ s)* >1+kys21+n (since k,2n=1 and s=1)
Which implies n =k, =s =1, then (2) is obviously true.

* Now we return to our problem. The preceding claim allows us to prove (2) for the only case
In(n+1)

k=k,, and k, <n.From now we will consider k to be k, , which means that k = n(ts)
n(l+s

Assume that q, 2a, 2...2a,,,. Then q,,a,,...,a, are positive numbers whose product >1,

n+l *
hence by induction hypothesis

! —+ ! .t kZmin 1, -
(I+a,) (I+a,) (I+a,) (1+a)

} where a=4%/aa,..a, 2s

n+l
. . . 1
Since a,, =——, (2) is true if we can show that

n >mindL "t Loy (3
a (1+a)* +( Snﬂjk mm{’(Hs)k )
1+

n

a

* Consider the LHS of (3) as a function in a and we denote it by f(a). In order to prove (3),

n+l
k kn : n+l
—kn a

+
d+a)*" (1+ ot jkﬂ

f($)20 g(a)=(n+D]In(s) - In(a)] + (k +1){ln(1+a)—ln[1+ 5" ﬂ >0

we will investigate the behavior of f whereae R™. We have: f’(a) =

n

a

—(n—k)a™ —(m+Da" +(n+Dks"™"a + (kn —1)s""!
a(l+a)(a" +s"™)

Note that: g’(a) =

@20 h(a)=—(m-k)a"" —(n+Da" +(n+Dks" " a+(kn—-1)s"" >0
We have: h'(a)=(n+ 1)[—(11 —k)a" —na"" + ks”“:l
Since k <n, h'(a) changes its sign from the positive sign to the negative one on R* . Moreover

h(0) > 0, hence h(a) also changes its sign from the positive sign to the negative one on R" .

Since g’(a) =0 has the same sign with /(a) , the equation g(a) =0 has at most 2 roots on R*.
It follows that f’(a) =0 has at most 2 roots on R*. Moreover, the facts that f'(s)=0 and
gg} fl@=n=21=f(s)= algg f(a) implies that the other root of f’(a)=0 on R is a, € (s,+00).
Therefore f(a) increases on (s,a,) and decreases on the intervals (0,s) and (a,,).

It follows that f(a)> f(s)= lim f(x)=1, Yae R". The proof of the problem is completed.
X—>+oo
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X. ENTIRELY MIXING VARIABLES - EMV

All the MV techniques we have seen so far have one thing in common, that is if
f(a,b,c)> f(a’,b’,c’) then the tuple (a,b,c) and (a’,b’,c’) must have the same characteristic,
for example sum or product, etc.

EMV technique also has unchanged quantity after “mixing variables”. However, the
difference with other methods is that the quantities used are the difference of variables, i.e.
a—-b,b—c,c—a’.

The idea of EMYV is that when we increase or decrease variables with the same value then the
inequality becomes unchanged or weakened. Thus we only need to consider the case when
one variable is on the boundary.

Not that if we use EMV for inequalities with n variables, when force one variable to the
boundary, the inequality become new inequality with n-1 variable, if this has more than 3

variables then it is still complicated. Thus, we will introduce only the application of EMV for

inequalities with 3 variables

1. EMYV with the boundary at 0:
There are many inequailities where variable has boundary at 0, especially those with three
variables. In IV, we consider a technique to force the variables the the boundary at 0. Now

EMYV gives us another approach. We will begin with a famous inequality

Problem 10.1 [Dao Hai Long] Given a,b,c€ R. Prove that

1 1 1 9
24p2 2 >
(amsbise )[(b—c)2+(a—c)2+(b—a)2] 2

Proof

Since LS (a,b,¢) < LS (lal,|8,lcl) we only need to consider the case when a>b>0,c<0

_(atb+c)’ +(a—b)2+(b—c)2+(c—a)2

3 3 >(a-b)?+(b-c)*+(c—a)*

We have: a’>+b* +¢?

Thus, it suffices to prove that

72 N2 Y 1 1 1 27
((@a=b*+b-c)* +(c-a) )((b_c)2+(a_c)2+(b_a)2jz ()

Let LHS (1) = f(a, b, ¢). Notice that the above inequality contains only characteristic quantities
of EMV, therefore f(a,b,c)=f(a—x,b—x,c—x),Vxe R. We now assume a variable is 0, let

assume b, i.e. x=b the tuple (a—5b,0,c—b) satisfiesa—b>0,c—b<0.
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Now, we need to prove: ((a—c)2 +c? +a2)(i2+i2+ ! jzﬂ 2)

¢t a’ (c—a)’ 2
2
We have: cz+a22(a_c) ,Lz+i22 8 5 -
2 c a (c—a)
Thus: LHS (2) > (1+%)(a —c) ((1+ 8))2 :2—27. The problem is then solved.
a—c

Equality occurs if a=1,b=0, c=—t for te R" or its permutations.

Remark: EMV technique is used uniquely in this problem, in which the expression is

unchanged. Let come back to Schur inequality again.

Problem 10.2 (Schur inequality) Given a, b, ¢ > 0. Prove that:

a’+b>+c+3abe2a’ (b+c)+b*(c+a)+c*(a+b) (1)

Proof
() e flab,c)=b+c—a)b-c)’ +(a+c—b)(a—c)’ +(a+b—c)(b-a)’ 20 (2)
We will prove f(a,b,c)= f(a—x,b—x,c—x), Vxe[0,min{a,b,c}].
This is obviously true because b+c—a=2b+c—a—x=b—x+c—x—a+ x and similar results.
By EMV, we only need to consider the case when one variable is 0, which is true.

Remark: The solution of above problem use EMV under SOS form:

S, (a,b,c)(b—c)2 +3S, (a,b,c)(c—a)2 +S, (a,b,c)(a—b)2 >0
This is efficient technique because it eliminates quadratic terms (a — b)Y, (b—c)*,(c—a)’.
Thus we only need to prove S, (a,b,¢)>S, (a—x,b—x,c—x),g€{a,b,c}

However, it is not always that simple:

Problem 10.3. Given . b, ¢ > 0. Prove that L+L4Llp 24( Lo 1,1 )(1)
a b ¢ g+b+c b+c c+a a+b

Proof

, _ 1,1,1 a b ¢
Th lity (1 +b+ (—+—+—)24( + * )+3
e inequality (1) < (a c) a b c b+c c+a a+b

= Z(b—lc—Wz(am](b—c)z 20®Za(b+c)(a2 +ab+ac—bc)(b—c)2 >0

Now, you can see that the technique used in previous problem is not applicable in this
problem. Thus we need to find more suitable transformation. Note that with EMV technique,

the more a —b,b—c,c —a occur, the more efficient the method is.




Diamonds in mathematical inequalities 179

Thus we continue the transformation as following Za(b +c)a? +ab+ac—be)(b- 0)2 >0
S 22“613(b+c)(b—c)2 —Z:a(b+c)(a—b)(a—c)(b—c)2 >0

&2y ad’b+o)b—c)’ +(b-c)(c-a)’(a=b)" 20

This is obviously true. Equality occurs & a=b=c or a=b,c =0 and its permutations.

. . 2 2 2. . .
Comments: Transformation to expressions of (b—c¢)” (c—a)” (a—b)" is nice and efficient.

You can see the tightness of that expression in estimation that closes to 0. It is much clearer

when we come back to Iran inequality

Problem 10.4. Given a,b,c >0. Prove that (ab+bc+ca)[ ! -+ ! -+ 1 2}22 (1)
(a+b)” (b+c)” (c+a)

(Iran TST 1996)

This problem is the most well studied and there are many solutions have been developed for

it. It is “surprised” to know that this problem can also be solved by EMV.

