Lesson 4
Further A-Level Pure M athematics, Core 2

Polar Coordinates
4.1 Key Polar Curvesl

In much the same way that it is useful to know the graph that goes with a few
Cartesian equations, it's useful to know the graph that goes with a few Polar
equations. The interest is in trying to get “a lot from a little”, and so the desire is
to find simple Polar equations that yield graphs that would need formidable
algebra to be described in Cartesian form. In this lesson the focus is on graph:
that are familiar, but recast in polar form.

4.1 ThelLine
(1) Generalised Lines
Cartesiany = mx + ¢ cax+ by =c
C C
Polar r = — Tr o= -
sSné — mcoso acosd + bsno

(i) Half Lines through the pole at an anglepato the polar axis
Cartesiany = tan( ¢ ) x (Whole line)
Polar 0 =¢ r > 0 (Halfline)
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Polar Axis

Half lines¢ = 135 (red) and® = 250° (green)

(1ii)  Vertical Lines
Cartesian x
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Polar r aseco

(iv)  Horizontal Lines
Cartesiany = b

Polar r = bcscé



4.2 TheCircle

(1) Centre origin, radiuR : Cartesian X + y2 = R
: Polar : r=R

3 >
Polar Axis

A circle centre (0, 0) and radius 4 has polar equation4 (red)

(i) Centrg(a, 0), radiusa(.. passing through the pole
Cartesian (x — a)2 + y2 =% with r = a

Polar r = 2acosé

(iii) Centrg 0, b), radiusb (.. passing through the pole)
Cartesianx® + (y - b)2 =12 with r = b

Polar r = 2bsné

(iv) Centre(a, b), radiusr (.. passing through the pogle
Cartesian(x — a)2 + (y - b)2 =12 with r? = & + b°

Polar r = 2acosé + 2bsin®

r = 6cosf + 8sinéb



4.3 The Spiral
(1) The Archimedian Spiral

Cartesiany = xtan(\/ X2 + YZ)

Polar r=20, r>0

The triskelion, a symbol dating back over 6000 years of three interlocking
Archimedian spirals, often associated with Ireland, where it adorns many graves

(i) The Equiangular Spiral (also called Logarithmic Spiral, Bernoulli's Spiral)

. Cartesiany = xtan(ln(\/ X2 + Y2 ))

Polar r = e‘9



3.4 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 50

Question 1
(1) On the graph, sketch the polar equations,

r=6 and r = 3v/3 seco

[ 2marks]

(i) Use algebra to find the polar coordinates of the points of intersection
of the two graphs sketched in part (i)

[ 4 marks]



Question 2
(1) On the graph, sketch the polar equations,

r, = 6snd, and r, = 63 cosé,

[ 2marks]

(i) Use algebra to find the polar coordinates of the point of intersection
of the two graphs sketched in part (i)

Is the pole whem; = r, = 0 an additional point of intersection ?

[ 4 marks]



Question 3
On the graph is plotted the polar equation,

(i)

(iii )

(iv)

r = 8coso

To the graph add the points with the following polar coordinates;

A(4V2, 45), B(8, 0°), c(4av2, 313)
[ 3marks]

Add the circler = 4 to the graph.
[ 1mark ]

Use algebra to find both points of intersection of the two graphs.
Give your answer in polar coordinates.

[ 4 marks]



Question 4

Consider the curve with polar equation = 4cos(6 — 30°)
(1) Prove that this equation can be written as,

r = 2+/3 cosO + 2sin6d

[ 2marks]
(ii)  Hence, sketch the curve = 4cos( 6 — 30°)

[ 3marks]
(iii)  Write down the Cartesian equation of the curve.

[ 2 marks]

(iv)  What transformation would result from replach@ the polar equation
equation r = 4cos6® with (6 — 30°) ?

[ 2 marks]



Question 5
Consider the polar equation = 5sec( 6 — 60°)

(1) Prove that this equation can be written as,
10

cosf + /3 sno

[ 2marks]
(ii)  Hence, sketch the graph of= 5sec( 6 — 60°)

[ 3marks]
(1ii)  Write down the Cartesian equation of the curve.

[ 2 marks]

(iv)  What transformation would result from replach@ the polar equation
equation r = 5sec6d with (6 — 60°) ?

[ 2 marks]



Question 6
Starting with the Cartesian equation of a circle, centre (5, 12 ), radius 13, and
using the relations
e X = rcosé ey =rsné or2:x2+y2
prove using algebra that the polar equation of the circle will be
r = 10cosé + 24sin6

[ 6 marks]

Question 7
Starting with the Cartesian equation of the Archimedian spiral, prove that its
polar equation isr = 6

[ 3marks]
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