Lesson 5
Further A-Level Pure Mathematics, Post GCSE

Group Theory |
5.1 Isomorphism
One aim of group theory is to capture the symmetries of various entities, be
they, for example, a geometric shape, a set of functions, or a set of numbers
under modulo arithmetic. However, it's reach is broader than that, Recently, for
example, group theory predicted the existence of a tiny particle in physics.
Knowing roughly what to look for, this was then detected in the physical world.
Another application of group theory is in the study of crystals in Chemistry.

A model of the molecule Benzine

Group theory reveals that there are limits on the types of structure that symmetric
objects can have. For example, when the order of a group is a prime number, the
is only one fundamental group of that order and that it has to be cyclic. Seemingl
different groups of that order have the same underlying structure; mathematician:
say they are “isomorphic". As a further example, there are only two possible grou
of order 6, one cyclic and one not. So any group of order 6 has to be isomorphic
one of those two groups. Thus, what may have initially seems like a bewildering
array of groups is actually more constrained. Group theory is the tool that can
identify what those constraints are.

5.2 A Catalogue of Possible Groups
On the next page is a catalogue of all possible groups of order less than 12.
Faced with an unknown group of order less than 12, the natural question to ask

is which group from this catalogue is the unknown group isomorphic to.
Spotting an isomorphism using Cayley tables can be tricky; the catalogue lists

each group's defining properties. Matching these is often the easier option.



Order| Name Examples Properties
1 Z1 Trivial group Only group of order 1
2 Z 2 {0, 1} under + Only group of order 2
3 Z 3 {0, 1, 2} under % Only group of order 3
4 Z 4 {0, 1, 2, 3} under % Cyclic group of order 4
Ka Klein group Not cyclic. Every element
Symmetry group of a rectang] (except identity) has order 2
5 Zs {0, 1, 2, 3, 4} under & Cyclic group of order 5
6 Zs {0, 1, 2, 3, 4, 5} under ¢ Cyclic group of order 6
S;, Dy All permutations of 3 objects,| Not cyclic
Equilateral triangle's symmetf .. no element of order 6
7 Z 7 {0, 1, 2, 3,4,5, 6} under+ | Cyclic group of order 7
8 Zs {0, 1, 2, 3, 4,5, 6, 7} undergt+| Cyclic group of order 8
D4 Symmetry group of a square | Not cyclic
(Some text books call th3g) | .. no element of order 8
Exactly 2 elements of order 4
Z sX Z 2 Rational points on the elliptic| Not cyclic
curvey2 = (X + 3)x(X — 1) | .. noelement of order 8
Exactly 4 elements of order 4
Z2x Z 2x Z 2 | Symmetry group of a cuboid | Not cyclic
.. no element of order 8
Every element (except identit
has order 2
Qa Quaternion group Not cyclic
. no element of order 8
Exactly 6 elements of order 4
9 Z 9 {0, 1,2, 3,4, .., 8}undergt | Cyclic group of order 9
Z3x Z 3 Not cyclic
. no element of order 9
Exactly 4 elements of order 3
10 Z1w=2Zs%x Z21{0,1,2,3,4, ..., 9 undery | Cyclic group of order 10
Ds Frobenius group Not cyclic
(Some text books call thi3,0) | .. no element of order 10
11 Z 11 {0, 1, 2, 3,4, ..., 10} underit | Cyclic group of order 11




5.3 Example

The Cayley tables for two groups of order 6 are presented below.
The first is for multiplication modulo 7 on the set {1, 2, 3, 4, 5, 6}
The second is for addition modulo 6 on the set {0, 1, 2, 3, 4, 5}
Are these two groups isomorphic or not ?

X|1/2/3|4|5|6| +|/0|1/2|3|4|5
1123|456 0/0|1|2|3|4]5
2 2|4/6|1|3|5| 1|1|2|3|4|5]|0
3 3|6 2|5 |1(4| 2|2(3 4/|5/|0]1
4 4|1|5|2|6[3| 3 [3|4|5/|0/[12
5 5 (3 |1|6|4 (2| 4|4|5[0/|1/|2]|3
6 6|5 (4|3 2|1 5[5 |0|1|2|3]4

Teaching Videohttp://www.NumberWonder.co.uk/v9108/5.mp4

The video talks through to solution presented on the next pac

[ 6 marks ]
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5.5 Solution to the 5.3 Example

Start by identifying each group's identity element which is easy from a Cayley
table; simply look for the row that matches the column headings.

Circle all locations of the identity in both tables.

X | 1/2|3 4|56 +|0|1|2/3|4 5
1@23456 0 112 /3|4 |5
2246@35 112345@
33625@4 22345@1
44@5263 3345@12
553@642 445@123
665432@55@1234

At this stage it's not clear if the two are isomorphic or not.
If an isomorphismi, exists it must map one identity onto the other.

f(1) =0

From the catalogue of groups it is known that there are two groups of order 6.
One is cyclic and one is not.

The catalogue also states that the set {0, 1, 2, 3, 4, 5} usdecyclic.

(That is, under addition, modulo 6)

So if it can be shown that the multiplication modulo 7 group is also cyclic then
the two must be isomorphic. On the other hand, if the multiplication modulo 7
group is not cyclic, then no isomorphism between the two exists.