First of all, we carry out the following transformation

bc+ca+ab 9 4b(a—b)+4cla—c)+(b-c)
)2 (b+c) 22 4(b+c)

(bh-c)
=Y (b-c)| —&
2lbe ((c+a) (b+a) ) Xy
bc—a 1 2
= + (b-c)
Z:((a+b)2(a+c)2 4(b+c)2J ‘
(a—b)(a—c)a® +be+3ab+3ac) 2 be(b—c)
= (b-c) +
z 4(b+c)2(c+a)2(a+b)2 ‘ (c+a)2(a+b)2

be(b=c)  (b=c)(c—a)(a=b)’
(c+a)’ (a+b) 4b+c) (c+a) (a+b)

beb—c)® _ (b-c)(c—a)(a-b)
(c+a) (a+b) 4bh+c) (c+a) (a+b)

Thus (1) & Y

& ZLZ:bc(b2 —02)2 >(b-c) (c—a) (a—b)

Therefore, we only need to consider the case when one variable is 0, which is already proved

in previous section. Moreover, we can tighten the inequality as following:
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Problem 10.5 [Le Trung Kien] Given a,b,c >0 .Prove that

(ab+bc+ca)( | SR | j22+15(b_0)2(c_a)2(a_b)2
b+¢) (c+a) (a+b) 4 4h+ce) (c+a) (a+b)

Again, we only need to prove when ¢ = 0:
2
ab(%+%+%j 22+M@ (a-b)* >0
a’ b* (a+b) 4 4(a+b)
Equality occurs if and only if a=b=c or a=b,c =0 or its permutations.
Notes: The above presentation is to illustrate the idea of EMV. You can also see that the

inequality is directly equivalent to

[ab(a+b)2 —4(a—c)2 (l?—c)zj(a—b)2 +calc? —a2)2 +be(p? —c2)2 >0
This is true because a>a—c>20,b>2b—c>0 (assumed a=>b=>c)
The efficiency of EMV method has been shown in above examples — symmetric inequalities
with 3 variables. However, permutation inequalities with 3 variables are the one that EMV

mostly applied to:

Problem 10.6. Given a,b,c >0 such that a+b+c =3. Prove that a’b+b*c+c’a+abc<4

Proof

First of all, in order to use EMV, we need to homogenousize the inequality:
Given a,b,c >0 .Prove that a’b+b*c+c’a+abc < 2;47(51 +b+ c)3

& 8> a’ —6abc —3> be(b+c)+27) be(c—b)20

& fla,b,c)=D (a+4b+4c)b—c)’ +27(a—b)b—c)c—a)20

Thus: f(a,b,c)= f(a—x,b—x,c—x), Vxe [0, min{a,b,c}]

So we only need to prove the inequality when ¢ = 0: a’b < 2i7(a +b)’

3
a a R4 4
Using AM — GM, we have: a%b=4-2.2. b<d4| 22 | = (4+b)°
2 2 3 27

Therefore the problem is solved.
Equality occurs & a=b=c=1or a=2,b=1,c=0 or its cyclic permutations
Note: While we use “mixing variables”, the expression(a—b)(b—c)(c—a) appears to be

noticeable. Its role is to eliminate the permutative property of the rest of the inequality, which

make transforming to SOS form easier
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Problem 10.7. Given distinct numbers a,b,c =2 0. Prove that:

a—b : b—c : c—a : a+b b+c c+a
+ + > + + (D)
b—c c—a a—b b+c c+a a+b

Proof
Assume thatc = min{a,b,c} and let f(a,b,c)=LHS(1)—RHS(1). We have

a+b+b+c+c+a:(c—m&wb)+ (a—b)*
b+c c+a a+b ((b+c)a+b) (c+a)c+Db)

Therefore we have: f(a,b,c)= f(a—x,b—x,c—x),Vxe[0,c]

We now only need to prove the inequality when ¢ =0:
(a—bjz (bjz ( a jz a+b b a
+ = + > +=+
b a a-b b a a+b
1\

Standardize b =1, the inequality becomes (a—1)° + (—) +(
a

2 1
) >a+1+—+
a—1

This simple inequality is left for readers to solve.

Problem 10.8 [Le Trung Kien] Find all constants k£ such that

a , b . ¢ )<"2"‘bz"'cz+3k_2 Ya,b,c>0

a+b b+c c+al ab+ac+bc 2

Proof
(a-=b)a-c)b-c) <(a—b)2 +(h-c) +(c-a)
(a+b)a+c)b+c) ab + ac + bc

(a=b)la=c)b-c) _(a+b)a+c)(b+c)
(a=b) +(b—c) +(a—c)®  abtac+tbe

Let f(a,b,c)=RHS(1)—- LHS(1). We need to find k such that f (a,b,c)>0Va,b,c>0

The inequality & &

(1)

We will prove f (a,b,c)> f (a—x,b—x,c — x)Vxe [O,min{a,b,c}] 2)
Indeed f(a,b,c)> f(a—x,b—x,c—x)
(a+b)(a+c)(b+c)> (a+b-2x)a+c—2x)(b+c—2x)

ab +bc + ac T la-x)b-x)+b-x)c—x)+(c-x)(a-x)
____abc A (a—x)(b—x)(c—x)
D S et (P s O | S o pmo T e

& 3x+ ! >—L 3
( 1 1 1) 1,1,1
+ +
a-x b—-x c—x a b c

Consider the function g (x) = LHS (3), then g (0) = RHS (3). We have

1 1 1
(a—x)° +(b—x)2 +(c—x)2

2
(1+1+1)
a-—x b—-x c—x

g (x)=3- >0 = g(x)>g(0). Thus (2) is true.
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From (2) we have: f(a,b,c)>0,Va,b,c20 < f(a,b,0)>0,Va,b=>0

Consider: f(a,b,0)20 & —Kabla=b) o} ()
(a—b) +a* +b*

3
We have (4) is true Va,b>0 < k| <minh(x) where h(x)zM >1

x(x=1) e

It is easy to see that minh(x) =29+ 6y/3 (x>1) when x:# NENE)

Thus (1) is true Va,b,c>0 < [kl <2y9+6y3
Equality occurs & a=b=c
Furthermore if k =429+ 6+/3 then the equality also occurs when (a,b,c)| (c,b,a)] is a cyclic

% *‘2\/51"1"0) , t >0

permutation of (

Remark: When we need to find optimal constants and when equality occurs correspondingly,
EMYV is the perfect choice. All other methods either reach dead-end or are too complicated. In

the next section, we will see an interesting aspect of EMV.

2. EMV for inequalities with triangles.

We begin with the following problem:

Problem 10.9. Let a,b,c be the length of edges in a triangle (possible to degrade)

a b c
b+c c+a a+b

Find the maximum value of f(a,b,c)=

Solution

The function f(a,b,c) is associated with Nesbit inequality, and we know that
mjnf(a,b,c):%, when a=b=c.

However we need to find the maximal value and this problem is solved as following:

Assume a=max{a,b,c}. After simple transformation:

2

Flaboy=—3—4-b ¢ -y (b-c) .3
b+c c+a a+b 2@a+b)a+c) 2

So f(a,b,c) < f(a—x,b—x,c—x), Vxe[0,k]. Where k is a suitable number which will be found

later. So, we only need to prove the inequality where one variable is on the boundary. However,

is this problem’s boundary similar to previois problems? Let us investigate on this issue
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Let try with x = k = min{a, b, c} i.e. one variable is 0, for example ¢ = 0.

So f(a,b,0) :%+§. We cannot say anything about the maximal value in this case.

Note that ¢ = 0 implies a=b because 0=c2la-bl, so f(a,b,c)=2.

This weakens f(a, b, c) significantly, which make it impossible to find max f(a, b, 0).
Therefore, we need to find better boundary. Note that, if a =max{a,b,c} then the sufficient
and necessary condition for a, b, ¢ to be length of edges in a triangles (possible to degrade) is
a<b+c.Thus b+c is the boundary of a. We now begin to force ato b+c.

We have a—x=b—x+c—-xS x=b+c—-a20

Let x=k=b+c—a, thatis a=b+ c. Therefore:

b + c —H_ 3bc <9
2c+b 2b+c 2b+c)2c+b)

fb+c,b,c)=1+

Equality occurs if and only if a =b, ¢ =0. So max f(a, b, ¢) =2

Problem 10.10. Given a,b,c € [2,3]. Prove that:

(a+b+c)(l+l+l)26( 4 4 b +-< j (D)
a b c b+c c+a a+b

Proof

To use EMV, we first need to change the given conditions to suitable. Note that for all

x,y,z€[2,3] then x+y=>z3x>2y. We will prove the inequality with the condition that

a,b,c are length of edges of a triangle such that 3min{a,b,c} >2max{a,b,c}. We have,

1 3 ) ) i
1 ——————|(b-0)" 2 —2bc)(b—c)* 2
(1) z(bc (a+b)(a+c)j(b ) 20 Y ab+c)(a® +ab+ac-2bc) (b—c)* 20

e > a*Ba-b-c)b+c)b-c)’ -2 alb+c)a-b)(a-c)b-c)* =0
&Y ad*Ga-b-c)b+c)b-0)* +2(b-c) (c-a)’ (a-b)" 20 (2)
Let f(a,b,c)=LHS(2) and assume a =max{a,b,c}.
We will prove: f(a,b,c)> f(a—x,b—x,c—x), Vxe[0,b+c—a].

This is obvious because3a—b—-c23(a—x) —(b—x)—(c—x),3a—b—c=0 and similar inequalities.

