Lesson 5
Further A-Level Pure Mathematics: Corel
Roots of Polynomials
5.1 Root Algebra Galore
In questions about the roots of quadratic and cubic equations, the same pieces (
algebra repeatedly occur and most mathematicians end up with their own
personal catalogue of algebraic relationships that they have encountered an

found useful. Here is presented a beginners catalogue, based on the work of thi
topic. In examinations, you may use these algebraic relationships without proof.

Reciprocals
Quadratic : 1,1 _a+p
a ﬁ aﬁ
Cubic : 1,1 1 _ ap+py+ye
a By apy
Quartic : i+i+i+i_aﬁy+ﬁy6+y6a+éaﬁ
a By 0 afByd
Sums of Squares
Quaderatic : a2 + ﬁz = (a+ ﬁ)z — 208
Cubic : a2+ﬁ2+V2=(a+ﬁ+V)2—2(a,8+,8y+ya)
Quartic P RN

—(a+B+y+0Y—2(alB+y+0)+By+0)+y())

Sums of Cubes
Quadratic : a3+ﬁ3: (a+ﬁ)3—3aﬁ(a+/3)
Cubic : a3 + ﬁs + y3

—(a+B+y)—=3(a+pB+y)(ap+ By +ya) + 3apy

Sum of Quartics

Quadratic : a4+,84 = (a2+ﬁ2) —2(a,8)




5.2 TheRoots of a Quartic

The Roots of a Quartic

If «, 8,y ando are roots of

4 2

ax*+bx+cxl+dx+e=0 abcdeeC

then,a+ﬁ+y+6:—% a(ﬁ+y+6)+ﬁ(7/+5)+3/(5)=%
d e
afy + Byd + yoa + oaff = Y afyd = 3
5.3 Exercise

Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 40
Question 1

a, B, yando are the roots of the quartitx,4 +3XC +2x¥% - x+4 =0
Without solving the equation, find the values of,

(i) a+B+y+0 (i) a(B+y+0)+B(y+9)+y(0)
[1, 1 mark ]
(i)  aBy + Byd + yoa + daf (iv)  apyo
[1, 1 mark ]
1 1 1 1
(V) ;4-?4-74-3
[ 2marks]

(Vi) o+ a2t

[ 2marks]



Question 2
The roots of a quartic equaticmx4 +bx+cxX +dx+e=0 are,

a=-3 f=-1, y=2andd =5
Find integer values faa, b, ¢, d ande

[ 4 marks]



Question 3
The quartic equatiorix4 — 34x3 + 202x2 + dx + e = 0 has roots,

o, a+1 2a+1 and 3a +1
(i) Find the value o#

[ 2marks]
(i) Find the values af ande

[ 4 marks]



Question 4
(a) Prove the “Sum of Quartics” formula for a quadratic equation with roots
a andp, that,

a4+,84=(a2+ﬁ2—\/§aﬂ)(a2+ﬁ2+\/7aﬁ)

[ 2marks]

(b) For the quadratic equatio?‘nx2 + 13x — 8 = 0 with rootsa andg,
find, without solving the equation, the value of,

(i) o+ p

[ 2marks]

(i) o*+p

[ 4 marks]



Question 5
Further A-Level Examination Question from January 2015, Q5 (Edexcel)

The quadratic equationx2 + 3x + 1 = 0 has roots: andg.
(a) Write down the value of a + ) and the value ot

[ 2marks]
(b)  Find the value of( & + §%)

[ 2marks]
(c) Find a quadratic equation with roots,

(40 — p) and (48 - a)

giving your answer in the forrpx2 + gx + r = 0 wherep, gandr
are integers to be determined.

[ 4 marks]



Question 6

The cubic equation<3 — 14x% + 56x — 64 = 0 has roots:, ka andk? « for

some real constait
Find the two possible values @fand the corresponding two valueskof

[ 6 marks]
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