L esson 10
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions

10.1 By Partsand Substitution
This lesson is a revision of the two topics Integration by Parts and Integration by
Substitution but with an emphasis on situations that involve the hyperbolic
functions and their associated trigonometric identities.
Keep in mind that carrying out an integration using parts (LIDI) or a substitution
can be a lot of work and there is a definite time saving in opting for a “chain rule
backwards” if a question is amenable to that approach. However, an examinatior
qguestion may prescribe that the solution method has to be “by parts” or “by
substitution”, or the parts or substitution methods may genuinely be the easier
method of doing the question.

10.2 Example#1 (By Parts)

Use integration by parts to finﬁlx sinh 3x dx

[ 3marks]

10.3 Example#2 (Trigonometric Odd Power s)

In general to integrate a trigonometric function raised to an odd power the
following simple manoeuvre can be very effective.

Trigonometric Odd Power s Integration
For small odd values af, use the cunning moves,

f sinh x dx f sinhxsinh™ ™ 1 x dx

fcosr1nxdx = J'coshxcoshn_lxdx

Find jsinh3xdx

[ 3marks]



10.4 Example #3 (Substitution)
When carrying out an integration involving a substitutienf(u) remember that

three items need attending to:
¢ Making the substitution into the function being integrated

¢ Replacing thelx with du having first worked ou%(

¢ Replacing thex =" limits with “u =" limits
3

6 X
Use the substitutiolx = 3sinhu to find the exact value of —dx
0 \Vx2+9

[ 11 marks]



10.5 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30

Question 1

The graph is of the functioh(x) = cos’x, 0<Xx<ux

Find the area shaded which is bounded loy) and the positive coordinate axes.

[ 5marks]



Question 2

Use integration by parts to finﬁl 252 cosh (5x) dx

[ 5marks]

Question 3
Find _[cosh3xdx

[ 3marks]



Question 4

X3

18
Use the substitutiorx = 6 coshu to find the exact value of —dx
12 \/x2 — 36

Give your answer in the forra( pv2 — v/ 3 ) wheresis a square number
andp andq are prime numbers.

[ 11 marks]



Question 5
Using the substitutiorx = sec @ find,

. 1
SR

[ 2marks]

[ 4 marks]
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