So we only consider the case when a=b+c:

1 1.1 b c ’
2(b + ( +—+—)2 (1+—+ ) —o)' >
ol oyt )20\ oyt e & 0 20

The inequality is proved. Equality occurs if and only if a=b=c.
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Problem 10.11. Let a, b, ¢ be length of edges of a triangle. Prove that

4(ﬁ+é+£)23(ﬂ+£+2)+3 (1)
b ¢ a c b a

Proof

1) o 7(£+2+£_£_£_é)+(g+£+ﬁ+g+é+g_6)20
b ¢ c b a b ¢ a
s Ta-b)b-c)c—a)+ab—c)* +b(c—a)* +c(a—b)* 20

So we only need to prove when c¢=a+b, that is:

Tab(b—a)+(a+b)a-b)’ +a’ +b* 20 2a° +2b” —Tab® +7a’h 20
7.\ .7
= 2b(b —Za) + gazb +2a’ >0. The inequality is thus solved.

Equality occurs if and only if a=b=c
Remark: Using EMV we can solved the generalized problem:

Let a, b, c be length of edges of a triangle. Find the best constant k such that:

(k+1)(£+2+£j2k(2+£+ﬁj+3
b ¢ a a b c

Problem 10.12 [Le Trung Kien]

Let a, b, c be length of sides of a triangle (possible to degrade).

a+5b+b+50+c+5a <95 (1)
b+c c+a a+b

Prove that: 9 <

Proof

at3h  bEC CH3 55 o3 bto)b o) 210(a—b)b - e —a)
b+c c+a a+b

It is easy to see that we only need to consider the case a=b+c, that is:
(b+c)b—c)* +(2b+c)c” +(b+2c)b” 210bc(c —b)

2
& 2b° +11b%c = 9bc? +2¢° 20@26(0—%) +%b2c+2b3 >0

Equality occurs when a=b=c.

a+5b+b+5c+c+5a _z (b—c)? N 5(a—-b)b—c)c—a) — f(a,b,c)

On the other hand
2a+b)a+c) 2a+b)b+c)c+a)

b+c c¢c+a a+b

Now f(a,b,c)< f(c,b,a) if a<b<c.So we can assume that a>b>c.
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It is then obvious that f(a,b,c)< f(a—x,b—x,c—x), Vxe [O,b +c— a] .
So again, we only need to consider the case when a=5b +c, that is:

6b+c+b+50+6c+5b
b+c 2c+b 2b+c

<95 be(b+11c) 20

The problem is then solved. Equality occurs <& a =b,c =0 and its permutation.

Note: It is interesting to see that 2-sided inequality can be solved completely using EMV

Problem 10.13. (Le Trung Kien) Let a, b, ¢ be length of edges of a triangle

2 g2 2 2 g2 2
Prove that: z(a_+b_+c_j2a_+b_+c_+a+b+c (1)
b ¢ a c a b

Proof

2 2 2 2 42 2 2 32 2 2 42 2
b, al b« ]+a—+b—+c—+a—+b—+c——2(a+b+c)20
b ¢ a ¢ a
_ _ _ N2 2 2
<:>3(a b)(b—-c)(c a)(a+b+c)+(b+c)(b c) +(a+c)(a c) +(b+a)(b a) >0
abc bc ac ba

alb+c)b-co)? +bla+c)a—c)* +c(b+a)(b-a)?
a+b+c
a(b+c)_ 1 S 1
a+b+c l+ 1 1 N 1
a b+c a-x b+c—-2x

< 3(a-b)b-c)c—a)+

20 2)

Assume c=max{a,b,c}. We have: , Vxe[0,a+b—c]

and similar inequalities, so we only need to prove (2) when c=a+b, that is:

@ 2b+a)+b>Qa+b)+(a+b) (a—b)’ S

3ab(b—a) + 2t

0

2
o a*-2a°b—a*h? +4ab® +b* >0 (a® —ab-b?)" +2ab* >0
The problem is thus solved. Equality occurs < a=b=c

Remark: Using EMV we can solve the generalized problem:

Let a, b, c be length of edges of a triangle. Find the best constant k such that:

Problem 10.14 [Le Trung Kien]
Let a, b, c be length of edges of a triangle (possible to degrade).

(a+b+c) < ( a b c )
Prove that: —ab+bc+ca+20_l6 a+b+b+c+c+a (1)

Proof

We can see that equality in (1) does not occur when a =b =c . Our transformation has no

effect at all, therefore we need to come up with another way
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) & a’> +b* +c? —2(ab +be + ca) < 8(a—b)(b-—c)a—c)
ab+bc+ca (a+b)a+c)b+c)

As a,b,c are length of sides of a triangle so a’ +b*+c*—2ab—2bc—2ca<0. Thus
If a=b=c then the inequality is true.

If ¢>2b>a, then the inequality is equivalent to

2 42 2
(a+b)(a+c)(b+c)(2ab+2bc+2ca—a —-b"—c )ZS(a—b)(b—c)(c—a)
ab+ ac+ bc

Consider 0<x<a+b-cand f(x)=(a+b-2x)(b+c-2x)(a+c—2x)+

+(a—b)2+(b—c)2+(c—a)2{3x_a_b_c+ 1 J

2 1+1+1
a-x b—-x c—x

So f(0) =LHS (1). We also have:

F(x)==24x> +16(a+b+c)x—2(a* +b> + ¢ +3ab + 3ac + 3bc)
1 1 1
+ +
a=b)+(b=c) +(c=a)’|; (a=0)" (b=x)" (c=x)
2 ( 1 1 1 )2
+ +
a-x b—-x c—x

<24x% +16(a+b+0) x—2(a +1* +¢ +3ab+3ac+3bc)+%[(a—b)2 +(b=c) +(c—a)]

S—24(a+b—c)2 +16(a+b+c)a+b-c)
—2(a® +p* + 2 +3ab+3ac+3bc)+%[(a—b)2 +(b—c)2+(c—a)2]

:%[—5%2 +59(a+b)—11(a? +b2)—37ab]:%[—59(c—b)(c—a)—11(a—b)2]so

Function f(x) is decreasing for 0<x<a+b—c, therefore f(0)> f(a+b—c) so we only

need to consider (1) when c=a+b, that is:

(a+b)2a+b)(2b+a)
a’ +b* +3ab

dab >8ab(b—a)  4a® +3a*b+11ab* 20

The problem is thus solved. Equality occurs < a =b,c =0 or its permutations.

Note: The power of EMYV is fully illustrated in above problem. Note that the evaluation

f(a,b,c) = f(a—x,b—x,c—x) in previous problems are quite loose, while in this problem the

tightness is shown via the proof of f’(x)<0.
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Xl. SOME SPECIAL MIXING VARIABLES TECHNIQUES.

One of the most attractive features of MV method is the diversity of techniques. This
can be illustrated via a number of problems that can be solved using special MV

techniques:

Problem 11.1. [Phan Thanh Nam] Given x,y,ze[-1,1] and x+ y+z=0.

Prove that: \/1+x+y2 +\/1+y+z2 1+ z+22 23 (D

Proof

Lemma: If ab>0;a,b,a+b>—1then V1+a +vJ1+b>1+~1+a+b

Proof: Indeed, square both sides of the inequality we have
2+a+b+2y(+a)0+b)22+a+b+2V1+a+b = (0+a)U+b)21+a+be ab>0
Application: Among there numbers x+ y*,y+z>,z+x” there must be at least two numbers

with the same sign. WLOG, assume (x + yz)(y +7° ) 20. Using the lemma we have:

LHS (1) 21+l+x+y +y+2 +y1+2+% :1+\/(\/1—z+z2 PRI e G
21+\/(\/1—z+z2 +\/1+z)2 +(x+y) :1+\/(\/1—z+z2 +\/1+z)2 +7°

2
Finally, it suffices to prove that (\/1 —z+7% +1+ z) +z22 >4

o222+ N0-722e1-7221-272 + 7' & 72 (22 =1) <0 which is true because 1<z <1,

The problem is then solved. Equality occurs & x=y=z=0.

