L esson 6
Further A-Level Pure Mathematics: Corel
Roots of Polynomials
6.1 Test Preparation
Gerolamo Cardano's first step in solving the general cubic equation was to make
substitution that turned it into a depressed cubic equation.

Depressed Cubic Formation Rule
Faced with a general cubic,

ax®+bx¥+cx+d=0 a b c deC

initiate a change of variable by replacingwith t — %

This will always result in what is termed a depressed cubic, one of the form,

t3+pt+q:0 p,ge C

The depressed cubic equation has some useful properties one of which shall nov
be studied, as it has a beautiful proof.

6.2 Sum of Cubesfor a Depressed Cubic

Sum of Cubesfor a Depressed Cubic
For a depressed cubic.

t3+pt+q:0 p, ge C
with rootsa, g andy

a3+ﬁ3+y3:3aﬁy

Pr oof
As there is no term it‘?, a+pf+y=0
a+f=—-y
Cube both sides
3
(a+p)° =~y

@ +3d2B+3apt+ = -)°

+ 4% = ~3uf(a+ B)
@+ B2+ = —3ap(-y)
a3+ﬁ3+y3=3aﬁy O



6.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 50

Question 1

. .2 -3 x4
The roots of the quadratic equatiarx”™ + bx + ¢ = 0 are ———

Find integer values fa, b andc

[ 3marks]

Question 2

The roots of the equatioax4 +7XC +5% +X-4=0 area, 3, y ando
(a) Given thatafyd = —1, write down the value &

[ 1mark ]
(b) Y. afis (sloppy) shorthand for “sum of the product pairs of roots”
Foraquarti.af = a(B+y + ) + B(y + ) + y(0)
=af +ay + ad + fy + O + yo

Write down the values o} a, Y af and X afy

[ 3marks]

(c)  Hence find the value of2 + 8% + 2 + 62

[ 3marks]



Question 3
Further A-Level Examination Question from May 2018, 1AL, F1, Q7 (Edexcel)

It is given thatz andp are roots of the equatio&ilx2 -4 +3=0

Without solving the equation,

(a) find the exact value ofi2 + 1
a

ﬁZ

[ 5marks]

(b) find a quadratic equation which has roe%— and ﬁ—32 giving your
a

answer in the formax? + bx + ¢ = 0, wherea, b andc are integers.

[ 4 marks]



Question 4

(1) For the general cubicax3 +bx®+ox+d = 0, write down from

memory the formula for> + ﬁ3 + y3

[ 2marks]

(i) Show that your part (i) formula yields the same expression as proven
in section “6.2 Sum of Cubes for a Depressed Cubic” v in
the general cubic equation.

[ 2 marks]
(iii)  Consider the cubic equation,

x>+ 3x2 +50 = 0
Using a suitable substitution, transform this into a depressed cubic.

[ 2marks]



(iv) By thinking of a3/33 + /33y3 + y3 o> asP? + Q3 + R and using

the same formula as in part (i) derive a formulaaf:i‘)ﬁ3 - ﬁ3y3 - y3 o
with component parts that are either+ g + v or af + By + ya

or afy.

[ 4 marks]

(v) Leta, B andy be the roots of your part (iii) depressed cubic.

Without solving the equation find a cubic with rooig, ﬁ3 and y3

in the form w® + pw2 + qw + r wherep, g andr are integers.

[ 6 marks]



Question 5

f(x) = mx + 12x° + 4x + 16 wheremis a real constant

Given that,
e f has at least one root on the imaginary axis
Solve completely,

fx) =0

[ 7marks]



Question 6

Prove that the roots of> + pX + gx + r = 0 form an Arithmetic Progression

if and only if 2 p3 + 27 = 9pq

[ 8 marks]
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