Lesson 5
A-Level Pure Mathematics, Year 1
Proof | : The Art of Absolute Certainty
5.1 Proof by Contradiction

Proof by contradiction is a clever method of proving that a statement is true by
assuming that if the opposite were true, this would leads to a nonsensical
situation. Given that this opposite is not true, the original statement must be true.

This piece of logical thinking takes a little bit of getting used to, and so we will
look at three classic examples.

5.1.1 Example#1

Use proof by contradiction to show that there exist no integarslb for which
2la + 14b = 1

Proof

Assume the opposite is true, intega@ndb exist for which 24+ 14b =1

Divide both sides by the highest common factor of 21 and 14, that is, 7 to get,

3a+2b=i
¥

But this clearly cannot be, as any combination of integers that are multiplied,
added and subtracted can only yield an integer answer, not a fraction.

Therefore, the original assumption, that integeasidb exist, must be false.
And so, there exist no integasandb for which 2+ 14 =1 O
[ 3marks]

5.1.2 Example#2
Use proof by contradiction to show thanffis even, them must be even.

Proof

[ 3marks]



5.1.3 Example #3
Use proof by contradiction to show thaP is an irrational number.

Proof

Firstly, to be clear, a numbaiis rational if it can be written in the forfgr where

p andg are integers, anglis not equal to zero. Mathematicians' write;, Q.
An irrational number is a number that cannot be written in this form.

Assume the opposite of what is wanted is true; thatis a rational number.
Then, by the definition of what a rational number is,

V2 :%forsomep,q eZ,q#0

Furthermore, assume that this fraction cannot be reduced fyrinedg have
no factors in common. In other words, they are coprime haitfp, q} =1

P

In consequence, 2 = ?
2 2
p- = 2¢
The 2 on the RHS tells us that it is even. Therefore the LHS must be even.

From example #2, i is eventhenp is also even and so can be expressed in the
form p = 2a for some integea. So we now have that,

(2a)° = 2
4a2 = 2q2
0g2 = qz

The 2 on the LHS tells us that it is even. Therefore the RHS must be even.
Again, from example #2, tﬂz is even, theu is also even.
If pandq are both even, they will have a common factor of 2,
This contradicts the statement tpaindg have no common factors.
The inescapable conclusion is tha2 is an irrational number. O
[ 6 marks]

The Inescapable Conclusion



5.2 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 34 marks

Question 1

Forx,ye N, x=#y, use proof by contradiction to show that,
Xy Lso
y X

. o X
Hint: Assume that the opposite is true, th;;\t+ % < 2

Do algebra on this inequality to derive a statement that can't be true.

[ 3marks]
Question 2
Forxe R, 0<x< 1, use proof by contradiction to show that,
1
—_— 2
X(1-Xx)

Hint: From O<x< 1 it follows thatx>0and (1 x)>0and sx(1 - x)>0

[ 4 marks]



Question 3
Use proof by contradiction to show there are no integarsdb such that,

10a + 1% = 17

[ 3marks]

Question 4
A-Level Examination Question from June 2022, Paper 1, Q7 (Edexcel)
(1) Given thatp andq are integers such that,

pgis even
use algebra to prove by contradiction that at least opend] is even.

[ 3marks]

(i) Given thatx andy are integers such that,
e X< 0

° (x+y)2<9x2+y2

show thaty > 4x

[ 2marks]



Question 5
A-Level Examination Question from October 2021, Paper 1, Q15 (Edexcel)
(1) Use proof by exhaustion to show that foe N, n< 4

(n+1)>%> 3"

[ 2marks]

(i) Given thatm® + 5 is odd, use proof by contradiction to show, using
algebra, thamis even.

[ 4 marks]

Question 6
A-Level Examination Question from October 2020, Paper 1, Q16 (Edexcel)
Prove by contradiction that there are no positive intggarsiq such that,

4% - ¢ = 25

[ 4 marks]



Question 7
(1) Prove by contradiction thatif is a multiple of 3, then is a multiple of 3
Hint: Consider numbers in the forrk3 1 and B+ 2

[ 3marks]

(i) Hence prove by contradiction thd8 is an irrational number.

[ 6 marks]
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