Problem 11.2. [Pham Kim Hung] Given a,b,c,d 20;a+ b+ c+d =3 . Find the maximum
value of ab(a+2b+3c)+bc(b+2c+3d)+cd(c+2d+3a)+dald +2a+3b)

Solution
It is easy to see that f (a,b,c,d)< f(a,b,c+d,0) (d =min{a,b,c,d})
The problem becomes: Given a,b,c,d 20;a+ b+ c+d =3. Find max:
fa,b,c)=aba+2b+3c)+bc(b+2¢)=Qa+c)b* +(a+2c)(a+c)b
We have f(a,b,c)- f(a+c,b,0)=bc(a+c—b); f(a,b,c)— f(0,b,a+c)=ab(b—a—c)
Therefore f (a,b,c)<max{f (a+c,b,0),f(0,b,a+c)}
In addition: f (a+c¢,b,0)=2(a+c)b* +(a+c)*b=2B-b)b* +(3-b)*b=g(b)
F(0,b,a+c)=(a+c)* +2(a+c)ib=(a+c)3—a—c) +2a+c)’B-a—-c)=gla+c)

where g(x)=9x—x> =—(x=/3)2(x + 24/3) + 64/3 <63, x>0.
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Therefore: f(a,b,c)<max{f (a+c,b,0),f(0,b,a+c)}=63
Equality occurs & a=3- \/g,b = \/g,c =d =0 or its permutations

So maxf(a,b,c)=6x/§

Problem 10.3. Given x,y,ze [1,2}. Prove that 8(£+Z+£)25(Z+1+5] +9
2 y z X X y z

Proof

Let f(x,y,z)=8(£+l+5]25(Z+i+1j—9
y I X X y z

Assume that x=max{x,y,z}. We have:

f(x,y,z)—f(x,\/x?,z)=8G+%_2\/§j_5(2+1_2\/@: (y—iz) (8x—52) o

X Yy Xyz

:f(x,y,z)Zf(x,x/x_z,z). Now let t=\/2,1£t£2 we have:
z

f(x,\/;,z)=8(2\/%+§—3j—5(2\/%+§—3j=8(2t+%2—3)—5(%+t2 —3)

(-1’ (8+6r-52) _ (1=D*(4+50)(2-1) |
2

>0
t ?

=8 G-1 24D -2G-D"(1+2)=
t
The problem is thus solved.

Equality occurs & x=y=z or (x, y,z)=(2,1,%) ;(1,%,2);(%,2,1)

XIl. GENERAL MIXING VARIABLES THEOREM

In this section, we will introduce GMV theorem (General Mixing Variables) for n variables.
This theorem almost contains all possibilities of “mixing variables”

1. We begin with some definition in R".

Definition 1:

* The space R" is the set of x=(x,x,,..x,) where x,€ R,Vi.

* A sequence {xm =(xl’m,x2!m,...,xn!m )} in R" is defined to converge to z=(z,,2,,....2,)€ R"

if each sequence x,, convergesto z, when m — o, Vi=12,..,n.

*Let DcR". A function f:D — R is continuous on D if: for any sequence {xm} c D and

ze D such that {xm} converges to z, then we have: f (xm) converges to f(z).

Definition 2: Let D c R". We say:
* D is closed if for any sequence {xm} cD and ze R" such that {xm} converges to z, then we
have ze D.

* D is bounded if there exists M such that: Vx=(x,,x,,..x, )€ D, then |xi| <M,NVi=12,...n.
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For example, a finite set is closed and bounded

The following theorem is fundamental to our results (the proof will be given at the end of this section)
Weierstrass theorem: Let D be a closed and bounded setin R", and f:D — R is

continuous function. Then f has global minima in D, i.e. there exists x,€ D such that:
f(x,)< f(x),Vxe R. We also have similar result for global maxima.

* Comment: This theorem is a generalization of a familiar result: "Let [a, b] be a closed
interval in R and f :[a,b] — Ris continuous, then f has global minima in [a, b]". Therefore,

Weierstrass theorem is intuitively understandable for us.

2. GMYV Theorem: We assume that:

e Disasubsetof R", and A is a closed subset of D.

* f:D— R is an arbitrary continuous function such that f has a minima in A.

* T,,...,T, : D — D are transformations such that 7,(x) =...=T, (x) = x,Vxe A.

We will give some criteria such that the minima of f on A is also the global minima of f on D.
Theorem GMV1: If

o f)=min{f(T,(x)}.Vxe D\A
j=lk ’

« Vj=1kVxe D wehave limT/"(x)€ A, where T"(x) = x,7)"(x) =T, (T} (x))

m—seo

then f(x)Zmij{l{f(y)},Vxe D.
ye
Moreover, equality does not occur on D\ A if f(x)> min f(T,(x)),Vxe D\A.
j=Lk

Theorem GMV2: If

* D is closed and bounded in R".

e f(x)> mmf(Tj(x)),Vxe D\A.
=1,k

then f(x)> min{f(y)} ,Vxe D, moreover, equality does not occur on D\A.
yeA

Theorem GMV3: If

* D is closed and bounded in R".

. f(x)anl%;f(Tj(x)),Vxe D\A

* There exists a continuous function hj: D — R such that: hj (x)> hj (T] (x)) , Vxe D\A.

then f(x) Zmi/{l{f(y)},Vxe D.
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Proof
GMYV1: Let’s consider arbitrary x € D. We have: f(x)>min f(T]. (x)). By induction we
j=Lk

have f(x) > min f(ij(x)),Vxe D. Since f is continuous and lim7, (x)e A:
j=Lk

F(x0)> lim [min f(TT"(x))j - mmf( lim Tf"(x)) > min f ()
m—oo\ j=1k J j=Lk " \m—oe J yeA
Furthermore, if f(x)>min f (Tj (x)) then we have
=1,k

F(T;(0)2min £(y) implies f(x)>min f(y).
GMV2: Using Weierstrass Theorem, there exists x, € D such that f(x0 ) <f(x), Vxe D.

If x,¢ A then f(x,)>min f(T i (x,)) , contradiction. Therefore x,€ A.
j=Lk

GMV3: Consider y,e A such that f (yo): Min{f (y)} . We assume that there exists ze D
yEA

such that f(z)< f(yo). Since hj (x) is lower-bounded on D, by adding necessary constant,
we may assume that hj (x)>0,Vxe D,Vj=1,...k.

k
Select € > 0 small enough we will have f(z)+82hj (z)< f(yo) .

=

Let g(x)=mm{f(x)+€hj(x)},Vxe D then g:D — R is continuous and
j=Lk

g(x)>r;:1%g(Tj(x)),Vxe D\A and g(z)<f(y,)<Min{g(y)}.

yeA

This is contradiction with Theorem 2.

* Comment: GMV theorems look simple however it has a wide range of applications. For
each transformation, we have a corresponding “mixing variables” technique. For instance, we

have following collaries

Consequence 1: (Pham Kim Hung, SMV-Strongly Mixing Variables) Let:

* DcR”" is a closed and bounded set and s, =(s,s,...,s)€ D.

* Transformation 7 is defined as: For each tuple (al,az,...an)e D, we select the largest and
smallest and then replace them by their average number. We assume that 7: D — D.

e f:D — R be a symmetric and continuous function such that: f(a)> f (T (a)),YaeD.

Then f(a)> f(s,),Vae D

n
Proof: Let h(al,az,...,an):Z:ai2 , we have h: D — R is continuous and
i=1

h(a) > h(T'(a)),Vae D\{s,}. Then the theorem is proved using GMV3.



Diamonds in mathematical inequalities 191

* Remark:

We can also use GMV 1, we only need to check for all a€ D then lim 7" (a) = -

m—»oo

This is intuitively clear, so we leave the proof as a small exercise for readers. In fact, we can

overlook the assumption that D is closed and bounded (i.e. Consequence 1 is true for all

subset D of R” such that T(D) c D).

Consequence 2: (Dinh Ngoc An, UMV - Undefined Mixing Variables) Given:

n
e DC {x :(xl,xz,...xn )e R” I x,; ZO,in :const}. Let A is a set of elements in D such that ¢
i=1
coordinates are 0 and the rest are equal (1>0).

* f:D— 1R is continuous and symmetric such that:

. a +a, a +a
f(al,az,...,an)2mm{f(%,%,ay...,anj,f(&al +a2,a3,...,an)}

then f(x)Zr{li/{l{f(y)},Vxe D

Proof: Consider the transformations 7,,T, : D — D as following:
T,(a)=T,(a)=a,Vae A and for each a:(al,az,...an)e D\ A, select two indices i#j
such that a, =min{a, >0,r=1,..,n} and a;= max{a,,a,,..a,}, corresponding to T, we

replace a;,a; by its average, corresponding to 7, we replace a,,a; by (0,4, +a;). Then

f(a)2min{f(T,(a)), f(T,(@))},Vae D.

Let h, (al,az,...an)zzn:aiz and h, (al,az,...,an ) =-max{qa,,a,,...,a,} then h,h, : D — R are
continuous and £, (a) l:h ;(T;(a)),VYae D\{s,},Vj=12.The problem is then solved using GMV3.
* Remark: We can also check if for all a€ D then ,}}ElTlm (a)=(s,s,...,5) and

,}ziglosz (a)=(0,...,0,r,...,r) and apply GMV1.