If the modulo 7 group is cyclic it will be possible to generate the entire group
from at least one of it's elements.
Starting to work through {1, 2, 3, 4, 5, 6 } using each element as a generator;

(1 = (1
(2 = {1, 2, 4
(3 = {1, 2, 3, 4, 5 6} .. The modulo 7 group is cyclic

.. The two groups are isomorphic.



The question does not ask for any more details but, out of interest, here is the
isomorphism made plain by manipulating one of the Cayley tables;

Xx|1|/2|3 4|56 +|0|2|1|4]|5 3
1@23456 0@21453
2246@35 2243@15
33625@4 11325@4
44@5263 44@5231
553@642 551@342
665432@335412@

5.6 Describing an Isomorphism Mathematically

Intuitively, isomorphic groups have the same symmetry, structured in the same
way. Given that an isomorphism exists between two gr@ugsdH, all of the

key properties o6 are to be found iRl such as, for exampléne number and

order of the various subgroups and the number and order of the various element:
In particular, ifG is cyclic then so too isl.

Formally, an isomorphism is described as follows;

Definition : Isomorphism
Two groups(G, =) and (H, ) are isomorphic, writte® = H, if there exists a
mappingf that mapss ontoH in the following manner;

e f maps all of the elements Gfonto all of the elements &f

e f maps each element Gfto a different element df

e f preserves the structutréa = b) = f(a) o f (b)




5.7 Exercise
Marks Available: 40
Question 1
A mattress manufacturer suggests that customers “flip” their mattress regularly
so that it wears out evenly. The following instructions are provided:

FIIY

0,0(7/01( A 0,06/0:( B 0ptm( 4 0,0!7!0:( D

Rotate 180 Flip about short axis Flip about long axis No change

The operation is defined on A, B, C, D} as “followed by” so that, for example,
Ao C means “flip about the long axis followed by rotate 180
(1) Complete the Cayley table for these four options;

o | A| B | C | D
A
B D
C | B
D D
[ 3 marks ]
(ii) Which element is the identity element ?
[ 1 mark ]
There are two groups of order 4.
One is the cyclic grou? 4, the other is the (non-cyclic) Klein groufy
(i)  Work out the order of each of the elemeht8, C andD.
[ 2 marks ]
(iv) s the group of mattress transformations cyclic ?
[ 1 mark ]

(v) State if the mattress transformations group is isomorph#Z imr K4

[ 1 mark]



Question 2
The Catalogue of Possible Groups list five fundamental groups of order 8.

TheyareZs, Dy, Zax Z2 Z2x Z2%x Z2andQ,

Shown below is the Cayley table for an unknown group of order 8.

(1)

(i)

(i)

(iv)

s m|z w|s | k| a c
a| | z  |m|p|la|c|s k
E|w|  p m| Ek|s | c |z | a
m|s | a| k| m| w)|z|c|p
w | k| c|s | w m| p|a)|z
z2 | a|s|c|lz|p| m|k w
c | plw|z|c|a|lk | m|s

Which element is the identity element ?

[ 1 mark]
List the inverse of each element.
[ 2 marks ]
Is the Cayley table of a cyclic group ?
Give a reason for your answer.
[ 2 marks ]

To which of the possible fundamental groups of order 8 is the
unknown group isomorphic ?
Give a reason for your answer.

[ 2 marks ]



Question 3
Michael has a bag of Starbufétsweets and has worked out that there are six
different ways of arranging one each of the colours Green, Orange, and Purple.

e-[G O P
G O P
.-[c o P
G P O
s-[G o P
O G P
=[G o P
O P G
=[G o P
P O G
,=[G o P
P G O

Michael suspects that the setf, s, t, u, v} under the binary operation “followed
by” forms a group(G, *) where, for examples * t meand followed bys.

(1) Show thats # t = r by using two-row notation

[ 2 marks ]
(i) Showthats * t # t * s

[ 2 marks ]



(iii)  What is the inverse of the elemes2
Isite,r,s t,uorv?
Give a reason for your answer.

[ 2 marks }
(iv)  Construct the Cayley table for the proposed grgBp+)
* | e r | s t u | v
e | e | r | s
r |\ r| e
s | s
t e
u e | r
v e s t
[ 4 marks ]
(v) Show that (G, *) is a group. You may assume associativity.
[ 3 marks ]

(vi)  Which of the groups of order & s or S, is G isomorphic to ?

Give a reason for your answer.

[ 2 marks ]



Question 4

The selG={1, 7, 11, 13, 17, 19, 23, 29} forms a group under multiplication
modulo 30.

(1) Find the order of each element of this group.

[ 4 marks ]

(ii) Find a cyclic subgroup d& of order 4

[ 2 marks ]

(iit)  Find a subgroup d& which is isomorphic to the Klein four-group.

[ 2 marks ]

The seH = {0, 1, 2, 3, 4, 5, 6, 7} forms a group under addition modulo 8.
(iv)  State, with reasons, wheth@ér= H

[ 2 marks ]

This document is a part ofathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2021 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from mhh@shrewsbury.org.uk



