Lecture?2

University Undergraduate L ecturesin Mathematics
A First Year Course

Group Theory |
2.1 Propertiesof Groups
All possible additions modulo 5 can be summarised by the table;

+ 0|12 3|4
0 /0|1 2|34
112|340
223 /4]0 1
3/3|4/0|1]2
44|01 |23

This is a well known group called the cyclic gro@g,

It is alive with patterns such as,

¢ In any given row each of the five possible least residues occur once and once
e In any given column each of the five possible least residues occur once and on
Taken together this pattern is referred to as the Latin square property of a group.
All groups have this Latin square property.

Another of the key ideas behind what makes this a group are the facts that,
¢ There is a defined s&3,={0, 1, 2, 3,4}
¢ There is a binary operation defined uggraddition modulo 5

A Binary Operation
A binary operation on a set is a calculation that combines two elements of the
set to produce another element of the set.

To be a group there must be an element that “does nothing”, in this case the nun
zero. When zero is added on to any of the other elements it leaves them unchan
This special element is called the identity element,

Furthermore, to be a group, each element must have an inverse.
The inverse of 2, for example, is 3 because when 2 and 3 are combined in either
order, the result is the identity element.

2+3=0 (mod5) and 3+2 =0 (modb5)



There are two other conditions that must be satisfied.

One is termed “Closure” which means that under the binary operation of the grou
it's not possible to obtain an answer that is outside of the group.

The final condition is that “Associativity” holds.

Briefly, this requires that for any three elements in the graup,andc, where the
brackets are placed must make no difference.

Thatis,a+ (b+c) = (a+b)+ ¢ (modb5)

2.2 Dismissed, then Refor med
All possible multiplications modulo 5 can be summarised by the table;

X! 0|1|2|3]|4
0 0[0 0|00
101|234
2 /0|2 4|1 3
303|142
4104 |3|2]|1

This is not a group because, for example, the Latin square property does not holc
However, if zero is removed from the set of least residues modulo 5, it is !

2.3 Example
Prove thatG = {1, 2, 3, 4} under multiplication modulo 5 is a graup

Teaching Videohttp://www.NumberWonder.co.uk/v9108/2.mp4
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[ 6 marks]


http://www.NumberWonder.co.uk/v9108/2.mp4

2.4 Exercise
Marks Available : 40
Question 1

TheselG={1,5,7,11, 13, 17 } forms a group under multiplication modulo 18.
Natasha has constructed most of its Cayley table;

X 1|5 |7 |[11]13]17
1|15 11 | 13 | 17
55 |7 |[17]1 13
7 17 5|1 |11
11111 | 5 |13 7
13 | 13 1 7105
17 |17 |18 |11 | 7 | 5 | 1

(1) Complete the Cayley table for Natasha.

[ 2marks]
(i)  What is this group's identity element ?
[ 1mark ]
(iii)  What is the inverse of the number 5 ?
[ 1mark ]
(iv)  What is the inverse of the number 17 ?
[ 1mark ]

Question 2

A binary operation on integers, is defined asx * y = xzy
Determine the value of,
(i) 5% 6 (ii) 6 %5

[ 2marks]



Question 3
Walter is investigating if the s&={1, 3, 7, 9 } forms a group under multiplication
modulo 12 and has started to try and construct a Cayley table;

X |1,38 |79

12

1 (13|79

3319
7 |7 1 |3
9 |9 3

(1) Complete the table.

[ 2marks]
(i) Is the closure property satisfied ?
[ 1mark ]
(iii)  Give at least one reason why a group has not been formed.
[ 1mark ]
Question 4
A binary operation orZ is defined bya * b = ab + 1
(a) Determine the value of,
(i) 4 %7 (ii) (-3) * 5
[ 2marks]

(b) By considering the integer8, 3 and 4 show that* is not associative

[ 2marks]



Question 5

The selG={0, 1, 2, 4, 5, 6 } forms a group under the binary operation,
Xoy=X+Yy+ 2xy (mod7)

Sebastian has started to constructed this group's Cayley table;

°c 0|12 4|5 |6
0 1

1 4

2

4 0| 2
5

6 1

(1) Complete the Cayley table for Sebastian.

[ 3marks]

(i) What is this group's identity element ?
[ 1mark ]

(1ii)  What is the inverse of the number 5 ?
[ 1mark ]

(iv)  What is the inverse of the number 1 ?
[ 1mark ]

(v) Which element, other than the identity element, is self-inverse ?

[ 1mark ]
Question 6
Let G be the set of (positive) odd numbers.

Leto be the binary operation acting @y X o y = x2y

Prove thats is closed undes

[ 2marks]



Question 7
LetG={1,23,4,5}
Under an unknown binary operatian,the following table is obtained.

® 1|2 |3 |45
1123 4|5
2121 /|5 |3 |4
3 |34 2|5 |1
4 |4 5|1 |23
5 |53 4|1 |2

Tom claims, “As the table has the Latin square property it is a group”.
Paul, however, is doubtful and sets about proving Tom's claim is false.
(a) Show that the following two calculations yield different answers;

(1) 2® (5® 3) (1) (2®5)® 3

[ 2marks]
(b) What property does part (a) show the table not to have ?

[ 1mark ]
Whilst all Cayley tables for a group have the Latin square property, this

guestion shows that not all tables with the Latin square property are groups.
Latin squares that are not groups are termed quasigroups.

The study of quasigroups is well beyond A-Level mathematics.

Question 8
The operatior is defined byx o y = xy + xwherex,y € R

By considering associativity, show thR does not form a group under

[ 4 marks]



Question 9
Here is the first half of a proof that all Cayley group tables are Latin squares.

It begins with the assumption that there exists a row in a group's Cayley table
in which the same element occurs twice.
So, given two distinct elementsandy, in row a the situation is;

And under the assumption that the same element occurs twice,
ao X = ao y

1

= a~o(aoy) Every element in a group has an inverse

a o (aox)

(a_l ° a) o X = (a_l ° a) oy A group has associativity
€oX==g€oYy eis the identity element

X =1y
But this contradicts the starting assumption ¥andy are distinct elements.
. the same element cannot occur twice in any row in a group Cayley table.

Complete the proof by showing that an element cannot occur twice in any columr

[ 2marks]



Question 10

(a) Given thatf (x) = = 1, show thatff (x) = -1
> -2 > -3

[ 3marks]

-1 , show thafff (x) = x

(b)  Given that, as beford,(x) = -~ _ 2

[ 3marks]



(c)

With G = {f (x), ff (x), fff (X) } and the binary operation being
composition of functions, a group if formed.

Here are a couple of ways of writing out the Cayley table for this group;

o | fx | ff | i o | X1l x=1)
x-2| 7x—-3
f(x) | ff(x | fff(x)| f(X H-1] x-1 x X -1
x—-2| ™x-3 > — 2
ff(x) | fif(x) | fx) | ff(X x-11 X-1| 2x-1
> -3 -2 | 7x—-3
fif(x) | f(x) | ff(x) | fff(x) . -1 x-1 x
x-2| 7x—-3
(1) What is the identity element of this group ?
[ Lmark ]
(ii)  Whatis fff (x) o ff (x) ?
[ 1mark ]
(iii)  What is the inverse of the elemelit(x) ?
[ 1mark ]
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