3. Following problems will illustrate the power of GMYV.

Problem 12.1. (Cauchy inequality) Given n non-negative numbers x,,x,,...x, .

. n
Prove that: x, +x, +...+x, 2n-\/xx,..x,

Proof

By normalizing, we assume that x,x,..x, =1 thus we need to prove x, +x, +..+x, 2n.

Obviously we only need to consider x;, <n,Vi.
Let D :{x: (xl,xz,...xn) lx, € [0, n], XX, X, :1} , D is closed and bounded
Let A :{x0 :(1,1, 1,...,1)} . Consider a continuous function f:D — R such that:

For eachx:(xl,xz,...xn)e D then f(x)=x1 +X, +otx, .
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Let T: D\A — D be: For each x=(x,,x,,..x,)€ D\ A then there exists x, # x; and we T(x) is

the tuple x after replacing x; and x; by their geometric mean.
2
Then f (x) - £ (T (x))=({fx, =\[x;) >0. Using GMV2 we have f(x)2 f(x,),vxe D,

Equality occurs if x=x,.

Problem 12.2. (Dinh Ngoc An) Given k >0, x,,x,,..x, 20 and x, +x,,...+x, =n. Prove that:

k
(x2x3...xn)k +(x1x3...xn)k +...+(x1x2...xn_l)k Smax{n,( n 1) }
n—

Proof
Define f(x,,x,,....x,) = (x2x3...xn)k + (xlx3...xn)k +..+ (xlxz...xn_l)k .
WLOG, we may suppose that x; < x,. Then x, =s—1,x, =s+t where 7€ [0,s].
Consider f(x,,x,,...x,)=g() = Al (s+0)* +(s—1)* |+ B(s> =1*)*
where A = (x3...xn)k ,B= (x4x5...xn)k + (x3x5...xn)k +..+ (x3x4...xn_l)k.

We have: g'(t) = Ak[ (s 0 = (s =) |- 2Bke(s* —12)*" 20

251

Shi)=G6-D""—(s+n"F = 0

W)= (k=D (s—1) " +(s +z)—k]—273 WO =k(k=D[(s—* " =(s+n7*" |50

Hence h(t) is convex, moreover 0= h(0),lim h(¢) =+co. Therefore, either h(¢) is always
t—s~
positive (0,s), or h(f) changes its sign from the negative sign to the positive one on (0,s).

But g’(r) has the same sign with A(?), so g(t) < max{g(O),g(s)} . It follows that:

X, +x, x +x
1 2 1 2
f(xl,xz,...,xn) < max{f( 5 ,—2 ,x3,...,xn]’f(0,xl +x2,x3,...,xn)}

Applying the UMV theorem, we have the proof.

* Remark: We observe that if there is an equality dependency among n variables, we can fix
(n — 2) variables and let other two vary. Therefore, consequence 3 allow us see how n
variables vary by looking at how two variables vary. If there is more equality dependency
among variables, the number of varied variables can be more to preserve the dependency. We
often see only inequality with one equality dependency. We will introduce two problems

where there is more than one such dependency.
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Problem 12.3. (Phan Thanh Viet)

Let n >3, consider the set D consisting of all tuples of n positive numbers satisfying

a ta,+..+a, =A, alz +a22 +...+aj = B, where A, B are given constants such that nB > A’
Prove that:

a) D has a unique element (b,,b,,...,b,) satisfying b, =b, =...=b, .
b) The expression f(a,,a,,...,a,)=aa,..a, attains its maximum value in D if (q,,a,,...,a,) is

a permutation of (b,,b,,....b,).

n

Proof
a) Assume that a =(q,,a,,...,a,) satisfying a, =a, =...=a,. Tohave ae D we need
a,a,>0, a, +(n-Da,=A, a] + (n—1)a; = B . It follows that a, is a positive root of
the equation (A—(n—1a,)’ =B—(n-Da? & n(n—1)a? -2A(n—1)a, —B=0
Since this equation has a unique positive root, we are done.
b)

e Step 1: We first consider the case n = 3.
The equality a; +a; +a; —3a,a,a, =%(a1 +a, +a3)[3(a12 +a; +a)—(a, +a, +a3)2] implies
that f(a,,a,,a;)=3a,a,a, +%A(3B —A), hence f(a,,a,,a,) attains its maximum value on D

if two of the three variables a, are equal (readers can prove this by investigating a function in
one variable — see the article on ABC method of Nguyen Anh Cuong).

* Step 2: We now consider the general case. Let A be the set of all tuples in D with (n — 1)
equal components. Consider the transformation 7 :D\A — D as follows. Assume that

a=(a,,a,,..,a,)e D\ A, we may always choose 3 numbers, say (q,,a,,a;), such that they
are pairwise distinct. Then, there exists a unique triple of positive numbers (e,,e,,e;) such
that e, +e, +e, =a,+a, +a,, e/ +e;+e; =a] +a; +a;. The transformation T replaces
(a,,a,,a;) by (e ,e,,e;). Obviously, T(a)e D, so by the result in the case n=3 we have
f(T(a))> f(a).It follows that f(a) attains its maximum value if ae A.

That is exactly what we want to prove.
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Problem 12.4. (Phan Thanh Nam)
Let n = 3, consider the set D consisting of all tuples of n positive real numbers whose sum is

A and whose product is B, where A, B are given constants such that A" > n"B. Prove that
a) D has precisely two elements (b,,b,,....b,), (c,,c,,...,c,) satisfying
b >b,=b,=..=b, and ¢, <c,=c;=...=c¢,.

b) The expression f(a,,a,,...a,)= alz + ag +..+ aft attains its maximum value (or minimum)

in D if (a,,a,,...,a,) is a permutation of (b,,b,,...,b,) (or (¢,,c,,...,c,), respectively).

Proof
a) Assume that a =(q,,a,,...,a,) satisfying a, =a, =...=a,. Tohave ae D we need
a,a,>0,a +(n-1a,=A, ala;’_l = B . It follows that a, is a positive root of the equation

A-(n-Da, = & (n—1a) —Aa)”" + B=0. Consider d(x)=(n-1)x"-Ax""+B

n-1
2

d'(x)=m—-D)x"?(nx— A) = d(x) decreases on (0;%) and increases on (%;oo) .

Moreover, d(O)=B>O>—(%) +B=d(%), hence the polynomial d(x) has precisely two

positive roots, one is in (O,%) while the other is in (%;oo) . We then have the proof.

b)
* Step 1: We first consider the case n = 3. We show that for all a =(a,,a,,a;)€ D, we will

have a, € [c,,b,] where i =1, 2, 3. It suffices to consider i = 1.

We have : 4—B=4a2a3 <(a,+ay)’=(A-a,)’ & a(A—a)’24B
a;

The polynomial g(x) = x(A—x)> —4B has 3 roots, where the two smaller roots are b, and c,

Indeed, since b, +2b, = A,blbz2 =B = (A—bl)2 = 4l)22 = LZ—B , b, is aroot of g(x) and

1

similarly so is ¢,, moreover by Viete's theorem the sum of three roots is 2A > 2b, + ¢,

, bb; _bb; b, ,
(otherwise 2A<2b, +c¢, = ¢, 22A-2b, =4b, =, = <——=<—, contradicts
cc, ¢ 16

3c, 2 ¢, +2c, = A> b)) so the other root is greater than b, .

Hence g(a,) 20 < a, € [c,,b,]. In particular, b,,c, € [¢,,b;]] = ¢, <b, <c, <b,.
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2B

We now have alz +a§ "'032 :al2 +(a, +03)2 —2a,a, =al2 +(A—a1)2 P
1

2(2x* — Ax+ B)

2
X

Consider h(x) = x> +(A—-x)* —2—B where x € [c,,b,]. We have: h'(x) =
X

As in the remark, we see that the equation /'(x) =0 has exactly 2 positive roots, those are b,
and c,, moreover h’(x) is negative on (b,,c,) and positive on (c,,b,) U (c,,b,)

On the other hand, if a, € {b,b,} then(a,,a,,a,) is a permutation of (b,,b,,b,) , hence
h(b,) = f(b,,b,,b;) =h(b,), similarly h(c,)= f(c,,c,,c;)=h(c,). It then follows that
f(c,c,,¢5) < f(a,,a,,ay) < f(b,,b,,b;). Moreover, equality occurs if (a,,a,,a;) is a
permutation of (b,,b,,b,) or (c,,c,,c;) respectively (q.e.d).

* Step 2: We now consider the general case. We prove for the minimum case, the maximum
one is similar. Let A be the set of all permutations of (c,,c,,...,c, ), that is the set of all tuples
in D with (n — 1) equal components and greater than the remaining one. Consider the
transformation 7 : D\ A — D as follows.

Assume that a =(a,,a,,...,a,)€ D\ A, we may always choose 3 numbers , say (a,,a,,a,),

such that the case that two numbers are equal and greater than the remaining one doesn’t hold.

Then there exists a unique triple (e;,e,,e;) such that e, <e, =e,,

e, te,+e,=a, +a,+a,, ee,e;=a,a,a,. The transformation T replaces (a,,a,,a;) by
(e,,e,,e;). Obviously T(a)e D . So by the result in the case n = 3, we have f(T(a)) > f(a)

It follows that f(a) attains its maximum value if ae€ A..
That is exactly what we want to prove.

* To end this section, we give a proof for Weierstrass Theorem.

Definition 3: Given a sequence {a,}”  (in R or R"). A sequence {amk }:—1 is called a sub-

oo

sequence of {a, }

if {m,} _, is astrictly increasing sequence.

oo

For example: {a2m}°° e

m=1

is a subsequence of {a, }
m

Lemma 1: (Weierstrass) Any bounded sequence {am} in R has a convergent subsequence

Proof: We know that “if a sequence is monotonous and bounded then it converges”, thus we

only need to show there exist a monotonous subsequence.
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Consider T:{me Z ' 13dm’>m:a,, Zam}

If T is finite then {am} is decreasing from some index. If 7 is infinite then we can extract an

increasing subsequence. In both cases, we can show there exists a monotonous subsequence.
Lemma 2: (Weierstrass) Any bounded sequence {am} in R" has a convergent subsequence
Proof: Let {am :('xl,m""’xn,m )} be a bounded sequence in R". Since {xl’m} is bounded in R,
there exists a subsequence {xl.mkl} that converges. The sequence {xlmkl} is also bounded
inR so there exists a subsequence {xz,mh} that converges. By selecting "subsequence of
subsequence" continuously, we finally have a subsequence {amk =(xl’mk - )} such
thatVi=1n, {xi’mk} converges in R. Therefore {amk} converges in R”.

Lemma 3: (Completeness of R) Let A be a bounded set in R. There exists M € R such that: M <A
(i.e. M <a,Vae A) and a sequence {ak} in A converges to M. We will denote this by M =inf A.

Proof: We will prove that Ve > 0, Jac A, a — € < A. Assume this is not correct. Consider arbitrary

x, € A, by induction, we can build a sequence {xm} in A such that x_ ,, <x —€,Vme 7"

So x, <x, — (m—1)e,Vme Z" this is contradictory to the fact that A is lower-bounded.

Thus, Vme Z", there exists a, € A such that a, ~L <A Since {a,,} is bounded, there
m

exists a subsequence {amk} that converges to M in R. What is left to prove is that M < A.

Indeed, consider arbitrary aec A we have a,, - <a,VkeZ", when k — « then M < a.
my

Proof of Weierstrass Theorem: Let A = f(D). We will prove that A has a minimum value.

We will show that A has following property: if the sequence {am} is contained in A and a, — o
then oe A. Indeed, by definition we have x, € D such that f(x, )=a, —a. Since {x,} is
bounded (contained in D), there exists a subsequence {xmk} that converges to ¢ in R". Since
D is closed, we have ce D . Since f(x,)— 0 we have f(xmk ) —o.. On the other hand, {xmk} —c

and f is continuous we have f (xmk ) — f(¢). This limit is unique, therefore f(c)=o.

Now, A is lower-bounded (since it will lead to contradiction if o0 =—). Therefore, there

exists M = inf A. By the definition of inf and the property of A we have shown, we have Me A.

So A has a minimum value which is M. The theorem is proved.
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Xlll. REVIEW

Dear reader, it is necessary to review our journey so far. As mentioned in VI, MV method is
known early when considering convex function together with a lot of nice results. Jensen
inequality can be seen as a criteria for mixing variables to centre globally. For details, see

Inequalities by Hardy — Polya — Littewood.

Our purpose is not just to describe a wide variety of “mixing variables” techniques but also to
let the readers grasp the idea of the method. Similar to many other methods, sometimes we
might not solve the problem directly by MV method; we need to transform it to a suitable

form. For example

Problem 13.1. (VMEO I - Phan Thanh Nam)

Find all constant k such that there exists ¢, >0 satisfies:

(1+x2)(1+y2)(1+z2)2ck (x+y+z)k ,Vx, y,2>0

For each k, find the best constant c, .

Using limit, it is easy to see that ke [0, 2], however it much more complicated to find best.

You might try and see that it is difficult to use MV method here with variables x, y, z.

However by transforming x=tgo,y=tgB,z=tgy where a,B,ye (0;%) then it is surprised

that we can “force” the inequality to one variable by replacing «,f,yby their average. The

rest is just to investigate the behavior of an one-variable function or simply use generalized
AM - GM inequality.

MV techniques we have introduced hopefully give the overview about MV method. This
method is widely applicable, from 3-variable, 4-variable to n-variable inequalities. Generally
speaking, inequalities with 3 or 4 variables are still the first customers of MV method. For
many general problems with n variables, “mixing variables” is really difficult. Theorems such
as SMV, UMV could not solve those problems. Sometimes, MV techniques could not solve

even symmetric and homogeneous inequalities with 3 variables:

Problem 13.2. Given a, b, ¢ =2 0. Prove that

2
(@ +b%+¢° —6abc)2 +[(a+b+c)3 —36abc] >0

Equality occurs when (a, b, c) = (t, 2¢, 3¢t), t =2 0 (and its permutations).
Then all MV techniques we have covered could not solve this problem.

Another example is the famous inequality Vasile.
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2
Problem 13.3. Given real numbers a,b,c . Prove that: (@ +b>+c?) >3(a’b+bc’ +ca)

. . . 2 4m . 2 2T . 2T
Beside the case a =b =c , equality also occurs when a = sin’ T’b =sin’ 7,0 =sin” 7

From this query, it is nature to raise a question that: “Is there any MV technique for those

problems?” This topic will be discussed with readers in near future.

With the possibility that optima can be at the centre or on the boundary, it is difficult to
reduce the number of variables to 1. Thus we hope that there is a global “mixing variables”
method, similar to Jensen inequality. With this goal, we presented two beautiful SMV (strong
mixing variables) and UMV (undefined mixing variables). These two theorems can be
thought to be “twin”: SMV is “specialized” in inequalities whose optima are at the centre,
UMYV allows us to combine both cases — optima are either at the centre or on the boundary.

For simplicity, these two theorems are only considered for symmetric functions.

We realize that it is not necessary to separate two cases, in fact we can merge the strengths of
these theorems (as shown in consequence 3 / VIII). However, GMV theorem is not just

simply the generalization of SMV and UMYV; it opens a new horizon with numberless ways of
“mixing variables”. What is required here is just: if a tuple x:(xl,xz,...xn) is not in A, it can
be replaced by another tuple (7(x)). In SMV ("classical"), the event of forcing two variables -
the biggest and the smallest to be the same, we can have the feeling that n variables will reach

the average value; in this case it is not the case anymore. However, we are still able to

achieve the result without extra conditions.

Proposed Problems

1,6

Problem 1. (Mathlinks) Given a, b, ¢ > 0 and abc = 1. Prove that l+ -2
c a+b+c

Th?
Problem 2. (MOSP 2001) Let a, b, ¢ be positive numbers such that abc = 1.
Prove that (a+b)(b+c)(c+a)=4(a+b+c—1)
Problem 3. Given a,b,c 20. Prove that:
2(a® + b + ) +(ab + be + ca) + 2abe +122(a* +b* +¢*) + be (b +¢) + ac(a+c) +ab(a +b)

Problem 4. Given x, y, z > 0 satisfy x> + y*> +z° =3. Prove that 7(xy + yz + zx) <12 +9xyz

Problem 5. Given a, b, ¢ > 0 and abc = 1. Prove that a®> +b*>+c*>+6 2%(a+b+c+l+%+lj
a C
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Problem 6.(Pham Kim Hung)

Prove that 1 + 1 + 1 > 4 ,Va b, c=20
\/4612 + bc \/4[?2 +ca \/4c2 +ab atb+c

Problem 7. (Murray Klamkin) Given a, b, ¢ =2 0 such that a+ b+ c=2. Prove that

(a2 +ab+b2)(b2 +bc+c2)(c2 +ca+a2)S3

Problem 8. (China 2005) Let a, b, ¢ > 0 and ab+ bc +ca :%. Prove that

3 1 + 5 1 + 5 1 <3
a - —bc+1 b"—ca+l1l c¢"—ab+1

Problem 9. Let a, b, ce [p, q] where 0 < p < q. Find the maximum value of

a b c
b+c c+a a+b

Problem 10 (A generalized of RMO 2000) Leta, b, c=20anda + b + ¢ = 3.
Find the lowest constant £ > O such that the following inequality holds:
a* +b* +c* >ab+be+ca
Problem 11. (Mathlinks) Let a, b, ¢ = 0 and ab + bc + ca = 1. Prove that:

l+a’b* | 1+b%c? 1+cza22§
(a+b)’ (b+e) (c+a)® 2

8b+c 8c+a 8a+b

Problem 12.(Vasile Cirtoaje) Prove that for a, b, ¢ > 0: \/ a +\/ b +\/ € >

Problem 13. (Phan Thanh Nam) Let x, y, z > 0 such that a+b+c¢ =1. Prove that

\/x+y2 +\/y+z2 +\/z+x2 =2

Problem 14. Given a,b,c >0 . Prove that: 4b+3bctca | actdabtbe  abtbactbe y y
b”+c b +a a +c

Problem 15. (Vasile Cirtoaje) Let x, y, z > 0 such that a® +b* +¢> =1. Prove that

1 1 1
+ + <
l—ab 1-bc 1-ca

N \o

Problem 16. [Le Trung Kien] Let a, b, ¢ be length of sides of a triangle.

2 2, 2
. a b c a“+b"+c a b c
Find the best constant k such that: —+—+—+k————2>—+—+—+k
c a ab+bc+ca ¢ a

Problem 17. (Phan Thanh Viet) Let x, y, ze [-1, 1] and x + y + z = 0. Prove that

7 2 7T 2 7 2
l+x+=y  + 1+y+=z° + I+ z+-x 23
\/ X 9y \/ y 9Z \/ Z 9)6
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Problem 18 [Le Trung Kien]

2 2 2
Given a,b,c >0. Prove that: —¢ b _,_c +3(ab+bc+ca)

+ 5 5 —=24
b+c a+c a+b ab® + bc” + ca

Problem 19. Given a.b.c > 0. Prove that: \/1+ 48a +\/1+ 48b \/1+ 48 515
b+c a+c b+

Problem 20. (Pham Kim Hung) Given a, b, c 2 0 and a + b + ¢ = 3. Prove that:
a* +b* +c* =3abc 2672 (a-b) (b—c)(c - a)
Problem 21. Given a, b, c 20, a + b + ¢ = 2. Find the maximum value of
(a*—ab+5>)(b* =bc+c*)c? —ca+a?)
Problem 22. (Le Trung Kien)

Given a,b,c 2 0. Determine the best constant for the following inequality

P\T‘

a_, b 4_C 44 2+ b% + >3
atb b+c c+a (a+b+c) 2 3

Problem 23. Let a,b,c 20. Determine the best constant for the following inequality

3,23, .3
a’+b +c” kabc >1+k: k =

3
> ; — -1
a’b+b*c+c’a  ab* +bc? +cad® %/Z

Problem 24. Given a, b, ¢ = 0 such that ab+bc+ca+abc =4

Prove that: a+b+c2>ab+bc+ca

Problem 25. Given a, b, ¢ 2 0 such that min{ab,bc,ca}> % Prove that:

1 + 1 1 3
(1+a)’ (+b) (1+c) (1+@)

Problem 26. Given a, b, ¢ > 0 such that ab+bc+ca+abc=4.

Find the best constant k such that: a* +b* + ¢ + 3k > (k +1)(ab + bc + ca)

Problem 27. (Le Trung Kien) Given a,b,c 20. Prove that
2
a’+b*+¢? +\/§abc+(\/§+1) > (2+\/§)(ab+bc+ca)
Problem 28. Given a,b,c =20 such that abc =1 Prove that

a’+b*+c*+9(ab+bc+ca)210(a+b+c)

Problem 29. (Phan Thanh Viet) Prove in any triangle that

m, +m, +m, S\/3p2 +%[(a—b)2 +(b—c)’ +(c—a)2}
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Problem 30.(Jackgarfulkel) Let ABC be an acute triangle. Prove that:

a) smA+sm +s1nC 4(1+s1nAsn£sin£)

2 2 2 3 2 2 2

b) cosé+cos£+cosc (1+cosécos§cos£)

2 N 2772

Problem 31. (Jackgarfulkel) Let ABC be a triangle. Prove that:

os A= B 4 o5 B=C | s C=A A>—(smA+s1nB+smC)

2 2 2 5

Problem 32. (Phan Thanh Nam) Let ABC be a non-obtuse triangle.

a) Prove that: sinBsinC+s1nC31nA sinAsin B i\/2+sm A+sin? B+sin’ C

sin A sin B sin C

b) Prove or disprove the following inequality:

)cos AcosBcosC

sin BsinC |, sinCsinA |, sinAsinB _ 5
+ + >=+4+4
sin A sin B sin C 2 (3\/_

Problem 33. [Pham Kim Hung] Given a,b,c,d anda+b+c+d =2. Prove that:
a* +b* +c* +d* —4abed >(a—b)(c - d)
Problem 34. Let a, b, ¢, d be real numbers such that a> +b*> +c> +d* =

1 1 1 1 1 1
T—ab " 1-bc " 1=cd 1-da "1=ab 1=

Problem 35.(Phan Thanh Nam)

Prove that: <8

Let x, y, z, t be real numbers such that max {xy, yz, zt, tx} <1. Prove that:

J=xy+ 3 +fl=yz+ 2% +\l—zt 417 +l-tr+x° 2\/l6+(x—y+z—t)2
Problem 36. (Phan Thanh Nam)

Let x,y,z,te[-1;1] satisfying x+ y+z+¢=0. Prove that:

x4y e fley+ 22 +l4 407 44141427 24
Problem 37. Givena,b,c,d >0 and a*> +b* + > +d? =1 .Prove that:

1-a)-b)0-c)U—-d)=abcd
Problem 38. Given a,b,c,d >20. Prove that:

4@’ +b° + ¢’ +d’)+15(abc + bed + cda + dab) = (a+b+c+d)’
Problem 39. Given a,,a,,...,a, 20 such that a,a,...a, =1. Prove that:
(n—l)(xf +x; +...+x3)+n(n+3)2(2n+2)(x1 +X, +otx,)
Problem 40.Find the best constant km such that the following inequality holds
(1 + mx;, )(1 + mx, )(1 +mx, ) <(m+1"+ k, (xlxz...xn - 1)

for every x,x,,..x, such that x, +x, +...4+x, =n and m is an arbitrary constant.
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Problem 41. (Phan Thanh Viet)

Let a,,a,,..a,,s,k >0 such that: a,a,..a, =s" and n—1= n -
(1+s)
Consider the inequality: 1 + 1 +...+ 1 <n-1

(1+a,)" (1+a,)" ~ (1+a,)

a) Prove that the above inequality doesn’t hold true in general.
b) Prove that the above inequality is true if k = 1.
¢) Find all values of k (depending on n) such that the inequality holds true.

Problem 43. Given a,,a,,...,a, 20 such thata, +a, +...+a, =n. Prove that

n

nz(i+i+...+iJ >4(n-1)a,’ +a,” +..+a,’)+n(n-2)*
a, a, a

Problem 43. Given a,,a,,...,a, 20 such that a, +a, +...+a, =1. Prove that:

1za 1_ﬁ+...+ 176 0y 2
1+aq, 1+a, 1+a, NE)

Problem 44. (Phan Thanh Viet)

Consider the set D consisting of n positive real numbers a,,a,,...,a, such that
a,+a,+..+a,=a’ +a; +..+a..Find the maximum value of f(a,,a,,..,a,)=a,a,..q,.
Problem 45. (Phan Thanh Viet)

Consider the set D consisting of n positive real numbers a,,a,,...,a, such that

a,+a,+..+a,=A, a’ +a; +..+a. =B, where A, B> 0 are given and A> <nB.

1 1 1
a) Find the smallest value of —+—+...+ —.
a, a, as
. 1 1 1
b) Find the smallest value of —St 5ttt
a a4, a,

Problem 46. (Tran Ho Thanh Phu)
Consider the set D consisting of n positive real numbers a,,a,,...,a, such that
a+a,+..+a,=A,a’ +a;+..+a. =B, a +a,+..+a =C,
where A, B are given positive constants such that the set D is nonempty.
Find the greatest value of the expression a,a,...a,
Problem 47 (Phan Thanh Viet)

Consider the set D consisting of n positive real numbers a,,a,,...,a, such that

a, _ _ .. (a,+a,+..+a,)’
—+...+—2 =n+1. Find the maximum and the minimum values of > > >
a, 4, a, a; +a; +..+a,
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§24.1 NESBIT — SHAPIRO INEQUALITY

. BRIEF HISTORY ABOUT NESBIT — SHAPIRO INEQUALITY

In 1905 an English mathematician named Nesbit introduced the inequality

@, b3 yabeso
b+c c¢c+a a+b 2

In this paper fifteen different ways to prove the above inequality will be given to enrich
readers’ thinking of inequality. Nesbit Inequality is not difficult; but it is not easy to extend

the inequality for n positive real numbers.

In 1954, the mathematician Shapiro proposed the general form of the inequality:

® Problem: Given a,,a,,..a, >0. Determine the inequality is true or false:

a a a. a n
f.@,a,,a,)=——+—2—+ 4241 >—
a,+a, ay+a, a,+a, a, +ta, 2

(D

This problem is so famous that in the year 1990, the mathematicians must say again about its
proof history at Oberwolfach mathematical seminar about inequality. This is not really a
surprise because the Shapiro inequality is not valid for all integer n. During 53 years a lot of
mathematicians tried to find the solution for proving the inequality (1) in specific and general
cases but it was not until 7958 that a pupil of Nesbit named Moocden found the solution for

n=4,5,6 stopping a long time of failure.
In 1963, Diananda proved that:
If (1) is wrong for some odd n=n, then it is also wrong for all n>n,; and if (1) is correct

Jor some even n=n, then it is also correct for all n<n, .

He either gave a counter example to claim that (1) is wrong for n=27 , means (1) is also
wrong for all odd n>27. After that Djokovic proved (1) is valid for n=8 and Bajsanski

proved that (1) is valid for n=7.

In 1968, Nowosad proved that (1) is valid for n=10 so (1) is also valid for n=9 according

to Diananda theorem.

In 1971, Kristiansen proved that (1) is valid for n=12; (1) is also valid n=11 Daykin and

Malcoln proved that (1) is wrong for n=25.

In 1976, Godunova and Leni again proved that (1) is valid for n=12; Bushell also gave a
different counter example to claim that (1) is wrong for n=25. Bushell and Craven either

proved that (1) is valid for all odd n <23.
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In 1979, Troesch and Searcy propose a proof for a very impressive result is that (1) is wrong
for all even n =214 and using computer, he pointed out that (1) is true for all even n <12 and

odd n <23 (this is not a mathematical proof).

In 1985, Troesch published his mathematical proof (1) for n=13 in the Math Computing
journal; and in the year 1989 he continued his proof for n=23. It shows that nearly 40 years
after Shapiro proposed his problem, Troesch was the person who finished a long history
period with the result: “Inequality (1) was true for all even n <12 and odd n <23. And for

all another n, (1) is”.

Another approach for this problem is that we will find the minimum for (1).

Il. BEST ESTIMATION FOR SHAPIRO INEQUALITY IN PRIMARY MATHEMATICS

In 1958 Ranikin proved that: For f(n)= inf0 f,(a,,a,,..,a,) then
a;>

fm _1

A=1lim f(m) =inf 2 7.107% i.e. (1) is false for n big enough

n—e N nzl npn

In 1969, a Russian 11" grade pupil named Drinfeljd used advanced mathematical methods to
introduce an impressive result as follows:

a a a

_ a n
! 2 44— 4 500989133x—, Va
a,+ta, a,+a, a,+a, a, +a, 2

n

a a >0

128550,

Drinfeljd’s method was the creation @(x) as the convex envelope of the functions

2

Then A= l(p(O) =0.4945668...
e*+e 2

yi=e "y, = R

He, probaly thanks to the result, received mathematical reward Fields in 1990.

In 4 - 1991, Kvant Magazine was successful in proving the two following results:

a a
L4y %y G L D S (2-1)n = 0.41421356m, Va; > 0
a,+a, a,+a, a, +a, a, +a,
a a
2. 4y B S T S5 2 0.41666666n, Ya; > 0
a,+a, a,+a, a,+a, a +a, 12

Hereunder we will consider the best estimation of Shapiro Inequality in primary mathematics.

3. Let be given a,,a,,..a, >0 for 3 <n € o. Prove that:

a; 2 a,, a,
S= bt + > 0.4577996n (1)
a,+a, a,+a, a,+a, a, +a,

a
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Proof
. ak
Consider0 <o < 1; keN . Let a, , =a,;a,,, =a,; B=————. We have:
k(1-o)
k
i G ta,, T 4 tan, iy T
" k +a " k “(oa, +a,,, )"
— |:ai+a ai+1+k.l3(aaz aHl):I—anZZ (k+1)'k+1 ai+(x ai+1'B (OCal aH—]:) _an (2)
i=1| 4 ta;, a,+a;., i=1 a4ty (a;+a,,)
We will prove: (a +ofa )(Oca +a )k >ak (a +a )k+1 (3)
p - \g; i+l itag) = i Tai
a. +1
o 1+aks)(o+s,) 2ak (1+1,)"" with 1, ==—>0
a.

1

Consider the function f(r)=(1+0o*t)(o+1)" —o* (1+1)"™" with r> 0.

We have: £ (1)=(1+o*)(a+0)" k(k=1...[k—(m-D]+

tm-of (o+ ) "k (k=1 Jk=(m=2)]=o* U+ (k + D k... [k = (m—2)]

= £ 0)=kk=D...[k =(m=D][(k =m+1D a*" + ma®* "' —(k +1) 0¥ ]

>k (k=1) (k= m + 2)[ (k +1) o S UomebemCemsD _ (4 1) F | =0
Since f(¢) is a k-degree polynomial then f(k) (t) = const = f(k) (0)>0

= 42 (020 = 4P ()2 %P (020, ..., F(©)2f(0)=0

We have f(£) 20 Vi20= f(t) =20 V;>20 = (3) is true.
From (2) and (3) follow:

C ta, k& ta,
522 (k+1) K+ Bk(xk 4T _anz(k+1)(0¢B)k+1 .Zk+1 w_kﬁn
i=1 A ta;, i=1 i T4,

k k

2[(k+1)(0c[3)kk+l—k[3}n:[(k+1) e ¢ ]n

[k(l—oc)]ﬁ -a

ot ot

then g(x)=(k+1)- P
k(-] 17

k . k -
g(X)=[1— llj xk{k—H—x}=u[(k+l)k’cf1 —x]

Let x:"“L = a=1-
1-o

k+l
X

k+ _k_ 2
X J K+l X
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)t kK22 k21 (ke ) —k
k(x D (k+1x 2xkz k“x (x 1) |:(k+1)kk+l_x

X X

(k+ Dk =2 (6 -1) [(kﬂ)k;—g _x}_xk“ -1

}_ (! —1)f

©2

g (x)=

We have: g'(x)=0¢

K2+
—k
& [(k+DkxH — g2k +k2][(k +1) Kk —x} —x(x*' ~1)=0

—k 1
& k(xH +k)[(k+l)k"+1 —x}—xk+2+x=0 e (k! +k)[(k+l)k"+1 —kx} X —x

k+2
<:>(k+1)kk+1x"“+(k+1)kk+l k" —kix=x"? —x

k+2

1 k+2
o k+Dx*? —(k+ Dk £ (k21D x=(k+1)k 1 =0

L k+2
& h(x)=x"? -k x"* (k- Dx—k* =0

1
We have: W' (x)=(k+2)x*" = (k + D)k x* +(k=1)

k

2(k+1)-k+{/(%-xk“) (k—1) — (k + 1) k¥ —(k+l){( ; )"“(k 1T — k"lﬂ}xk

k

L k. 1
We will prove: (kT)M (k - 1)k+1 ki >0 & (k+2)%+1 (k=1)%+1 >k

k k
@(k+2)k(k—l)2k"“4:>(w) ZL@(1+2) >14—
k k—1 k k—1

2\¥ 2 1
We have: (147) >l k=3>14—, Vk22

= h’(x) > 0 = h(x) is increasing. But A(x) is continuous; lim h(x)=+oo;

n—>+oo

1 k+2
h(D) =k -kt — kb < —k w <0 then A(x) = 0 has unique root xo > 1

= ¢’(x) = 0 has unique root x, > 1 = Variation Table = Max g(x) = g(xo)

where x, is a root of the inequation X 1 Xo + oo
k2 g'x) 0

1
h(x)=x52 k" (k=D x -k =0 Max
g(x) / \

and g(x)—#[(k+l)k"f1 ]
x

If £ =500 then xo, = 1.013294063 and g(x,) = 0.4577996
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